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PREFACE 


This book presents in a systematic way a number of topics in modern 
mathematical logic and the theory of algorithms. It can be used as both a 
textbook on mathematical logic for university students and a text for 
specialist courses. 

The sections corresponding to the obligatory syllabus (Sections 1 to 9 
of Chapter 1, without the small type, Sections 10 and 11 of Chapter 2, 
Sections 15 and 16*of Chapter 3, Sections 18 to 20, 22 and 23 of Chapter 4 
and Section 35 of Chapter 7) are written more thoroughly and in more 
detail than the sections relating to more special questions. 

The exposition of the propositional calculus and the calculus of 
predicates is not a conventional one, beginning as it does with a study of 
sequential variants of the calculi of natural deduction (although the tradi¬ 
tional calculi, referred to as Hilbertian, also appear here). The reasons for 
this are: 

(1) the possibility of providing a good explanation of the meaning of 
all the rules of inference; 

(2) the possibility of acquiring more rapidly the knack of making for¬ 
mal proofs; 

(3) a practical opportunity of making all the formal proofs necessary 
in the course for these calculi. 

Many years’ experience of the elder of the authors in reading the 
course of mathematical logic in the Mathematics Department of Novo¬ 
sibirsk State University, on which Chapters 1 to 4 are based, shows that 
the above possibilities are fully realizable. This justifies the use of the 
adopted method of presentation along with the traditional ones. 

For more detail the reader is referred to the Contents. 

Despite the headings Set Theory, Model Theory, Proof Theory and 
Algorithms and Recursive Functions, the book, being a manual, naturally 
contains but a small fraction of the contents of these large branches of 
modern mathematical logic. As is customary in textbooks, most of the 
results are given in the book without indicating the authors. 

There is a small number of exercises after virtually each section of 
the book. The number of exercises, however, is obviously not enough for 
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the purposes of teaching. The reader may find more exercises in Problems 
in Set Theory , Mathematical Logic and the Theory of Algorithms by 
I. A. Lavrov and L. L. Maksimova, Moscow: Nauka, 1975. 

To facilitate the use of the book we indicate the interdependence of 
the chapters: 
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Some technical remarks are in order. The theorems are numbered con¬ 
secutively in each chapter, the propositions and lemmas in each section. 
The phrase “Proposition 12.2” (“Theorem 12.2”, ...) means “Proposi¬ 
tion 2 (Theorem 2, ...) of Section 12”. When referring to a proposition or 
lemma within the same section or, often, to a theorem within the same 
chapter, the section is not indicated. The symbol => stands for “implies”, 
•» stands for “is equivalent to”. The symbol □ signals the end of a 
proof. 

This book would have been impossible without the staff of the 
Department of Algebra and Mathematics of Novosibirsk State Universi¬ 
ty. Academician A. I. Maltsev (1909-1967), an outstanding Soviet 
mathematician, the founder of the Department, has exercised a decisive 
influence upon the scientific interests and pedagogical views of the 
authors. At the various stages of our work at the manuscript great help 
and support came from M. 1. Kargapolov, N. V. Belyakin, 1. A. Lav¬ 
rov, L. L. Maksimova and many others. We express our sincere and deep 
gratitude to these colleagues and friends of ours. 

While preparing this book we used the notes of the courses of lectures 
given by A. I. Maltsev and Yu. L. Ershov, the books: Mathematical 
Logic by Yu. L. Ershov, E. A. Palyutin and M. A. Taitslin. Novo¬ 
sibirsk: Novosibirsk State University Press, 1973 (in Russian); Set Theory 
by K. Kuratowski and A. Mostowski. Amsterdam, 1968; Algebraic 
Systems by A. I. Maltsev. Moscow: Nauka, 1970 (in Russian); The 
Theory of Algorithms by A. A. Markov. Tr. Mat. Inst. Steklov., XLIi, 
Moscow, 1954 (Translation: Office of Technical Services, U. S. Depart¬ 
ment of Commerce. Washington, D. C., 1962); Mathematical Logic by 
J. R. Shoenfield. Addison-Wesley, 1967, as well as other monographs 
and papers. 


Akademgorodok, Novosibirsk 


Yu. L. Ershov 
E. A. Palyutin 



INTRODUCTION 


Mathematical logic as an independent branch of modern 
mathematics took shape comparatively recently, at the turn of the 
century. The advent and rapid development of mathematical logic 
at the beginning of this century was associated with the so-called 
crisis in the foundations of mathematics. Let us consider this in 
some detail. 

Any attempt at a systematic presentation of mathematics (or 
of any other science, for that matter) leads to the problem of 
choosing basic (primitive) notions and principles to base the entire 
presentation on. The problem of choosing and justifying the 
choice of the initial data lies as a rule outside the discipline itself 
and relates to the philosophy and methodology of science. The 
systematization of mathematics in the late nineteenth century 
revealed that very promising is the use of the notion of set as the 
only primary notion for the whole of mathematics. The work of 
B. Bolzano, R. Dedekind and G. Cantor led to the creation of a 
new mathematical discipline, the theory of sets, the beauty and 
force of whose constructions and the prospects of using it in the 
foundations of mathematics attracted the attention of many 
leading mathematicians of that time. Much work was done to give 
a set-theoretic interpretation to mathematical and even logical no¬ 
tions. Of great interest in this connection are the investigations of 
G. Frege and B. Russell. However, a high degree of abstraction 
and the “universality” of the concept of set could not but lead 
finally to the difficulties that are well and long known in 
philosophy when working with “universals”. This manifested 
itself in the appearance of the so-called set-theoretic paradoxes. 

Here is one of the most typical set-theoretic paradoxes, the 
Russell paradox: quite meaningful for an arbitrary set is the ques¬ 
tion, “Will that set be an element of itself?” An example of a set 
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containing itself as an element could be, for instance, the set of all 
sets. Consider the set M 0 of all sets for which the answer to the 
question is “no”. Now ask if the set is its own element. To our 
(naive) surprise we discover that if the answer is “yes”, then we 
have M (l e M () , i. e. the answer must (should) be “no”. But if the 
answer is “no”, then by virtue of the definition of the set M 0 the 
answer must be “yes”. This paradox shows that unless we want to 
come to contradictions it is necessary (in particular) to relinquish 
the pleasant idea that any meaningful condition on the elements 
defines some set. Fortunately, paradoxes of this sort may arise on¬ 
ly for “large” or “unnatural” sets one may well do without in 
mathematics *. 

The appearance of such paradoxes was regarded with ap¬ 
prehension by many mathematicians and therefore attracted to 
the questions of the foundations of mathematics close attention of 
practically all leading mathematicians of that time (D. Hilbert, 
H. Poincare, H. Weyl, to name only a few). Several programmes 
of “saving” mathematics from the “horrors” of paradoxes were 
proposed into which we shall not go here. We shall describe in 
brief below just two of the most effective programmes various 
modifications of which are still being discussed at present. We on¬ 
ly note here that the variety of the approaches to the foundations 
of mathematics has remained up to the present time. However, 
the years past and the undeniable achievements of mathematical 
logic, which are yet to be discussed, made this problem lose its 
edge to such an extent that most of the mathematicians working 
in other areas of mathematics give no particular attention to the 
discussions now taking place among the specialists in the founda¬ 
tions of mathematics. 

One of the most elaborate programmes of the foundations of 
mathematics is D. Hilbert’s programme of finitary justification 
of mathematics. The programme is essentially an attempt to con¬ 
struct such a formalization of mathematics that it would be possi¬ 
ble to prove a system’s own consistency by means of the system. 


* The formalizations of set theory to be mentioned below, axiomatic set 
theories, while retaining ail that is useful, do not allow any of the known “pa¬ 
radoxical” arguments to be conducted. 
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Another fundamental requirement of such a formalization is that 
the primitive and immediately verifiable statements about the 
natural numbers should be true in that formalization. The work at 
that programme done by both Hilbert himself and by his disciples 
and followers turned out to be very fruitful for mathematical 
logic, in particular in the development of the modern axiomatic 
method. Although the programme of “finitism” turned out to be 
impracticable in its original form, as was shown by K. Godel in 
his famous works, possible modifications of the programme con¬ 
tinue to be usefully discussed up to the present time. 

Another approach to the foundations of mathematics was due 
to the criticism of a number of positions that were used in 
mathematics without due justification. This relates, in particular, 
to the unlimited use of the law of excluded middle and the axiom 
of choice. The programme of constructing mathematics under 
rigid restrictions on the use of these principles has been given the 
name of intuitionism; its creation and development is due in the 
first place to L. E. J. Brouwer. The constructive approach to the 
foundations of mathematics which is being developed in the 
Soviet Union by A. A. Markov and his school is also due to a 
critical approach to admissible logical means in mathematics and 
uses in a systematic manner the concept of algorithm for construc¬ 
tive reproduction of mathematical results. 

Although the foundations of mathematics are traditionally 
referred to mathematical logic, it is out of place in the present 
textbook to go into particulars of this area lying on the border of 
mathematics and philosophy. Therefore we restrict the discussion 
of the foundations of mathematics to the above remarks that do 
not pretend to be complete or exhaustively precise but rather serve 
the purposes of illustration. 

The main outcome of the activities in the realm of the founda¬ 
tions of mathematics is, it seems, the formation of mathematical 
logic as an independent mathematical discipline and the fun¬ 
damental achievement of mathematical logic is the development 
of the modern axiomatic method which is characterized by the 
following three features: 

1. Explicit formulation of the postulates (axioms) of one 
theory or another. 
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2. Explicit formulation of logical means (rules of inference) 
admitted for a consistent construction (development) of that 
theory. 

3. The use of artificially constructed formal languages for the 
presentation of all the positions (theorems) of the theory under 
consideration. 

The first feature characterizes the classical axiomatic method. 
The next two are further steps in achieving maximum precision 
and clarity in presenting theories. Introduction and use of suitable 
notation was throughout the history of mathematics a very impor¬ 
tant and productive procedure. But mathematical symbols were 
merely elements of formal languages. In mathematical logic, on 
the other hand, for the first time in history such rich formal 
languages were created that allow practically all basic positions of 
modern mathematics to be formulated. The rich formal languages 
of mathematical logic and the successful experience of working 
with them have created one of the objective prerequisites for the 
creation of universal computing machines employing at present a 
very diverse spectrum of formal programming languages. 

The main object of study in mathematical logic are various 
calculi. The notion of calculus comprises such basic components 
as: (a) the (formal) language of the calculus; (b) the axioms of the 
calculus; (c) the rules of inference. The concept of calculus allows 
us to give a strict mathematical definition of the n6tion of proof 
and to obtain precise statements about the impossibility of prov¬ 
ing one proposition or another of a theory. Another remarkable 
achievement of mathematical logic is the discovery of a 
mathematical definition of the notion of algorithm , i. e. effective 
procedure for solving problems of one (infinite) class or another. 
Intuitively the concept of algorithm has been used for a very long 
time. G. W. Leibniz, an outstanding thinker (1646-1716), even 
dreamt of discovering a universal algorithm for solving all 
mathematical problems. The precise definition of the notion of 
algorithm shattered rather quickly this beautiful Utopia; 
A. Church showed in 1936 that no algorithm is possible which 
given an arbitrary statement written in a formal language of 
elementary arithmetic would answer the question, “Will the state¬ 
ment be true for the natural numbers?” It was later found that 
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even in the system describing “pure logic” (the calculus of 
predicates) the problem of provability was algorithmically un- 
solvable. In the subsequent years a great many algorithmically un- 
solvable problems were discovered in many branches of 
mathematics. A great contribution to the development of the 
theory of algorithms and to the solution of algorithmic problems 
has been made by E. L. Post, A. M. Turing, S. C. Kleene and 
the Soviet mathematicians A. 1. Maltsev, P. S. Novikov and 
A. A. Markov. 

The study of calculi constitutes the syntactical part of 
mathematical logic. The deepest study of the (syntactical) notion 
of proof in calculi makes an independent branch of mathematical 
logic known as proof theory. Along with the syntactical study of 
calculi, there is also a semantic study of the formal languages of 
mathematical logic. The basic concept of semantics is the notion 
of truth for the expressions (formulas, sequents and so on) of a 
formal language. Semantic notions have also received precise 
mathematical definitions, which has made possible a systematic 
and rigorous study of the various concepts of truth. The classical 
semantics of the language of the calculus of predicates has con¬ 
stituted a very rich branch of mathematical logic, model theory, 
which is being actively developed, and its methods and results are 
used to advantage in other branches of mathematics (algebra, 
analysis). The founders of model theory are A. Tarski and 
A. I. Maltsev. 

Calculi allow many parts of mathematics and of other sciences 
to be formalized. The propositional calculus and the calculus of 
predicates mentioned above are formalizations of logic, the oldest 
science about the laws of correct reasoning. The creation and 
study of these formalizations have been an important stage in the 
development of logic as a science. The early attempts to formalize 
logic are due to Aristotle and G. Boole, but it was not until the ad¬ 
vent of mathematical logic that an actual (and effective) for¬ 
malization of logic was brought about. The Italian mathematician 
G. Peano has done much for the development and popularization 
of formal languages of logic. 

It was the possibility of formalizing the theory of sets that 
proved especially important for mathematics. The calculi for- 
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malizing the basic constructions of “naive” set theory turned out 
to be so rich that any set-theoretic argument occurring in actual 
mathematical practice could be reconstructed formally in those 
calculi. The natural “payment” for this richness was Godel’s 
discovery of the effects of incompleteness and even of non- 
completability of such calculi. 

In constructing the semantics of natural or formal languages 
there are also great difficulties. Thus the simple-minded belief 
that every declarative sentence in English can be assigned in a 
plausible (or at least consistent) way:a truth value is refuted by the 
so-called Liar paradox. A man says, “What I am saying is false”. 
Let us try to find out whether the man told the truth or a lie. If we 
suppose that he told the truth, then it follows from the meaning of 
his words that he told a lie. If he told a lie, then from the fact that 
his words are false it follows that he told the truth. This paradox 
underlies a number of remarkable theorems of mathematical logic 
(theorems of incompleteness and indeterminability of truth in a 
system). 

The history of mathematical logic is a subject in its own right 
and it will be given no attention in this book, except for the above, 
clearly incomplete, listing of some names and facts. 

In conclusion it should be noted that modern mathematical 
logic is a large and ramified branch of mathematics whose source 
of problems, along with its intrinsic problems, is constituted by 
both philosophical problems of the foundations of mathematics 
and logic and problems arising in other branches of mathematics 
(algebra, analysis, mathematical cybernetics, programming and 
so on). 
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THE PROPOSITIONAL CALCULUS 


1. SETS AND WORDS 

By a letter we mean a sign regarded as a whole, i. e. a sign 
whose parts we are not interested in. A letter will also be called a 
symbol *. Two given (for example, written) letters can be said to 
be the same or distinct. For example, all small letters “a” in this 
book are considered to be the same. So are all small letters “a” in 
some hand-written text, although the sameness of two letters is 
more difficult to Establish in this case than in the previous one. It 
will be assumed that it is always possible to establish the sameness 
of or distinction between two concrete letters under consideration. 
If letters a, and a 2 are the same, then we shall write a x — a 2 . 

The abstraction of identifying the same letters leads to the no¬ 
tion of abstract letter. In what follows the same two concrete let¬ 
ters a x and a 2 will be treated as the same (abstract) letter a. Each of 
these two concrete letters will be called a representative of the 
abstract letter a **. 

A collection A' of some objects, to be called elements of X, will 
be called a set ***. 

If a is an element of X, then we write a e X. If any element of 
X is an element of a set Y, then X is said to be a subset of Y and 
this is designated as: X c Y. If for the sets X and Y we have 
X Q Y and Y c X, then we shall say that the sets X and Y are 
equal and write X = Y. Thus a set is completely determined by its 


* Sometimes the word “letter” will be used in its usual sense, for example 
Latin letter, small letter. 

** One should distinguish between the abstract letter denoted by the symbol a 
and the symbol a itself which is a designation or name of the abstract letter. 

*** As noted in the Introduction, such a definition may in general lead to a 
contradiction. This must not frighten the reader, however, since the existence of all 
the sets considered in this book can be derived within the formal system described 
in Section 11, in which it is impossible to carry out any of the known 
“paradoxical” arguments about sets. 
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elements. In particular, there is only one set containing no 
elements. Such a set will be called empty and designated 0. If 
a e X fails for X, then we shall write a g X. 

The letters /, j, k, /, m , n, p, r, s, possibly with indices, will 
denote natural numbers. The set of all natural numbers will be 
denoted by w. If a x eX, a„ e X, then we shall write 
a v ..., a n e X. If X is a set, a v ..., a n e X and any element of X 
is equal to one of the a { , ..., a„, then we shall say that X is a 
finite set and write X = (a,, ..., a n ) *. If yj(o) is some condi¬ 
tion on the object a and A" is a set, then by { a e XUp(a)} or 
(a I >p(a), a e X) we denote the set containing as its elements those 
and only those elements a e X which satisfy the condition <p(a). 
For example, {n e w I n - 2k for some k e u> j is the set of all even 
natural numbers. 

A set of abstract letters is called an alphabet. A letter which is 
an element of an alphabet A will be called a letter of the alphabet 
A. 

A finite series of concrete letters written one after the other is 
called a concrete word. In particular, each concrete letter is a con¬ 
crete word. If each letter of a concrete word is a representative of 
some letter of the alphabet A , then we shall say that a is a word in 
the alphabet A. It is also possible that a word a contains no con¬ 
crete letter. Such a word will be called empty and denoted by A. 
We shall say that two concrete words a, ... a„ and b x ... b k of A 
are equal and write a x ... a n = b , ... b k if n = k and a, = 
= b ,,..., a n = b n . All empty words are assumed to be equal. If 
a x ... a n is a concrete word consisting of n letters a ,, ..., a n of A , 
then n is said to be the length of that word. The length of an emp¬ 
ty word is the number 0. 

Applying the abstraction of identification, two equal concrete 
words a,, a 2 will be said to be the same (abstract) word a. The 
two concrete words will be called representatives of the word a. It 
follows from the definition of equality of two concrete words that 
the abstract word a may be defined to be a finite series of abstract 
letters such that each representative of a is a series of represen- 


* Note that a pairwise distinction of the elements a x , ... , a„ is not assumed. 
In particular, ( 0 ) = | 0 , 0 , 0 |. 
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tatives of the corresponding abstract letters. The number of 
abstract letters in that series will be called the length of the 
abstract word a. An empty abstract word will be denoted by the 
same letter A as concrete empty words. 

For abstract words a and 0 we define an abstract word a/3 to 
be such an abstract word all of whose representatives are obtained 
by writing after some representative of a some representative of /3. 
The abstract word a/3 will be called the union of a, /3; the abstract 
word a will be called the beginning of a/3. Similarly defined is the 
union a, ... a„ of the abstract words a,, ..., a„. 

In what follows, by a word we mean an abstract word. It is ob¬ 
vious that for any words a and (3 we have Aa = aA = a and 
a = a/3. 

A word /3 of A is said to be a subword of a word a of A if 
a = 7/35 for some words 7 , 5. In particular, any beginning of a 
will be a subword of a. It may turn out that a = 7/35 = 7 i/ 35 , 
and 7 =£ 7 ,. In this case we speak of distinct occurrences of the 
subword /3 in a. Thus an occurrence of /3 in a is the word /3 
together with its position in a. An occurrence of the word ft in a 
can be represented as: 7 * /3 * 5, where * is a symbol exterior to 
the alphabet A. In particular, if a — 7/35 = 7 ,( 35 , and 7 ^ 7 ,, 
then we have two distinct occurrences 7 * /3 * 5 and 7 , * /3 * 6 , 
of 0 in a. If for the occurrence of 7 0 * /3 * 5 0 of 0 in a the word 
7 0 (the word 5 0 ) has the smallest length among all the words 7 (the 
words 5) for which a = 7 / 35 , then y 0 * /3 * 5 0 is said to be the 
first (last) occurrence of /3 in a. 

An occurrence of a letter a in a is the occurrence in a of the 
word consisting of a single letter a. If there is an occurrence of a 
letter a in the word a, then we say that the letter a occurs in a. 

Let 7 * /3 * 5 be an occurrence of the word 0 in a. If a' = 
= 7 / 3 '5 for some word 0 ', then we shall say that the word a' is 
obtained from a by replacing the occurrence 7 * 0 * 5 of the 
subword by the word 0'. 

A series , .... X n of some objects X it i e { 1 , ..., n ), will be 
called a sequence or suite, and n is the length of the sequence. The 
objects Xj, i e {l,...,n) will be called terms or elements of the se¬ 
quence X v ..., X n . It is assumed that from the notation of a se¬ 
quence its terms and their order are uniquely reconstructed. To do 
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this it is necessary for us to separate the terms, for example with a 
comma. If n — 0, then X { , ..., X n will be said to be an empty se¬ 
quence and designated by the same symbol 0 as an empty set. 
The sequence X x , ..., X„ will sometimes be denoted by (X x , ... 
..., X n ). If AT,, X n are sets, then the set of all sequences 
<a p ..., a n >, where a, e X x , ..., a„ e X n , will be denoted by 
X x x ... x X n . If X x = X 2 = ... = X n , then the set X x x 
x X 2 x ... x X n will be alternatively denoted by Xf A sequence 
of two (three and so on) terms will be called a pair (triple and so 
on). A sequence of n elements will be called an n-tup/e. 

The mapping f of a set X into a set Y is a correspondence 
associating with each element a e X an element f (a) e Y called 
the value of/at a. It is clear that the mapping/of X into Y is uni¬ 
quely defined by the set j<a,/(a)> eX x Y\aeX\. This set 
sometimes called the graph of / will be identified with the map¬ 
ping/. If/is a mapping of X into Y, then we write/: X — Y. If X 
is a set, then any mapping/: X n —■ X will be said to be an n-place 
operation on X and n will be said to be the number of places in the 
operation f.lff:Y-~X and Y c X n , then/ will be called a par¬ 
tial n-place operation on X with domain of definition Y. 

Let X be a set, X 0 c X and/, ...,/_ be operations on X the 
numbers of places in which are n,, ..., n k respectively. We define 
the set W c X as follows: a e W if and only if there is a sequence 
a 0 , ..., a m of elements of X having the following property: 
a m = a and for any i ^ m either a, e X 0 or a t — fj(a n , .... a, n .) 
for some ye {1, .... k ) and some /, ..., i nj < /. In this case we 
shall say that the set W is defined by induction using the following 
definition: 

(1) ifae X 0 , then a e W; 

(2) if / e (1, ...,£) and a x , .... a nj e W, then /(a,,... 
•••» o ni ) e W. 

We shall say that a calculus I is given, if the following four sets 
are giv^n: 

(a) an alphabet A (/); 

(b) a set E(I) of words of A (/) called a set of expressions of /; 

(c) a set A x(/) of expressions of I called the set of axioms for /; 

(d) a set (/, ••■,/,) of partial operations on E{I) called the 
rules of inference of I. 
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Expressions of the calculi to be considered in this book will be 
called sequents and formulas and the rules of inference/: Y — 
— E(I) will be written thus: 

*0 . 

/<* .. *„) ' 

The domain of/is indicated unless it coincides with (/?(/))". The 

expressions <t> 0 .4> n in the previous notation will be called 

hypotheses and the expression/($ 0> •••, <f>„) is the conclusion of a 
rule /. An n-place rule / of the calculus / will also be called an 
^-hypothesis rule. The pair (A (/), E(I) > consisting of the 
alphabet A (/) and the set of expressions /?(/) of / will be called the 
language of /and denoted by /,(/). Suppose that two calculi/, and 
I 2 are given. If A(I X ) c A(I 2 ) and £(/,) c E(I 2 ), then we shall 
say that the language L(J 2 ) of the calculus I 2 is an extension of the 
language /,(/,) of the calculus / and write as follows: L{I 2 ) c 
£ L(/,) *. 

If the calculus / is given, then the set T(I) Q E(I) of provable 
expressions or theorems of / is defined using the following induc¬ 
tive definition: 

(1) if S is an axiom of I, then S is a theorem of /; 

(2) if S,, S„ are theorems of /,/is an n-hypothesis rule of 

I and <S,, S„> is in the domain of/, then/(S,, .... S n ) is a 

theorem of /. 

To define a set X it suffices to indicate for what objects a the 
relation a e X is true. Therefore the following expressions will be 
uniquely defined by two sets X and Y new sets X IT Y, X U Y, 
and X \ Y called respectively the intersection, union and dif¬ 
ference of the sets X and Y: 

(a ) a e X f\ Y & {a e X and a e Y); 

(b) a e X U Y » (a 6 X or a e Y); 

(c) a e X \ Y (a e X and a & Y). 

proposition l. The operations of intersection and union satisfy 
the following equations for any sets X, Y and Z\ 

lb.xurlrux] 


* This notation does not entirely agree with the already introduced inclusion 
notation for sets, yet it is convenient and causes no confusion. 


2 
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2a. X fl X = A',') ... , , 

2b.XUX = xj (idempotency); 


3a. (X n Y) n z = x n (y n zO 
3b. (X U Y) U Z = X U (Y U Z) ) 


0 associativity ); 


4a. x n (r u z> = (X n Y) u (x n z),') 
4b. A U (F fl Z) = (A U Y) (1 (X U Z) } 


(distributivity). 


Checking these equations presents no difficulty. We prove 4b, 
for example. Let a be on the left of the equation. Then a e X or 
a e Y H Z, therefore a e X l) Y and a e X U Z, i. e. a is at the 
right. If a e X U Y and a e X U Z, then aeX or aeYHZ. 
Consequently, a is on the left of 4b. □ 

If X is a set, then the set of all of its subsets is said to be the 
power set of X and is denoted by P(X). 

Let 7 be a nonempty set and X jt for i e J, be some sets. The 
union U X t and intersection f) X t of the sets X t , i eJ, will be 


i eJ i e J 

the sets defined as follows: 


a e [J Xj & (a e X t for some i e J), 

i eJ 

aen X\ # (a e Xj for all i e J). 

i e J 

If X 0 , ..., X n , Y are sets, then the notation X ..., X n — Y 
will mean that f'l X t c Y and X 0 , ..., X n — will mean that 

/ ^ n 

Pi = 0. If 4> 0 , ..., 1 f r are some statements, then the 

/ < n 

notation 

fro. 

y 


will mean that either one of the statements 4> 0 , .... 4> n is false or 'k 
is true. 

proposition 2. Let X 0 , ..., X n , T, , Y 2 , Z be sets. Then 

*0. Xn- F, n y 2 

m x. .. X„, y, - 2; X 0 , .... X„, r 2 - Z; X 0 . X n - Y, U V 2 

Xo ,...,X„-Z 
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proof. Let a e n*, From the truth of the statements of (1) 

i < n 

above the line we have a e F,.and a e Y 2 , i. e. a e Yj fl Y 2 . Sup¬ 
pose now that the statements of (2) above the line are true and 
Xj. From the third statement above the line it follows that 

f ^ n 

a e Y x U Y 2 , i. e. a e F, or a e Y 2 . In both cases, from the truth 
of the first two statements above the line we get a e Z. □ 


Exercises 

1. How many distinct occurrences has an empty word A in a word of length n? 

2. Show that the number of distinct subwords of a word a of length n is at 
n(n + 1) 

most-i + 1. 

2 

3. For what words a of length n is the number of distinct subwords of a . 

n(n + 1 ) 1? 

2 

4. Let the sets X 0 , .... X n + , be subsets of some set Y. Denote by X, the set 
Y \ Xj. Show that: 

(a) IM = n X,; 

i < n i ^ n 

(b> nx,= 

/ < n i ^ n 

(c) x o ,,,x 0 /x n ^~ 

X, . x n -x n + l 

(d) A'p, ..., X n — X n + ] _ 

X 0 . X n ,X n+] ~' 

(e) x 0 n X t = X 0 \(X 0 \X l ). 


2. THE LANGUAGE 
OF THE PROPOSITIONAL CALCULUS 

A proposition in the English language is a statement, a 
declarative sentence which can be said to be true or false'. For ex¬ 
ample, the proposition “water is a product of hydrogen combus¬ 
tion”-is true and the proposition “all odd natural numbers are 
primes” is false. From propositions A , B in English we can form 
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more complex propositions, such as “A and 5”, “ A or B”, “it is 
false that A”, “if A, then B”. If we know whether each of the 
propositions A and B is true or false, then we can determine 
whether the above compound propositions are true or false. For 
example, if A is true and B is false, then the proposition “if A, 
then B” is false. However, we can sometimes assert the truth of a 
compound proposition without knowing whether the component 
propositions are true or false. For example, whatever propositions 
A and B may be, ‘‘it is false that A or if B, then A ” is always true. 
In this case we say that the scheme “it is false that A or if B, then 
A” is identically true. One of the main problems of the proposi¬ 
tional calculus to study which we now proceed is the description 
of identically true schemes. To do this one will have to replace 
English by a formal language that allows no ambiguities. 

The alphabet of the propositional calculus (abbreviated PC) 
consists of three groups of symbols. 

1. Propositional variables: Q 0 , Q ]} .... Q n , ..., where n is a 
natural number. 

2. Logical symbols or connectives: — , A, V, -i, I- called 
respectively the implication sign, the conjunction sign, the dis¬ 
junction sign, the negation sign and the turnstile or the yield sign. 

3. Auxiliary symbols: left parenthesis (, right parenthesis ) and 
a comma ,. 

definition. A formula of PC is a word of the alphabet of PC 
satisfying the following inductive definition. 

1. A propositional variable is a formula (we shall call it 
elementary or atomic). 

2. If $ and V are formulas, then (<F A 1 F), (<t> V ^), ($ — 'F) 
and -t$ are formulas. 

It follows from the definition that ( Q 0 A Q x ) V Q 0 is not a for¬ 
mula (there are no outer brackets). To abbreviate the notation, 
however, we shall often drop outer brackets. Thus ( Q 0 A Q : ) V 
V Q 0 will be an abbreviation of the formula (( Q 0 aQ,)VQ 0 ). 

In what follows formulas of the propositional calculus will be 
denoted by the letters <f>, 1 F, X and propositional variables by P, 
R, with $, Sk, X, P, R allowed to have indices. 

A subformula of a formula $ of PC is a subword of $ which 
is a formula of PC. 
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We now prove the statement about the uniqueness of the 
decomposition of a formula of PC. 

propositon 1 .Any nonatomic formula $ of PC is representable 
in one and only one of the following forms : ('k A X), ('k V X), 
('k — X) or -i T for uniquely defined formulas ^k and X. 

To prove the proposition we first need to establish one 
technical fact. 

lemma i . If $ and 'k are formulas of VC and $ is the beginning 
of 'k, then $ = 'k. 

proof. We shall prove the lemma by induction on the length of 
$. If $ is atomic, then so must be 'ft since otherwise Sk begins with 
parenthesis or -> and then $ cannot be the beginning of 'ft. Hence 
$ = >k. 

Suppose that <h l is nonatomic and has the form -> $', then 'k 
must have the form -i ^', and, as can be easily seen from the 
definition of a formula, $' and Sk' must be formulas. Moreover, 
$' is obviously the beginning of 'k'. By the induction hypothesis 

= T' and hence $ = -i#' = -I'k' = ty. 

Let $ be of the form ($ 0 t$,), where <i> 0 and $>] are formulas of 
PC, r is one of the signs A, V, —. Then ¥ begins with a paren¬ 
thesis (and can therefore be represented as Ok 0 r' ¥,), where 
and T, are formulas and t' is one of the signs A, V, —. Since 
is the beginning of (^t 0 r ’the word <k 0 is the beginning 
of the word ¥ 0 r' >kj and is also the beginning of that word. Of 
the two beginnings of the same word one is the beginning of the 
other (one must take the beginning of the smaller length). Hence 
$0 is the beginning of Sk 0 or is the beginning of # 0 . In any case 
one can apply the induction hypothesis and hence <k 0 = > 7 ~ 

= r' and <h, is the beginning of >k,. Again, applying the induction 
hypothesis we get 3>, = Sk, and $ = (4> 0 r$j) = (^t' tk,) = 
= >k. □ 

proof of proposition i. If the formula $ begins with - 1 , there is 
nothing to prove. Let $ be represented as (^r^j), where r is one 
of the signs A, V or — and <k 0 , <!>, are formulas of PC and as 
(4 >q t’ where r' is one of the signs A, V or — and $ 0 ', are 
formulas of PC. Then $ 0 is the beginning of 4> 0 ' or $ 0 ' is the begin¬ 
ning of $ 0 . By the lemma $ 0 = and sor = r' and 
Hence the representation $ = ($ 0 r#>,) is unique. □ 
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corollary i. Let $ be a formula of PC. Then there is a 1-1 
correspondence between each occurrence of (or in $ and some 
occurrence of a subformula of <f> whose first symbol is the occur¬ 
rence under consideration of (or -> respectively. 

proof. By the induction on the construction of a formula we 
can associate with each occurrence of ( or -> some such occur¬ 
rence of a subformuia and Lemma 1 allows us to assert the uni¬ 
queness of such an occurrence. □ 

proposition 2. If $ is a formula of PC, 77, d are occurrences in <i> 
of subformulas St, X respectively, then either 77 and 6 have no oc¬ 
currences of the symbols of the alphabet of PC in common or one 
of them is entirely in the other. 

proof. If j) and 6 have any occurrences of symbols in common, 
then the first occurrence of the first symbol 77 or 9 must be in com¬ 
mon. Let the first occurrence of the first symbol 77 occur in 6. If St 
is an atomic formula, then the statement is obvious. Let 'I' be 
nonatomic, then the first symbol of St is ( or -i. By Corollary 1 
this symbol uniquely defines the'occurrence of some subformula 
in X. But this subformula will be a subformula in $ too. 
Associated with the occurrence under consideration of (or -1 in $ 
is the occurrence 77 of the subformula St. By virtue of uniqueness, 
^ must coincide with St ' and 77 is entirely in 0 . □ 

If all the occurrences of the subformula 'I' in $ are replaced by 
the formula X, then we obtain a new formula which'we denote by 
($)*. Such a definition is correct, since it follows from Proposi¬ 
tion 2 that two distinct occurrences of the subformula ^ in $ have 
no occurrence of the symbols of the alphabet of PC in common. 

definition. Sequents of PC are sequences of the following four 
forms: 

# 0 , .... <f> 0 , ..., i -St; 

where 4 > 0 , ..., <f> n and St are formulas of PC and n is a natural 
number. 

Sequents will often be denoted by rt-Sf' or T t—, where T 
denotes a sequence, possibly empty, of formulas of PC. 

While formulas of PC may be regarded as “forms” of com¬ 
pound propositions of our language, sequents are “forms” of 
statements, theorems in which we may clearly distinguish condi- 




Axiom System and Rules of Inference 


25 


tions (hypotheses) and conclusion. Namely, regarding H as the 
sign of (logical) entailment, the sequent <f> 0 , may be 

understood to be a statement of the form “(The truth of) the 
hypotheses 4> 0 , <i> w (logically) entails the proposition ^t”. Se- 
quents of the form $ 0 , <!>„ h may be understood to be a state¬ 

ment about joint inconsistency of the hypotheses (conditions) 

<f> $ 

v 0> ' 

The rules of inference of PC to be described in the next section 
reflect (formalize) some simplest standard logical modes of 
reasoning which allow one to pass from some true statements 
(theorems) to other true statements (theorems). 


Exercises 

1. Show that for any word a of the alphabet of PC it is possible to determine 
in a finite number of steps whether a is a formula of PC or not. (Hint. Use 
Proposition 1). 

2. Replace point 2 in the definition of a formula of PC by the following: if 
and 'R are formulas, then ($) A (’}'), ($) V (SR), ($>) — OR') and -i ($) are for¬ 
mulas. Show that with such a definition we have statements similar to Propositions 
1 and 2. 


3. AXIOM SYSTEM AND RULES OF INFERENCE 

Below we shall often deal not with concrete formulas and se- 
quents but with the so-called schemata of formulas and sequents. 
The letters <Ji>, X (T, A, 8), possibly with indices from the set of 
natural numbers, will be called variables for formulas (sequences 
of formulas). Let an alphabet B contain, besides the symbols of 
the alphabet of PC, the variables for formulas and sequences of 
formulas. 

A schema of sequents {formulas ) of PC is a word in B such 
that any substitutions in that word of concrete formulas and se¬ 
quences of concrete formulas for variables of formulas and 
sequences of formulas, respectively, yield sequents (formu¬ 
las of PC. The results of such substitutions will be called in¬ 
stances of the schema. For example, 'it, Th- $ V'f' and 4> — 
— (X, A X 2 ) are schemata of sequents and formulas respectively 
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and 

So A - Gi, -i S 0 . ~ 1 (S 2 Si) i- S3 v (So A ~ l Si). 

((Si- - Si) a S 0 ) - (S 3 a -1 (S 2 v S 0 )) 

are instances of the corresponding schemata *. 
definition. A schema of sequents 

$ t_ $ 

is called an axiom schema of PC. An instance of an axiom schema 
will be called an axiom. 

The rules of inference of PC are the following: 


T 1- <f>;T 1- * 

ThtAt 

7 . 

r, $ i— ¥ 
rFi-t’ 

ThiAi 

8. 

r f- r i- $ — ¥ 

r f $ ’ 

TFt 

fF^At 

9. 

r, ~> 4> f- 

r f t ’ 

r f <i> ’ 

Tf$ 

10. 

r 1— 4>; r 1 — -1 $ 

r f $v't' 

r f- 

r f t 

11 . 

r. 4>, *, r, f- x 

fF*Vi' 

r,*,*,r 1 f- x ’ 


r, $ f r, x f r h $ v x r i- 4> 

rnt ’ ‘ r, * h * ’ 


As noted at the end of the preceding section, the rules of in¬ 
ference of PC formalize certain standard logical modes of reason¬ 
ing. Let us comment at an informal level upon Rules 1 to 12 from 
this point of view. Rules 1 to 3 are simply rules clarifying the 
meaning of the word “and” (conjunction). Rules 4, 5 also refer to 
the clarification of the meaning of the word “or” (disjunction). 
Rule 6 formalizes the mode of reasoning by “analysis of (two) 
possible cases”. When hypotheses T hold, either <i> or X is true. ¥ 
is true either when conditions T and 4> are true or when conditions 


* When the values of variables for the formulas and sequences of formulas in 
a schema C of sequents (formulas) are fixed in the text the schema C is called sim¬ 
ply a sequent (a formula). 



Axiom System and Rules of Inference 


27 


T and X, are true, thus 'k is always true when hypotheses T are 
satisfied. This is established by considering two possible cases 
(one of them necessarily holding): (1) conditions T and the condi¬ 
tion <i> hold; (2) conditions T and the condition X hold. Rule 7 for¬ 
malizes a device of equivalent restatement of a theorem allowing 
one of the hypothesis of the theorem to be placed into its conclu¬ 
sion in the form of a hypothesis. Rule 8 is one of the logical rules 
(the rule of modus ponens or detachment) noted already by 
Aristotle; it shows how to get rid of a hypothesis in the conclu¬ 
sion. Rule 9 formalizes the rule of “arguing by reductio ad absur- 
dum”. Suppose that conditions T and -> $ can hold simultaneous¬ 
ly; coming to a contradiction we conclude that $ always holds if 
the conditions T hold. Rule 10 is the rule of “discovering (deriv¬ 
ing) a contradiction’’ for a sequence of hypotheses T. Rule 11 is of 
a purely technical formal character: interchange of premises does 
not affect the truth of the conclusion. Rule 12, sometimes called a 
“refinement” or the rule of an extra hypothesis, reflects a trivial 
fact that adding to the hypotheses of a theorem a superfluous 
hypothesis does not violate the truth of the conclusion of the 
theorem. 

If in the rules of inference we take concrete sequences of for¬ 
mulas of PC as T and T, and concrete formulas as $, tk, X, then 
we obtain instances (or applications ) of the rules of inference. 
Rules 1 to 10 are called basic and Rules 11 and 12 are structural. If 
8 is an application of a rule of inference k, then we shall say that 
the sequent under the line in 8 is obtained from the sequents 
above the line with the aid of the rule k. 

definition. A linear proof in PC is a finite sequence S 0 , ..., S n 
of sequents of PC satisfying the following condition: each sequent 
S jt i < n, is either an axiom or obtained from some Sj , j < i, us¬ 
ing one of the Rules of inference 1 to 12. A sequent S is said to be 
PC-provable or a theorem of PC if there is a proof S 0 , ..., S n in 
PC such that S n = S. A formula $ of PC is said to be PC- 
provable if so is the sequent F- d>. 

Notice that if S 0 , ..., S n is a proof in PC and S 0 \ ..., is a 
proof in PC, then S 0 , .... S n , S 0 ', ..., S' k is also a proof in PC. 

We define inductively the notion of tree-. 

(1) Any sequent is a tree. 


28 


The Propositional Calculus 


(2) If D 0 , ..., D n are trees and S is a sequent, then 
D 0 ,D„ 

s 

is also a tree. 

The same sequent may occur in a tree several times. A sequent 
together with its position in a tree D will be called an occurrence 
of the sequent in the tree D. An occurrence of a sequent in D 
which has no horizontal line above it will be called an initial oc¬ 
currence in D. An occurrence of a sequent in D which has no 
horizontal line below it will be called final sequent in D. We shall 
often use the word “sequent” instead of “an occurrence of a se¬ 
quent” if it is clear from the context what occurrence is meant. It 
is clear that a tree may have many initial sequents, but there is 
only one final sequent. The part of a tree consisting of the se¬ 
quents immediately above the line, below the line and of the line 
itself is called a passage. 

definition. A tree D is said to be a tree form proof in PC if all 
its initial sequents are axioms of PC and its passages are applica¬ 
tions of Rules of inference 1 to 12. If S is the final sequent of a 
tree form proof in D, then D is said to be tree form proof of Sox a. 
derivation tree of S in PC. 

Let h be a function defined on the sequents (more precisely, on 
the occurrences of the sequents) of D and taking as its values 
natural numbers having the following properties: 

(1) h(S) = 0 if S is the final sequent of the tree D. 

(2) If 

So, S n 

s 

is a passage in D, then h(S 0 ) = ... = h(S n ) = h(S) + 1. 

It is obvious that conditions (1) and (2) uniquely define the 
function h. The number h(S) is called the height (of the occur¬ 
rence) of a sequent S in the tree D. The maximum height of the se¬ 
quents occurring in D is called the height of the tree D. 

proposition l. A sequent S has a tree form proof in PC if and 
only if S is a theorem of PC. 

-proof. Let S 0 , ..., S n _ ,, S be a linear proof in PC. If S is an 
axiom, then S will be a tree form proof of the sequent S. Let 
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D 0 , ..., D n _ , be tree form proofs of the sequents S 0 , .... S n _ ,. 
s ■ s■ 

If 0 ’ '* < n, is the application of some rule, then 

the tree 


S 

will be a tree form proof of the sequent S. 

Suppose now that a proof of the sequent S in the form of a tree 
D is given. We construct a linear proof of 5 by induction on the 
height of the sequents in the tree D. The initial sequents in D will 
be linear proofs. If for all the sequents S 0 , ..., S m of height k + 1 
linear proofs L,, ..., L m are already constructed, then it is clear 
that the sequence 

L \, L m , S 

will be a linear proof of a sequent S of height k. □ 

A sequent schema H is said to be PC-provable if adding it to 
PC as an axiom schema does not extend the set of provable se¬ 
quents. It is clear that this is equivalent to the fact that all in¬ 
stances of the schema H are PC-provable. 


Example 1. The following tree shows the provability of the schema 
¥ h- $ A * *: 


$ l- $ 

¥ i- $ 


(Rule 12) 


¥ l- ^ 




(Rule 12) 
(Rule 11) 
(Rule 1) 


A rule of inference is said to be PC -admissible if adding it to PC does not ex¬ 
tend the set of provable sequents. In particular, Rules 1 to 12 of PC are admissible. 


proposition 2. The following rules are PC-admissible : 


(a) - 




Xt. 

mi 

Xl. 


. Xm 1- $ 

•.*„ I- 


i Xm *— 


where (*,.) C lx. ,X«). 


* Instead of “application of Rule 12”, etc. we shall write “Rule 12”.— 
Editor's note. 
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(C) 

rht;r,thx 

(g) 

r 1- X 

(d) 

r,, *, *, r 2 1 - x 

(h) 

r,, $ a 4', r 2 h x ’ 

(e) 

r i- $ a -t 4> 

®i 

r i- 

(0 

r f- 

(])- 

n-it ’ 


r,$ t- 
r h —> $ 
r 4> 
r, $ i- ’ 
r, $ t- * 


* H 
. 4> F- 


i 4> 

* 


r, 4- h $ 


proof. Before proving that rule (a) is admissible we establish 
the admissibility of an instance of it: 

(O * '*!-*. 

r,,4>, r 2 h * 


Applying Rule 11 several times changes the sequent T,, 3>, 

r 2 H- ¥ into T,, 3>, T 2 , $ I- 'i'. Using Rule 12 we can obtain from 
the axiom $ I- $ a sequent r, , $, T 2 \- $. The tree 

r,, $, r 2 , $ i- * 
r,, 4>, r 2 1 - $ - * r,, $, r 2 1 - $ 

TiTivrTT 7 * 

establishes (a')- It is clear that the admissibility of (a) follows 
from that of (a') and Rules 11 and 12. 

The admissibility of (b) follows from that of rules (a), (e) and 
(f). The admissibility of (c) is demonstrated by the following tree 

r. * h * 

n-t-xThf 

r t- x ' 

In addition we show the admissibility of (f) and (g), leaving the 
other rules as an exercise to the reader. 

It is clear that the sequent Th can be obtained only by 
Rule 10. Therefore, if T h is provable, then so are the sequents 
T i- $ 0 and T h- -i $ 0 for some formula <f> 0 . To prove the ad¬ 
missibility of a rule of the form 
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it suffices to construct a tree whose initial sequents are either 
provable schemata of T t- $ 0 and T i- -1 <f> 0 whose final sequent 
is the sequent S and whose passages are Rules 1 to 12. 



r h t 


(g) We use the provability of the schema T, -i ❖ , and ¥ i- 
and leave it to the reader as an exercise. 


r,$ i- $0 

r,$ 


r,$, -1 $ i- $0 

r,4>, -i -i $ i— 


r, —> —«4>, —>4>i— 

r, —« —»<!>, i— -I 

r, -» -i h 

r, -1 -i $ $ — <i>o; V, -> <f> i- 4> 

r,~i $ l— 3> -* ~'4 > o 

r, -i -i $ i- $ 

r , —* —> f- 4> 0 

r, -i -i $ p- 

r 


ri-i# 


A finite sequence of sequents S 0 . S n is said to be the quasi¬ 

derivation of the sequent S n in PC if each sequent occurring in it is 
PC-provable or can be obtained from the preceding sequents by a 
PC-admissible rule of inference. A tree D is said to be a tree form 
quasi-derivation of a sequent S in PC if any initial sequent of D is 
PC-provable, the final sequence is S and the passages are PC- 
admissible rules of inference. 

It is obvious that any sequent for which there is a quasi-deri¬ 
vation or a tree form quasi-derivation is provable. 
example 2. We prove the sequent I- Q 0 V -i Q 0 . 

- 1 go 1- go 

"■ Qo i- go v - 1 gpi - 1 (go v - 1 Qo) p- (Qo v 2 Qo) 

- 1 (Qo v - 1 Qo). - 1 Qo l- 
• -■ (Qo v -> Qo) p- Qo 

- 1 (Qo V'" 1 go) i- gp v - 1 Qo', ^ (Qo v ^ Qo) r- -> (Q 0 v Q 0 ) 
- 1 (Qo v -< Qo) v- 
H Qo v Qo 


Notice that the above tree is not a PC proof, since the second 
passage is not an application of any of the rules. It is clear, 
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however, that we can obtain a proof by adding to this tree applica¬ 
tion of Rules 11 and 12. In what follows, unless otherwise 
specified, we shall use admissible rules that can be obtained from 
the basic rules by combining them with structural rules, as the 
following: 

$!, .... <l>„, $> h- 'F; 'f',, .... V m , X (- Xj, .... Xi'htvX 

4>„ + ), ..., + r i- 


where {<*>,, ..., ..., * m , X,, 

+ r !" 


X, 


I* 


n + 1 > 


Exercises 


1. Establish PC-provability of the following schemata: 

(a) T,, 4, F 2 H 4; (b) r, -i *, * i-; 

(t) ^ A t l- t A <t; (d)'tVt'l-'i'V$. 

2. Prove the PC-admissibility of rules: 


00 


r, $ t- * 
r, -■ * i- -i $ ’ 


(i) 


r, $ t- -i ♦ 
r, ♦ t- -i <p ' 


4. THE EQUIVALENCE OF FORMULAS 

Denote by F the set of all formulas of PC. Let s: F — F be a 
mapping of F into F satisfying the conditions: ' 

(1) s($ - ¥) = (s(<f>) - *(¥)), 

(2) s(4> A *) = (5($) A sW), 

(3) s(4> V *) = (s($) V s(f')), 

(4) s(-i^) = —i5 , (<t > ). 

Any such mapping will be called a substitution. The reader 
may see for himself that any substitution is uniquely defined by its 
values of atomic formulas, i. e. if P 0 , ..., P n are all atomic subfor¬ 
mulas of a formula $ and s 0 and s, are substitutions such that 
s 0 (Pj) = Sj(P,) for i ^ n, thens 0 (<l>) = s' 1 ( < f > ). For the result of a 
substitution 5(4"), we introduce the notation s(4>) = ( < £^ < p 0 y Pn S (p„) 
which agrees with the notation ($)| introduced in Section 2. 
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We extend the mapping s to include sequents: 

(5) 5(4> p .... 4>„ h- ¥) = $(*,), .... s(*„) H s(f); j(* p ... 

..., (-) = s(#,), ..., s($„) h; s((-$) = s(H) = h. 

It is possible to define by induction the extension of s to trees: 

(6) ^ ( D \' -'< D k \ = *(A): s(D k ) 

V s / ^ s ) 

theorem i (Substitution). Let a mapping s: F — Fsatisfy con¬ 
ditions (1) to (6) and let S be a PC-provable sequent. Then the se¬ 
quent s(S) is PC-provable. 

proof. We shall prove by induction of the height of a tree that 
if D is a tree form proof of the sequent S in PC, then s(D) is a 
proof of the sequent s(S ) in PC. If S is an axiom, then s(S) is also 
an axiom. Let 

D°- • D? D k ■ • D k 

. u m u o ’ ■■■’ u ‘k 


S 

then 


s(D) = 


s(D°); 5(0°) 

s (So) 


s(D k ); s(D* k ) 
s(S k ) 


s(S) 


By virtue of the induction hypothesis it suffices to prove that 
in the tree s(D) the last passage is an application of the same rule 
as in the last passage of the tree D. But this is obvious, since prop¬ 
erties (1) to (5) ensure that the passages are preserved. For exam¬ 
ple, if 

4> 0> $ t- $(,, X t- 3> 0 t- 4> V X 
♦o'"* 

is the last passage in the tree D, then 

j(»o). h sm, s(i 0 ), s(X) h- s(*); S(» 0 ) i- 5(<t>) v s(X) 

5(4>o) I- ■?(*) 

is an application of Rule 4 and the last passage in the tree s(D). □ 
In other words, the substitution theorem states that if in a pro¬ 
vable sequent we substitute arbitrary formulas for the proposi¬ 
tional variables, then the resulting sequent will be provable. 


3—191 
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definition. Two formulas <i> and T are said to be equivalent 
(designated $ = ¥) if two sequents $ t- ¥ and ^ i- $ are 
PC-provable. 

Notice that “ = ” is the symbol of the language in which we 
prove statements about the calculus but not the symbol of the 
propositional calculus. This language is sometimes called meta¬ 
language. The concepts of schema and proof are also meta¬ 
language concepts. 

lemma i. The relation <£ = '}' is an equivalence relation, i. e. 
for any formulas $, 't, X of PC the following statements are true: 

(a) $ = $; 

(b) if $ = then ¥ = 4>; 

(c) ^ and ¥ = X, then $ = X. 

proof, (a) follows from the fact that $ t- <f> is an axiom, 
(b) follows from the symmetry of $ and ¥ in the definition of the 
relation $ = If $ p- ^ and t- X are provable, then by 
Proposition 3.2 (c) $ I— X is provable. Similarly, if X h- ¥, ¥ t- 
i- $> are provable, then X t- $ is provable. □ 

lemma 2. (a) If$ = T, then $ is PC-provable if and only if ¥ 
is PC-provable. 

(b) If and $ 2 = ^ 2 , then (<!>, A <f> 2 ) = (¥, A SP 2 ), 

($, V 4> 2 ) = (^, V 'f f 2 ), (<!>, — <i> 2 ) (^ 1 — S^ 2 ) and -><!>,= 

= -i*,. 

proof. If i— 4> and $ t- 'it are provable, then the tree 

$ H ¥ 

i-$ — h-4> 

i- ♦ 

will be a quasi-derivation of i-'fA Similarly from the provability 
of and ^ i- $ we obtain the provability of Statement 
(a) is thus proved. 

By virtue of the symmetry of and ^ in (b) it suffices to 
prove the sequents -> <£, F- -i , <£, A $ 2 h- 'I', A ¥ 2 , V <l> 2 i- 
i- V $ 2 and — $ 2 i- — ¥ 2 . The following four quasi- 
derivations complete the proof: 

(1) *i *- *i. -"t-i i- -i4»i 
*i. - 1 *! i- 
—■ 4>, l-1'!', 
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A $2 I- $1 ; 0, H 'F, 4>, A 4> 2 I- $ 2 ; <J> 2 *2 


( 2 ) 


4>, A $2 I- 4^ 


$, A $ 2 I- 'f , 2 


$1 A $2 H 4^ A 4^ 
$, I- *, 4-2 *- *2 


( 3 ) 


I- t, V 'f '2 $2 •- *1 v ^2 


4>, V 4>, l-~ 4>, V *• 


$, V 4>2 F St, V *2 


4^ 1- <F,; <t>, — 4> 2 t- 4>, — 4>2 $2 H *2 

4>, — $ 2 - 'L H *2 t-4>2 — 4^ 

4 >i - $2, *1 l- * 2 Q 

$, — $2 t“ 9, — ^ 


theorem 2 (Replacement). Let $ be a formula of PC and let Sr 
be its subformula. Suppose $' is obtained from $ by replacing 
some occurrence of ¥ by a formula Si' . In this case, if S’ = Si', 
then $ = 

proof. If 'f r = <l>, then the theorem is trivial. Further we pro¬ 
ceed by induction on the length of $. If $ = Q jy then Sr = $>. 

Four cases are possible for the induction step: 

(a) $> = $, A <i> 2 ; (b) $ = 4>j V <i> 2 ; 

(c) <3? = <Fj — $ 2 ; (d) <3? = -1 . 

By Proposition 2.2 any occurrence of Si =£ $ is contained 
either in $, or in $ 2 , therefore the equivalence $ = 4>' follows 
from the induction hypothesis and Lemma 2(b). □ 


Exercises 

1. Suppose formulas <t> and 4 of PC contain only one propositional variable, 
P, and for some substitutions s, and s 2 we have 5 . (4>) = 4 and S 2 W = 4>. Show 
that 4> = St. 

2. Suppose $ s St and there is a propositional variable P occurring in both 4> 
and 4'. Show that there is a formula X equivalent to the formulas <t> and 4', all 
propositional variables of which are contained in both 4> and 4'. (Hint. Use 
Theorem 1.) 


5. NORMAL FORMS 

The notion of the equivalence of formulas of PC will be of 
great importance to us, since the basic properties under study of 
the formulas of PC are preserved when we pass to equivalent for- 


3* 
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mulas. It is very important therefore to be able to find for each 
formula of PC its equivalent but constructed as simple as possi¬ 
ble. In this section we shall define such “canonical” represen¬ 
tatives for the formulas of PC. 

lemma l. Let $ and be formulas of PC. Then we have the 
following equivalences: 

(a) ($ - ¥) s (->$ v *); 

(b) -i -if> = 4>; 

(c) -i ($ A ¥) = (-i $ V i 'L); 

(d) -■($ V 1 L) as (-.$ a -i T); 

(e) $ = (<i> v 3>); 

(f) $ = ($ A $). 

proof. We give quasi-derivations for statement (a): 

— ¥(-$> — * 

4> — $ i— * -1 $ f— -i4> 

$ — SL $ i- -■ $ v p- $ v v $ 

$ — ^ v ^ 

<i> i— <t > ; —1i— -i$ 

<J>, -i <J> 'I'; ^ h- 'f'; — 1 4> V if I— V '5 r 

V ¥, 4> I- ¥ 

itvtl-t-t’ 

Notice that the provability of I- $ V -> $ follows from Example 
3.2 and the substitution theorem. 

The proof of the remaining statements of Lemma 1 is left to 
the reader. □ 

lemma 2. Any formula $ of the propositional calculus is 
equivalent to a formula it containing no implication sign. 

proof. We define the mapping a: F F by induction on the 
length of a formula: 

(D«(<2,) = Q„ 

(2) a($ A *) = c*(4>) A a(^), 

(3) a($ V ’5') = a(<t>) V af’f), 

(4) a(-i$) = 

(5) a(4> — ^) = ia($) V a(it). 

Then a(4>) contains no implication sign and a(4>) = $ follows by 
induction from Lemma 4.2(b) and Lemma 1(a). □ 
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lemma 3. Any formula $ of PC is equivalent to a formula ¥ 
without the implication sign such that there are negation signs 
only in front of atomic subformulas. 

proof. Let F~ be a set of formulas containing no implication 
sign. We define the mapping (3: F~ — F~ by induction: 

(D0(G,) = Q„ 

(2) /3(^G,) = “> <2,» 

(3) 0($ A tF) = 0($) A j8(¥), 

(4) /3(<S> V X F) = 0(4>) V 0OL), 

(5) 0(i($ A*)) = /?(-.*) V £(-.¥), 

(6) V*)) = /3(^€>) A 0(-.*), 

( 7 ) 0 ( 1 -^) = 0 ($). 

Let X = a(4>), where a is the mapping of Lemma 2. The 
equivalence X = 0(X) is easy to obtain by induction on the length 
of X using Lemma 1 and Lemma 4.2(b). It is obvious that ^ = 
= 0(X) satisfies the requirements of Lemma 3. □ 
lemma 4. Let T, and X be formulas of PC. Then 

(a) ($ A V) = ('L A $); 

(a') (fvt)s(I-v $>); 

(b) (($ A ¥) A X) m ($ a {9 A X)); 

(b') (($ V ¥) V X) s ($ v (* v X)); 

(c) (4> A (* V X)) = ’(($ a *) V (<f> A X)); 

(c') ($ V (* A X)) = ((# V ¥) A ($ V X)). 

proof. To avoid overloading the presentation we prove only 
(c). The remaining equivalences the reader will easily prove 
himself using the experience acquired while analyzing the proofs 
given earlier. 

4 > A (S'V X) I- 4 >; S'H S' 4 > A (S' V X) f- <f>; X H X 

4 > A (S' V X), S' H 4 > A S' 4 > A (S' V X), X I- 4 > A X 

$ A (S' V X), S' I- ($ A S') v ( 4 > A X); $ A (S' v X), X H ( 4 > A S') v ( 4 > A X); $ A (S' V X), i- S' V X) 
$ A (S' A X) I- ( 4 > A S') V (<f> A X) 

4 > A S' h- S' $ a X i- X 

4 > A S' i- S'V X; 4 > a S' i- 4 > tAXi-i; 4 aXi-+vX 
4 > A S't- 4 > A (S'V X); 4 > A X h 4 > a (S'v X); (■*> A S'; . ( 4 > A X) t- ($ A S') V (S’ A X) 

( 4 > A S') v ( 4 > A X) i- 4 > A (S' v X) 

Now we define the important notions of disjunctive and con¬ 
junctive terms of a formula. For any formula $ we denote the 
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set of all disjunctive terms of $ by Z? (<^) and the set of all conjunc¬ 
tive terms of by AT(«f>), which we define by induction on the 
length of $. 

(a) If $ is not representable as a disjunction, i. e. as $ = 
- (4> 0 V ■!>,), then Z3>(4>) = |<t>), i. e. $ is its only disjunctive 
term. 

(b) If $ = ($ 0 V $,), thenD($) = D($ 0 ) U D(4>,). 

The set A'f#) is defined dually, (a) If does not have the form 
$ 0 A then Ai(<i>) - ($J; (b) if = <i> 0 A then K($) - 
= K (*„) U *(*,). 

proposition i. Let $ and ^ be formulas of PC. If D{$) c 
C Z?(T), then the sequent $ h- 'i 'is PC-provable. 

proof. By induction on the number of disjunctive terms in 4>, 
i. e. on the number ID(<3?)I of elements in the set £>(<£). 

Let I(4>)I = 1, i. e. £>($) = {$(,). We establish by induc¬ 
tion on the length of $ that in this case $ = <i> 0 . Indeed, if $ = 
= i> 0 , then this is obvious. If $ = $' v then /?($') = 
= £>(<£") = Z>($) = |$ 0 ) and by the induction hypothesis 
$>' = $ 0 , <i>" = $ 0 . By Lemma 4.2(b) 4>' V 4>" = 4> 0 V 4> 0 and 
by Lemma 1(e) 4> 0 V 4> 0 = $ 0 , hence 4> = (4>' V 4>") = 4> 0 . 

We now show by induction on the length of ^ that if 
$ 0 e DO*), then the sequent 4> 0 i- is provable. If ^ has no form 

V , then D(^) = (¥), hence $ 0 = ^ and $ 0 h- ¥ is an ax¬ 
iom. Let * = 'J'jVf',, then D(V) = £>(^ 0 ) U /?(❖,) and <f> 0 is 
in Z?(^ 0 ) or Df^,). Let 4> 0 eD(^ ( ), i ^ 1. By the induction 
hypothesis I- is provable, hence 

% 

*0 p- *0 V 

is a quasi-derivation of the sequent 4> 0 h- 'i r . Together with the 
equivalence $ = 4> 0 , this shows that in the case ID($)I = 1 the 
sequent 4> i- ¥ is provable. 

Now suppose that l£>(<t>)l — n> 1 and for any formulas 

such that IZ)(4>')I < n and £>(<!>') c Z)(^') the sequent 

I— ¥' is provable. The statement will be proved by induction 
on the length of $. If 4> is of minimal length among formulas 4>' 
such that £>($') = /?($), then $ = (4> 0 V <!>,), IZ)(4> 0 )I < n, 
IZ?(4>,)I < n and by the induction hypothesis it follows from 



Normal Forms 


39 


£>($,) c £>(<!>) c D('F) that the sequents $ 0 i- tF, H- ¥ are 
provable. Then 

1- *i i- <J> t- <!> 0 v #, 

4> h ¥ 

is a quasi-derivation of the required sequent. The same reasoning 
completes the proof. If $ = $ 0 v then for i < 1, either 
iZ3($,)l < n or I £>(<!>,) I = n and the length of <f>, is smaller than 
that of $; in any case the sequents $ 0 ¥ and $, hi 1 are prov¬ 

able by the induction hypotheses and hence so is the sequent 
$ t- 'F. □ 

corollary i.//£)($) = Z>0F), then $ = ¥. □ 

The corollary obtained shows that up to the equivalence of 

n 

formulas it is poksible to use the notation V $,■ or V ... v 

i = I 

for formulas $ such that D($) = 

For conjunctive terms the situation is quite similar. The proof 
of the following proposition is left to the reader. 

proposition 2 . Let $ and ¥ be formulas of PC. If ATOF) c 
c A r ($), then the sequent <E> H ¥ is provable. □ 
corollary 2 . If K ($) = A'('F), then $ = □ 

n 

This allows us to use generalized notation of the form A 

/ = i 

or $| A ... A for all formulas $ such that AT(<i>) = {$>,, ... 

•••’DI¬ 
LEMMA 5. For any finite sequence T and any formula $ the se¬ 
quent f h $ is provable if and only if sequents F I- are prov¬ 
able for all T' e A'('F). 

proof. In one direction the lemma follows from Proposition 2. 
Suppose that for any e AT(<F) the sequent T h- is provable. 
We show by induction on the length of $ that T i- $ is provable. 
If $ is not representable as 4> 0 A , then there is nothing to prove. 
If $ = <I> 0 A , then by the induction hypothesis T I- <J? 0 and 
T l— are provable (since K($/) c K($)). Hence 

r h $ 0 ; r i- $| 

r I- <t > 0 a 

is a quasi-derivation of the sequent Fh$. □ 
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definition. We shall say that $ is an elementary disjunction 
if each disjunctive term of $ is either an atomic formula or the 
negation of an atomic formula. We shall say that $ is in con¬ 
junctive normal form (cnf ) if each conjunctive term of $ is an 
elementary disjunction. A formula $ in conjunctive normal form 

n 

can be written up to equivalence as /\ V ... V & m .) where 

/ = o 

formulas are atomic formulas or the negations of atomic for¬ 
mulas and V ... V & are generalized symbols for conjunctive 
terms of $. 

Defined dually (i. e. by replacing A by v and V by A) are the 
notions of elementary conjunction and disjunctive normal form 
(dnf). 

theorem 3 . For any formula 4 > of PC there is an equivalent 
formula in cnf. 

proof. Let be a formula equivalent to 3>, containing no im¬ 
plication sign and with all of its negation signs preceding 
atomic subformulas. We shall prove the theorem by induction on 
the length of 4 r 1 . If is an atomic formula or its negation, then 
is already in cnf. If ¥, = #, A <l > 2 and X, and X 2 are the for¬ 
mulas which are equivalent to , and $ 2 , in cnf respectively, then 
it is obvious that the formula X, A X 2 is equivalent to 4 ' 1 and is in 
cnf. f 

Let V <I> 2 . Let X, and X 2 be in cnf, X, = and 

X 2 = $ 2 . By the replacement theorem = X, V X 2 . We shall 
prove the fact that X; V X, is equivalent to some ¥ in cnf by in¬ 
duction on n — m x + m 2 , where m t is the number of signs A in 
X,, i = 1, 2. If m, = m 2 — 0, then X, V X 2 being an elementary 
disjunction is in cnf. Suppose, for example, that m 2 is nonzero. 
Then X 2 = X 3 A X 4 . By Lemma 4(c') we get 

X, V X 2 = X, V (X 3 A X 4 ) = (X, V X 3 ) A (X, V x 4 ). 

By the induction hypothesis X, V X 3 and X, V X 4 are equivalent to 
'f r 2 and, respectively, to ¥ 3 , which are in cnf. It is clear that 
= ^ 2 A ^ 3 satisfies the requirements of the theorem. □ 

The proof of the next theorem is similar to that of Theorem 3 
and is left to the reader. 
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theorem 4. For any formula $ of PC there is a formula i' that 
is equivalent to it and is in dnf. □ 

definition. We shall say that a formula $ of PC is in principal 
cnf (dnf) if the following conditions hold: 

(1) $ is in cnf (dnf); 

(2) any propositional variable P occurring in $ has in any con¬ 
junctive (disjunctive) term of $ exactly one occurrence; 

(3) any two distinct occurrences of conjunctive (disjunctive) 
terms of $ have distinct sets of disjunctive (conjunctive) terms. 

For example, of the formulas 

(Q,ve 3 )vm Go , (Q 2 AQ 4 )V(Q 4 AQ 2 ), (G,a-iQ 2 )v(Q 2 a-.q i) 

in dnf the first is in principal cnf and the third is in principal dnf; 
the first and second formulas are not in principal dnf. (Why?) 

theorem 5. If a formula $ of PC is not PC-provable, then there 
is an equivalent formula 'F which is in principal cnf. 

We first prove three auxiliary statements. 
lemma 6. If for some formula $ of PC there is a formula T 
such that if, -"F e £>($), then $ is provable. 

proof. Indeed, the formula 'it V ->>F is provable and D(SF V 
V ->'!'■) c £>($), By Proposition 1 'it V -i>F \- $ is a provable se¬ 
quent, but then $ is a provable formula. □ 

lemma 7, If $ is a PC-provable formula, then T A 'F = T for 
any formula it of PC. 

proof. The following trees are quasi-derivations of the re¬ 
quired sequents: 

4> A * h- 4> a ¥ h 4>; th ♦ ^ 

4‘A'Ft— ¥ ’ ¥ I- <I> A ¥ ' 

lemma 8. For any formulas $ and a of PC we have the 
equivalence $ = 4> V (* A m*). 

proof. The following quasi-derivations establish the provabili¬ 
ty of the required sequents 

<t> i— $ 

tl-JV(tA-it)’ 

'J'A -I'F P- ¥ A -i ♦ t- -I'i’ 

9 A H 

4> I- <t>; ¥ A -i* l- 4>; 4> v (* A -i9) h- 4> V (¥ A -i'*) Q 


4> v (4' A —• SF) i— 4E> 
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proof of theorem 5 . Let X be a formula which is equivalent to 
4> and is in cnf. There is such a formula by Theorem 3. Let X 0 , ... 
..., X* be all conjunctive terms of X for which there are no pro- 
positional variables P such that P, ->P e£>(X ( ). There are such 
terms, since otherwise by Lemma 6 and Lemma 5 the formula X, 
and consequently <i>, would be provable. 

Let £)(X ( ) = (Xf, ..., Xf' j, where X- =£ Xj for r sfc s. By 
Corollary 1 an elementary disjunction X,- is equivalent to an 
elementary disjunction X/= (... (Xfv X?) V ...) V Xf‘ in which 
each propositional variable occurs at most once. By Lemmas 6 , 7 
and the replacement theorem the formula X is equivalent to the 
formula X' = (... (Xq A X{) A...)AX;. Let P 0 , ..., P n be all 
atomic subformulas of the formula X'. Unless some XJ contains 
some Pj as a subformula, by virtue of 

x; B x; v (P, a -/>,) = (x;vp,) a (x;v -./») 

the formula 

x" — tx' "i 

v •’(x;vp,)a(x;v -.p,) 

is equivalent to X, is in cnf, any propositional variable has at most 
one occurrence in any of its conjunctive terms and the number of 
its conjunctive terms containing no P, is smaller than in X'. On 
carrying out a finite number of such transformations we can ob¬ 
tain a formula X* equivalent to # and satisfying (1) and (2) of the 
definition of a formula in principal cnf. We choose the maximal 
set (tl'o, ..., ¥ k ) of mutually nonequivalent conjunctive terms of 
X*. Corollary 1 yields D('ft i =£ D('i'j) for / =£ j. From the replace¬ 
ment theorem and Corollary 2 it follows that X* is equivalent to 
the formula 'F = (... (^ 0 A 'I' ] ) A ...) A V k and hence ^ satisfies 
the requirements of the theorem. □ 

The proof of the next theorem is similar and we leave it to the 
reader as an exercise. 

theorem 5 -. If a formula of PC is not PC-provable, then 
there is a formula T which is equivalent to $ and is in principal 
dnf. □ 

Exercises 

1. Prove statements (b) to (f) of Lemma 1 and statements (a), (a'), (b), (b '), 
(c') of Lemma 4. 
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2. Prove Proposition 2, Theorem 4 and Theorem 5'. 

3. Show that in Theorems 4 and 5 it is possible to require that 4> and ¥ should 
contain the same variables. 

4. Show that the sequent T, $ t- i' is PC-provable if and only if for any 
X e D(4>) the sequent T, X t- 'L is PC-provable. 


6 . SEMANTICS 

OF THE PROPOSITIONAL CALCULUS 

A calculus is said to be consistent if not all formulas of that 
calculus are provable in it. 

Let X be some set and let f x be some mapping of elementary 
formulas of PC into the set P(X) of all subsets of X. Such F x will 
be called an interpretation of PC in A". We extend f x to a mapping 
of the formulas of PC into P(X) (we denote it also by f x ) by in¬ 
duction: 

(!)/*(* a*) =/*(*) n/*(*), 

(2) /*(*V¥) =/*(*) U f x m, 

(3) /*(->*) = X\f x (*), 

(4 ) f x {* - *) = /*(-■*) U/*(¥). 

To each sequent S of PC we assign a statement f x (S) about the 
subsets of X in the following way: 

(a) /*(* 0 , h 4>) « 

«(/*(*„). 

(b) /*(i-*) «/*(*) = X; 

(c ) f x & 0 , .... H) « (f x (%), ...,/*(*„) -); 

(d) /*(F-) « 

We recall (Section 1) the definition of the relation — on sets: 

x 0 , ...,x n - 

(w 0 , -)«^ n x. t = 0^. 

theorem 6 . For interpretation f x of PC in X and any 
PC-provable sequent S the statement f x (S) is true. 

proof. Let D be a derivation tree in PC of the sequent S. It is 
obvious that if S' is an axiom, then f x {S’) is true. Therefore it 
suffices to prove that if f x of the sequents above the line in D is 
true, then f x of the sequents beneath the same line is also true. For 
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example, let 

*0 .*0 I- X; $ 0 , 4-, h X; 4 > 0 . <£ „ h - * 0 v 

*o.*« I- X ' . 

be a passage in the tree D and suppose that f x (‘ l> 0 , $ n , 

*0 i- h- X),f x (%, ¥ 0 V ¥,) hold. 

Letxe 0 /*($,)• Since f| f x (%) £ /*(*o) u we have 

x 6 f x (T y ) for some j < 1. Since /*($,■) n f x Wj) £ f x (X), 

/ $ rt 

we have x e f x (X). Consequently, y^(<i> 0 , ..., <I> n i- X) holds. 

Verification for the other passages of D is also simple and is 
left to the reader. □ 

corollary !. PC is consistent. 

proof. Let X be a nonempty set and let f x be some interpreta¬ 
tion of PC in X. By the definition of an interpretation f x (Q 0 A 
A "'Go) = /x(Go) H (X \ f x (Q 0 )) = 0 . It is obvious that the 
statement f x (h-Q 0 A ->Go) is false. By Theorem 6 the sequent 
I- Go A - 1 Go ’ s not provable. Consequently, the formula 
Go A -’Go’ s not PC-provable. □ 

We have considered an interpretation of PC in which proposi¬ 
tional variables were interpreted as subsets of some set X and 
logical connectives were interpreted as operations on those 
subsets. This made it possible to prove the consistency of PC. 
Also of interest is the parallelism itself of set-theoretic operations 
and logical connectives *. 

Of course, the notion of interpretation exceeds the limits of 
the calculus itself. It relates to the so-called semantics of the 
calculus, in contrast to the notions of formula, rules of inference, 
proof, which relate to the syntax of the calculus. 

We now consider another interpretation of PC which is very 
closely related to this interpretation and will be called the prin¬ 
cipal interpretation of PC. On the set (0, 1 j we define the opera¬ 
tions A, V, —, -i by means of the following table: 


* A useful generalization of this interpretation is given in Exercise 2 of 
Sec. 11. 
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* 

y 

x f\ y 

XV y 

x ~ y 

—«AT 

0 

0 

0 

0 

1 

i 

0 

l 

0 

1 

1 

i 

1 

0 

0 

1 

0 

0 

1 

l 

1 

1 

1 

0 


This table corresponds to rules (1) to (4) of the definition of an 
interpretation / (0J when 0 = 0, 1 = (0). Sometimes instead 
of 0, 1 the words “false” and “true” are used. Then the table will 
indicate rules of assigning truth values to the connectives A, V, —, 
-i, which agree rather well with the use of the corresponding con¬ 
nectives in the English language. 

Fix propositional variables P 0 , ..., P k . Given a mapping/of 
the set of elementary formulas {P 0 , ..., P k j in (0, 1), by table (1) 
/is uniquely extended to the set of formulas of PC whose proposi¬ 
tional variables are among P 0 , ...,P k . If, besides, /($) = 1 
(/($) = 0), then we shall say that on the set </(P 0 ), ■ ■■,f(P k )) 
the truth value of the formula $ is 1 (0) or simply that <f> is true 
(false) on this set. 

Thus, for any formula 4> with propositional variables among 
P Q , ..., P k we have a (A: + l)-place function on the set [0, 1 j 
which assigns to given truth values of the variables P 0 , ..., P k the 
truth value of the formula 4>. This function will be called the truth 
function of the formula $ (and denoted by T i ,(P 0 , .... P k )). A 
formula <F with variables among P,, i ^ k, is said to be identically 
true (identically false) if T$(P 0 , ..., P k ) takes on the value of truth 
(falsehood) on all sets of values of the variables P 0 , ..., P k . It is 
clear that this concept does not depend on the choice of P 0 , ... 
..., P k . A sequent T t- $ is said to be true on the set </ 0 , ..., t k > 
of truth values of the variables P 0 , ..., P k which contain all the 
variables of the sequent T t- 4> if on the set </ 0 , .... t k ) either one 
of the formulas of T is false or $ is true. The sequent IV is said to 
be true on the set <f 0 , .... t k ) of truth values of the variables 
P 0 , ..., P k among which there are all the variables of the elements 
of T if one of the formulas of T is false on <t 0 , ..., t k ). The se- 
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quent t- is false on any set by definition and the truth of the se¬ 
quent H-<f> coincides with that of $. 

A sequent S is said to be identically true if it is true on any set 
(t 0 , .... 4> of truth values of the variables P 0 , ..., P k which con¬ 
tain all the variables occurring in S. It is obvious that these con¬ 
cepts are also independent of the choice of P 0 , P k . 

theorem i. If a sequent S of PC is PC-provable, then S is 
identically true. 

proof. Let D be a tree form proof in PC of the sequent S. We 
proceed by induction on the height of the proof D. If S is an 
axiom, then the statement of the theorem is trivial. To complete 
the proof it is necessary to verify that Rules 1 to 12 remain iden¬ 
tically true. For example, let 

T h h-4> — * 

be an application of Rule 8 . If on some set of truth values of the 
propositional variables all the formulas of T are true, then by the 
induction hypothesis $ and $ — 'it are true on that set. Hence by 
the definition of the operation — the formula T is also true. 

The verification of the other rules is also simple and we leave it 
to the reader. 

Theorem 7 yields another proof of Corollary 1. Indeed, it is 
clear that Q 0 A -i Q 0 is an identically false formula. By virtue of 
Theorem 7 therefore the sequent \-Q 0 A -> Q 0 is not PC-provable. 

corollary 2. If $ s ^ and the propositional variables of $ 
and 'F are contained among P 0 , ..., P k , then T^(P 0 , ..., P k ) = 
= Ty(P 0 , ..., P k ). _ _ 

proof. Suppose that on a set t we have 7^(0 = 1. Under the 
hypothesis $ h- 'it is provable. By Theorem 7 we get T^(t) = 1. 
Similarly T 9 (t) — 1 yields T$(t) = 1 . □ 

We introduce the notation P° = P, P' = -i P. Let t = 
= <f 0 , ..., /„> be a set of zeros and unities. 

lemma l. An elementary disjunction $ of the form P‘f V ... 
... V Pjp takes on the value “0” on a unique set t = (t 0 , .... t n ) 
of truth values of the variables P 0 , ..., P n . 

proof. The formula $ is constructed from formulas P\> by 
means of the operation V. It follows from the truth table that if 
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one of the formulas Pj> assumed a value of 1, then $ would also 
assume a value of 1. Hence P, must assume a value t t . □ 

theorem 8 (Functional Completeness of PC). Let f be a func¬ 
tion defined on the sets (t 0 , ..., t n > of zeros and unities and tak¬ 
ing on zero or unit as its value. Then there is a formula of PC 
such that its variables are contained among Q 0 , ..., Q n and 
Tt(Q 0 ,...,Q n )=f. 

proof. If / is identically one, then we can take the formula 
6o v ~’Qo as *- 

We denote a suit <f,, t n ) of elements of the set (0, 1 )_by t 
and by/(t) the value of f(t x , ..., t n ). Let the set A' = {t I f(t) = 
= 0) be nonempty. Take as $ a formula of the form /\ v ... 

1 _ “ejr 

... v/»'»). We prove that T^(t) = 0 is equivalent to t e X. Let 
7^(0 = 0. Since $ is constructed from conjunctive terms using 
the operation A, there is a conjunctive term 'k which is false on the 
set t. 'k has the form P{ ( V „. V Pjp, where t' e X. By_yirtue of 
the preceding lemma t' — t and hence t e X. Now let t eX. By 
Lemma 1 a conjunctive term tk of the form P{* V ... V P ! n n is false 
on t. Again using the fact that $ is constructed from conjunctive 
terms (with Sk among them) with the aid of the operation A we 
conclude that (t) = 0. □ 


Exercises 

1. Suppose that your computational capabilities consist only in the follow¬ 
ing: given a pair of numbers q, t 2 e (0, 1) you can compute the maximum 
max (f,, t 2 ) of those numbers and given / e (0, 1} you can name t e (0, 1J which 
is not equal to t. Show that in this case you are capable of computing any function 

/assigning to suites <r 0 , t„ > of zeros and unities, zero or unity. Namely, 
for any such function/ there is a sequence j 0 , .... s k such that for any i ^ k s, is 
either a pair (j, m) of numbers smaller than i or a single number smaller than i. 
Moreover, if by the given suite </ 0 , .... f„> of zeros and unities you write a se¬ 
quence q 0 . q k of zeros and unities according to the following rule: 

(a) if i ^ n, then q t = /,•; 

(b) if n < / < k and s t = (j, m), then q, = max (q jt q m ); 

(c) if n < i < k and s, < /, then q t = q sj , then q k will be the value of / on 
< t 0 , .... /„ >. (Hint. Use Theorem 8. Corollary 2 and the equivalence <f> A s 
= —i (—. 4> V -i *).) 
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2. Show that if formulas 4> as 'f' are in principal cnf (principal dnf) and con¬ 
tain the same variables, then {Z)(X)I X s/rW! = (/)(X)IXeA r W) ((tf(X)IXe 
e £>(*)} = (tf(X)IX e !>(¥))). 


7. CHARACTERIZATION 
OF PROVABLE FORMULAS 

theorem 9 . Let $ be a formula of PC. The following three 
conditions are equivalent: 

(1) $ is PC-provable. 

(2) For any $' = which is in cnf and any of its conjunctive 
terms 'it there is an atomic formula P such that P, ->P e D('t'). 

(3) There is = $ which is in cnf and is such that for any of 
its conjunctive terms St' there is an atomic P such that P, 
-iP e D(¥). 

proof. (2) => (3) is trivial, (3) =* (1) follows from Lemmas 5.5, 
5.6 and 4.2(a). 

We prove (1) =» (2). Let $ be provable. Then any conjunctive 
term V of the formula #' is provable by virtue of Lemma 5.5. Let 
£)(¥) contain no atomic formula P together with its negation -i P. 
Consider two sets of atomic formulas, X — {PIP e D(^)) and 
Y = {Pi -iPeDC^)}. Under the hypothesis X p Y = 0.Let^, 
be obtained from ¥ by replacing all subformulas PeXby Q 0 and 
all P e Fby -i Q 0 . By the substitution theorem 'b, is provable. Let 

be obtained from 'f , 1 be replacing ~<Q 0 by Q q . By 
Lemma 5.1(b) and the replacement theorem 'K 2 s ^ . Hence is 
provable. It is obvious that D(^t 2 ) = I Go)- By Corollary 5.1 
Q 0 = . Hence Q 0 is provable. From the substitution theorem 

we conclude that any formula of X is provable. This is impossible 
by virtue of the consistency of PC. □ 

Theorem 9 gives a characterization of PC-provable formulas 
based on the structure of formulas which are equivalent to them 
and are in cnf. Such a characterization will be called deductive. 
Now we obtain a semantic characterization of PC-provable for¬ 
mulas based on the notion of truth. 
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lemma i. The sequent F, $ H T is provable if and only if so is 
the sequent r I- $ — Sk. 

proof follows immediately from Rules 7 and 8. □ 
lemma 2. The sequent F h- is provable if and only if so is the 
sequent F H Q 0 A ng 0 . 

proof follows from Proposition 3.2(c) and (g). □ 
theorem io (Completeness of PC), (a) For a formula <f> of PC 
to be PC-provable it is necessary and sufficient that $ is iden¬ 
tically true. 

(b) For a sequent S of PC to be PC-provable it is necessary 
and sufficient that S is identically true. 

proof. Necessity is asserted by Theorem 7. Statement (b) 
follows from (a), since by virtue of Lemmas 1, 2 and the defini¬ 
tion of the identical truth of sequents and formulas the provability 
and identical truth of the sequents I- ¥ and $j, ... 

..., <!>„ h are equivalent to the provability and identical truth of 
the formulas — ($ 2 —• ... — ($„ — 'k)...) and <f>, — ($ 2 — ... — 
- ($„ - Q 0 A ~’£?o)-") respectively. 

Let $ be an identically true formula and let = <i> be in cnf. 
Suppose that <i> is not provable. Then $' is not provable either. By 
Lemmas 5.5 and 5.6 there is a conjunctive term ^ of the formula 
$' such that £>(^) contains no atomic formula P together with its 
negation -> P. Let X= [P\P e£>(*)j and Y = (PI nPeD^)). 
Then X fl Y = 0. If the variables of X take on a value 0 and the 
variables of Y take on a value 1, then by Lemma 6.1 ¥ takes on a 
value 0. Since $' is constructed from conjunctive terms ('hr among. 
them) using one connective A, < J>' takes on a value 0 when the 
variables of X take on a value 0 and those of Y take on a value 1. 
Hence is not an identically true formula. By Corollary 6.2 $ is 
not an identically true formula either. A contradiction. □ 

If a calculus is given and the concept of truth (semantics) of 
the formulas of that calculus is defined, then the calculus is said to 
be consistent with respect to the semantics if only true formulas 
are provable in the calculus. If all true formulas are provable, 
then the calculus is said to be complete for the semantics. Of great 
importance besides the problem of consistency and completeness 
is the problem of solvability of calculus. A calculus is said to be 
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solvable if there is an effective procedure (algorithm) allowing one 
to determine for any formula $ in a finite number of steps 
whether or not $ is provable. If there is no such procedure, then 
the calculus is said to be unsolvable or undecidable. 

If the truth of the formulas of PC is defined as identical truth, 
then the previous theorem shows that PC is complete and consis¬ 
tent for this semantics. It is obvious that it is possible to find out 
in a finite number of steps whether or not a given formula $ of PC 
is identically true. Since the identical truth and the provability of 
$ are equivalent, PC is solvable. 

When a calculus is given using axiom schemata and rules of in¬ 
ference the question naturally arises as to whether the axiom 
schemata and rules of inference are independent. An axiom 
schema is said to be independent in a calculus if at least one of its 
special instances is not provable in the calculus without that 
schema. A rule of inference is said to be independent in a calculus 
if it is not admissible in the calculus without that rule. A calculus 
is said to be independent if all of its axiom schematas and rules of 
inference are independent. 

When constructing a calculus one often aims at obtaining an 
independent calculus. (Of no small importance here are aesthetic 
considerations.) In the remainder of this section we use PC as an 
example to present an important method of proving the in¬ 
dependence of calculi *. 

proposition l. PC is independent. 

proof. Since there is only one axiom schema in PC, this 
schema is independent. To prove the independence of the rules of 
inference it is sufficient to find for every rule a a characteristic 
property A which is peculiar to all sequents provable using rules 
distinct from a and which some of the PC-provable sequents fail 
to possess. We restrict ourselves only to formulations of 
characteristic properties for Rules 1 to 12, leaving the necessary 
verification of the reader. 

A characteristic property of Rules 1 to 8 is the identical truth 
(Sec. 6) of sequents when a new definition is given to each rule of 
one of the logical operations A, V, —, -i on the set [0, 1}. The 


* See also Exercise 8.1. 
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other operations are defined using the table of Sec. 6. Here are the 
new definitions of logical operations corresponding to Rules 1 
to 8. 

Rule 1. The conjunction is defined to be an identically false 
function. 

Rule 2. The value of the conjunction x A y is equal to the 
value of the second term, y. 

Rule 3. The value of the conjunction a 1 Ay is equal to the 
value of the first term, at. 

Rule 4. The value of the disjunction x V y is equal to that of 
the second term, y. 

Rule 5. The value of the disjunction x V y is equal to that of 
the first term, aj. 

Rule 6. The disjunction is defined to be an identically true 
function. 

Rule 7. The implication is defined to be an identically false 
function. 

Rule 8. The implication is defined to be an identically true 
function. 

Consider a set A = (0, 1, 2, j. A conjunction on the set A is 
defined to be a minimum of two numbers and a disjunction is 
defined to be a maximum of two numbers. Negation is defined as 
follows: -i(2) = 0, -i(l) = 0, —' (0) = 2. Implication is defined 
thus: 


m —• n 


2, m < n; 
n, m > n. 


Rule 9. A characteristic property for sequents T (- $(T h)is 
the following: for the values from the set A of the propositional 
variables the minimum of the values of the formulas of T is less 
than or equal to the value of the formula 4> (is equal to zero, 
respectively). The minimum of an empty set of values is assumed 
equal to two. 

Rule 10. A characteristic property of sequents for this rule is 
the presence of a formula on the right-hand side. 

Rule 11. A characteristic property of sequents T t- (T i—) is 
that: if T = <4> 0 ,..., 4>„> sfc 0, then the sequent 4> 0 h $ (4> 0 h) 
is PC-provable. 


4 
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Rule 12. A characteristic property of the sequents T t- $, 
r h is that T has one element or is empty. □ 

Exercises 

1. Let a formula <J> of PC be in dnf. For <f> to be PC-provable, it is necessary 
and sufficient that for any sets X and Y of propositional variables containing no 
elements in common there is a formula 'F 6 D{$>) and sets A, and Y { of proposi¬ 
tional variables such that (A U A,) D (y U y,) = 0 and X (¥) C {PIP e (A U 
U T,) U (-iPlPe(yU y,)). (Hint. Use the PC completeness theorem.) 

2. Make the necessary verification of the characteristic properties in the proof 
of Proposition 1. 


8. H1LBERT1AN PROPOSITIONAL CALCULUS 

In this section we shall treat an alternative, the so-called 
Hilbertian, axiomatization of propositional calculus, PC,. 

definition. The notion of formula in PC, is the same as in PC; 
there are no sequents in PC,. The axioms of PC, are obtained 
from the following ten schematas by substituting concrete for¬ 
mulas of PC, for the variables <i>, X. 

1. $ - - $), 

2. (*-*)- ((* - (T - X)) - (* - X)), 

3. ($ A ¥) - #, 

4. ($ A ¥) — 1 i r , * 

5. (#-¥)- ((# - X) -($-(¥ A X))), 

6. 4> — (4> V ¥), 

7. $ - (¥ V *), 

8. (# - X) - ((¥ - X) - ((* V — X)), 

9 . ($ - *) - (($ - -.*)-.$), 

10. -i -i$ — $. 

There is only one rule of inference in PC,: 

$ — 't 
* • 

definition. A proof in PC, of a formula 4> n is a sequence of 
formulas $ 0 , ...,$„ of PC, such that each <f> ( , i < n is either an 
axiom or is obtained from some <l> y , $ k ,j, k < i, by the rule of in¬ 
ference. If there is a proof in PC, of a formula <£, then $ is said to 
be P C x -provable and this is designated >4>. A derivation in PC, 
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of a formula from a set H of formulas of PC, is a sequence 
<i> 0 , 4>„ of formulas of PC, such that each 4> ; , / < n, is either 

an axiom or is in H, or is obtained from some , $ k ,j, k < i, by 
the rule of inference. If there is a derivation of a formula $ from 
H, then $ is said to be PC ^-derivable from H and we write 
H > 4>, with H called a set of hypotheses. 

It is obvious that the PC,-provability of $ is equivalent to the 
PC,-derivability of $> from an empty set of hypotheses. Note that 
H need not be a finite set of hypotheses, but if H > 4>, then by 
virtue of the finiteness of the derivation of $ from H there is a 
finite set H ] c H such that //,>$. It is also obvious that if 
H c H' and H > 4>, then H' t> 4>. 

The main purpose of this section is to prove the following 
theorem which shows in a certain sense the equivalence of PC and 
PC,. 

theorem li. (a) A sequent .h- $ is PC-provable if 

and only if $ is PC { -derivable from {¥,, ..., < k n \. In particular, 
the sets of PC- and PC, -provable formulas coincide. 

(b) A sequent , ..., < k n h- is PC-provable if and only if the 
formula Q 0 A - 1 Q 0 is PC, -derivable from (Sf,, ..., ). 

Before proving Theorem 11 we develop some theory of PC,- 
derivability. 

example i. Let $ be a formula of PC,. A sequence of the 
following five formulas will be a proof of the formula 4> — $ in 
PC,: 

(1) $ — (4> — 4>) is an axiom, 

(2) — (($ — 4>) — $) is an axiom, 

(3) ($-*($- $)) - (($ - (($ - $) - $)) - (4> -* $)) is an 
axiom, 

(4) (4> — (($ — 4>) — $)) — (4> — <i>) by the rule of inference 
for (1) and (3). 

(5) $ — 4> by the rule of inference for (2) and (4). 

A rule of inference 

*0. *k 

y 

is said to be PC, -admissible if its addition to PC, does not enlarge 
the family of formulas derivable from H for any set of hypotheses 
H. 
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A quasi-derivation in PC ] of a formula <£„ from a set of 
hypotheses H is a sequence of formulas <i> 0 , .... such that each 
<f> ; , / ^ n, is either PC,-derivable from H or is obtained from 
some preceding formulas by a PC, -admissible rule of inference. It 
is obvious that if there is a quasi-derivation in PC, of a formula $ 
from the set H, then $ is PC,-derivable from H. 

theorem 12 (Deduction). If H U ($} > ¥, then// > $ — ' it . 

proof. By induction on the minimal n for which there is a 
derivation 'i',,, ..., 'k n of a formula 'F from H U {4> j. If n - 0, 
then either (1) 'F = $ or (2) 'F is an axiom or occurs in H. In the 
former case, by virtue of Example 1 the formula 4> — ¥ is 
derivable from H. In the latter case the sequence 

SF, * — ($ — SF), $ — it 

is a derivation in PC, from H. Let n > 0. From the minimality of 
n we conclude that SF is obtained from SF ; and that = (SF, — 'F) 
for i, j < n by the rule of inference. Then by the induction 
hypothesis the sequence 

$ - # - (¥, - ¥), 

(* - *,) - ((* - (*, - *)) - (* - *)), 

($ - (T, - ¥)) - (4> - SF), $ - * 

is a quasi-derivation of $ — ’F from H. □ 

For many formulas of PC, the deduction theorem facilitates 
substantially the establishment of their PC, provability. Thus, in 
the following example but for the deduction theorem it would be 
necessary to give a much more lengthy proof. 

example 2 . Let $ and SF be formulas of PC,. We show that the 
formula $ — ('F — ($A SF)) is PC,-provable. By the deduction 
theorem it suffices to show that {4?, 'F) > <I> A SF. The following 
sequence is the required derivation: 

(1) $ — (<i> — 4>) is an axiom, 

(2) 'F — (4> — 'F) is an axiom, 

(3) (4> — <t>) — (($ — SF) — ($ — ty))) is an axiom, 

(4) <f> is a hypothesis, 

(5) 4> — $ by the rule for (1) and (4), 

(6) SF is a hypothesis, 
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(7) <f> — by the rule for (2) and (6), 

(8) (4> — — ($ — (<i> A ^)) by the rule for (3) and (5), 

(9) <i> - ($ A ¥) by the rule for (7) and (8), 

(10) $ A 'P' by the rule for (4) and (9). 

Before proving Theorem 11 we establish one more technical 
fact. 

corollary i. [ 4> 0 , ..., 4> n j > $ is equivalent to > 4> 0 — 
— ($, — ...($„ — $)...) which is in turn equivalent to > (4> 0 A 
A (*, A ... (<f>„ _ , A #„)...)) - 4>. 

proof. In one direction we apply the deduction theorem n + 1 
times. Now let t>$ 0 — ($, — ... ($„ — $)...). Then [4> 0 , ... 
.... 4>„ j > 4> 0 — (4>, — ... (4>„ — $)...) and applying the rule of in¬ 
ference several times we get («i> 0 , > $. Using several times 

Example 2 and the rule of inference we get (<f> 0 .4> n ) > «i» 0 A 

A (<£, A ... (4>„ _ [)A $„)...) and applying several times Axioms 3, 4, 
and the rule of inference we get [4> 0 A ($, A ... (<!>„ _ , A <!>„)...) j > 

> <£, for any / < n. Hence f# 0 .j > 4> is equivalent to the 

derivability of (4> 0 A (<£, A ... , A $„)...)) > <i>, which has 

already been shown above to be equivalent to >(4> 0 A (4>, A ... 

A *„)...) -#. □ 

proof of theorem ii. By virtue of Corollary 1 and Lemmas 7.1, 
7.2 it suffices to show that the PC provability of <i> is equivalent to 
the PC, provability of 4>. It is easy to verify that all the axioms of 
PC, are identically true and that the rule of inference of PC, re¬ 
mains identically true. By the PC completeness theorem therefore 
>4> implies the PC provability of 4>. 

We shall say that a rule of inference of PC remains derivable 
in PC, if after replacing in it the sequents ..., 'V n I- $ and 

•••> i- by {*,, ..., > $ and {¥,, .... ) > Q 0 A 

A -i Q 0 respectively, the truth of the statements above the line will 
imply the truth of the statement below the line. It is clear that to 
prove that the PC provability of 4> implies > 4> it suffices to show 
that Rules 1 to 12 remain derivable in PC,. That Rules 1 to 5 re¬ 
main derivable is easy to show using Example 2 and Axioms 3 to 
7. Let {¥,, ..., ¥*, #J > [¥,, .... * k , X] > (¥,, ... 

..., > <t> V X. 

By the deduction theorem 

{SP,, ..., ¥*} > 4> — ¥ and {¥,, .... , 9 k ) > X — 
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Applying the rule of inference of PC, to Axiom 8 three times 

we get (t,.♦,,) > 'If. Hence Rule 6 remains derivable. 

Rule 7 corresponds to the deduction theorem, Rule 8 corresponds 
to the rule of inference of PC,. We prove that Rule 9 remains 
derivable. Let ('I',, ..., 'ft k , -*<£) > Q 0 A -iQ 0 . From Axioms 3 
and 4 we get {*,, ..., ^ k , > Q 0 and -i$) > 

> -iQ 0 - t ^ ie deduction theorem we get 

(*,, •••, - Go and (*i> •••- **)>-’$ —'Go- 

Then Axioms 9 and 10 yield [ ’F V k ) > $. Consider 

Rule 10. Let {¥,. 'fr k ) > <f> and {¥,, ..., } > ~"f>. From 

Axiom 1 we get 

> “■ «2 0 A -’Go) - $ 
and 

l*i> ..., ^ ) > ~HGo A "’Go)- 

Axioms 9 and 10 then yield {¥,, ..., ) > Q 0 A -i Q 0 . That 

Rules 11 and 12 remain derivable follows immediately from the 
definition of derivation in PC,. □ 


Exercise 

1. Prove that PC, is independent. ( Hint . Use the same method as for PC. To 
prove that Schemata 1 and 2 are independent the logical connectives are defined 
on the set (0, 1,2) and to prove that schemata 3 to 10 are independent the logical 
connectives are defined on the set (0, 1). For Schema 1 the connectives are de¬ 
fined like this: (n Am) = min ( n , m ), n V m = max (n, m ), -i0 = -> 1 = 2 , 
-i 2 = 0, (n — m ) = 2 if n m and (n — m ) = 0 if n > m . For Schema 2 we 
have: (0 A m ) — (m A 0) = 1, (0 V 0) = 1, —• 2 = 1, (0 — 0) = (2 — 0) = 
= (2 — 1) = 1, (1 — 0) = 2 and the other values of the connectives are as for 
Schema 1. The characteristic property of formulas in proving the independence of 
Schemata 1 and 2 is that of being identically two. 


9. CONSERVATIVE EXTENSION OF CALCULI 

Given two languages i 0 cL, and two calculi, I 0 of L 0 and /, 
of L ,. /, is said to be a conservative extension of 7 0 (designated 
I 0 < /,) if an expression $ of L 0 is I 0 -provable if and only if $ is 
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/[-provable. It is obvious that the relation < is reflexive, tran¬ 
sitive and we have 

proposition 1. If I 0 < /[ and I 0 is consistent, then I x is consis¬ 
tent. □ 

Let PC ( ~> be the calculus obtained from PC by removing from 
the alphabet the symbol — and dropping Rules 7 and 8. 
PROPOSITION 2 . PC*”** < PC. 

proof. Let a: F — F be the mapping defined in the proof of 
Lemma 5.2. We extend a to sequences of formulas and sequents: 

«(<$,, ..., €>„» = <a$], ..., a$ n >, 
a(r h- $) = a(T) l- a($), of(Tl—) = a(T)l—. 

Since a(4>) = $ for a formula <i> without implication, it suffices to 
show that if a sequent S is PC-provable, then the sequent a(S) is 
PC (-) -p r0 vable. If D is a tree form proof of the sequent S in PC, 
then by induction on the height of D we shall construct a quasi¬ 
derivation D* of the sequent a(S) in PC (_) . If D is an axiom for 
PC, then it is obvious that/}* = a(D) is an axiom for PC (-) . Let 

s 

If the last passage in D is effected by rules different from Rules 7 
and 8, then obviously 

Z). - g '* ; 

a(S) 

will be a quasi-derivation in PC ( “ ) in which the last passage is ef¬ 
fected by the same rule as in D. If 

r h $ 


where £>,, Z> 2 are proofs in PC of sequents Tl-^,ri-'^-*$ 
respectively, then as D* we take the following tree: 
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where D, is a proof in PC of the sequents F, 'P t- <!>, then as D* 
we take the following tree: 

_ D± _ 

a(T), «('{') 1- -ia('J') V a(4>); -'a('i') t— -ia('i') V a($); I— ct(St') V -ia('J') ^ 
a(T) h- V a($) 

Let PC ( ~’ V) be the calculus obtained from PC by removing 
from the alphabet the symbols —, V and dropping Rules 4 to 8. 
PROPOSITION 3. PC V) < PC. 

proof. We denote the set of formulas of PC without the sym¬ 
bol — by FC), We define a mapping /3: F ( “ ; — p(~) as follows: 

(a) if $ contains no sign V, then /3(4>) = 

(b) if $ = (Sk V X), then /3($) = -.(-i/3(*) A 8(X)); 

(c) if $ = (* a X), <t> = then /3(4>) = (/3(*) A /3(X)), 
/3(4>) = -i/3 m- 

We extend /3 to sequences of formulas and sequents: 

0«* P ...,e* n >, 

/3(T H *) = 0(T) l— /3(4>), 00V ) = 0(r) (-. 

By virtue of (a) of the definition of /3 and Proposition 2 it suffices 
to show that if the sequent S is PC (_) -provable, then /3(S) is 
PC<~' v Lp r ovable. 

For any tree form proof D of the sequent S in PC (_) we shall 
construct by induction on height a quasi-derivation D* of a se¬ 
quent /3(S) in PC ( “’ v) . If D is an axiom of PC <-) , then it is ob¬ 
vious that D*= /3(D) is an axiom of PC ( “' v) . Let 


s 

If the last passage in D is effected by rules different from Rules 4 
to 6 for PC, then it is obvious that 

D , = DS-.--.DX 

0(S) 

will be a quasi-derivation in PC ( ~’ v) . 
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Let 


r h fvi' 

and let the last passage in D be effected by Rule 4 for PC. Then 
£>,* will be a quasi-derivation of the sequent P(T) l- /3(<l>) and we 
may take the following tree as D*\ 

DflPi T), -i($) A h 

g(D, 10(g) A I— 

/3(T) h- -.(-.0(*) A -./3(¥))' 


Similarly treated is the case where the last passage in £> is an ap¬ 
plication of Rule *5. 

Before treating the case where Rule 6 is applied we prove the 
PC ( ~ i v) admissibility of the following rules: 


(a) 


r, $ i- * 
r, -i -i <t> t- 't' 


(b) 


r, $ h 
r, -i -i $ h- 


(c) 


r, $ t- 
r t- $ ’ 


(d) 


r, $ h * 
r, * h- -i $ ’ 


The PC ( ~' V) admissibility of rules (a) and (b) will be 
demonstrated simultaneously by induction on the height of the 
proof D in PC ( ~- v> of the sequents T, $ i- 'F (T, <i>h-). If£> is the 
axiom X h X, then the quasi-derivation in PC ( “ ,V) of the se¬ 
quent nX i- X will be the following tree: 

”> X t- -i X; -« -i X h- “i “i X 
“> X, ~i X i— 

-1 X K X 


If D is not an axiom, then the provability of the sequent T, 
-i —i$ i- 'P (the sequent T, -i -i$h-) is immediate from the in¬ 
duction hypothesis. Let a sequent T, $i- be PC ( ~’ v) -provable. 
Then rule (b) yields the provability of T, -i -i $ h- and Rule 9 yields 
the PC (_ ’ v) provability of P t- -> $. We now show that rule (d) is 
PC ( "*- v) -admissible. From the PC ( ~’ v) -provable sequent T, 
H 'P and the axiom -i¥ i- we obtain the sequent T, -itp, 
4>i- using Rules 10 to 12. From the PC ( “> v) admissibility of rule 
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(c) we obtain the PC ( ~’ v) provability of the sequent T, 

-i'b i- -i$. 

Now let 


D = ^ 1 ’ ^2’ D i 

r h t 

be a proof in PC (_) the last passage in which is effected by Rule 6. 
By the induction hypothesis there are quasi-derivations £>,*, D£ 
and U 3 * in PC ( “’ v) of the sequents 

/5(T), 0(*) l— /?(*); 

0(T), 0(X) l— 0(¥) and 0(T) H -(-/?(<*>) A -iy8(X)) 

respectively. By the PC (- ' v) admissibility of rule (d) the following 
tree will be a quasi-derivation in PC ( ~’ v) of the sequent 
0(T) I- 0(¥): 

m _ £1 

g(T), -igW H ngffl j3(D, h- -ng(X) 

j3(T), h- -ng(j-) A -n/3(X);Z?3» 

j3(T), -.g(»)i- n 
<3(T) i- 0 m' 


So far we have treated extensions of the languages of calculi resulting only 
from extending their alphabets. We now discuss an extension LG of the language 
of PC< - ' v > whose alphabet and formulas are the same as in PCJ<“> v > but the se¬ 
quents are defined like this: if T and 0 are sequences of formulas of PC<“' v >, then 
T l- 0 is a sequent of the language LG. 

Now we define the calculus G 0 of the language LG. The axioms of G 0 will be 
sequents of the form P, T t- 0, P, where P is an atomic formula and T, 0 are se¬ 
quences of atomic formulas. The rules of inference for G 0 will be the following: 


T h- 0, 3>; T h- 0, ¥ 

T h 0, $ A ♦ 


( 2 ) 


#,», r h 0 
$ a r i- 0 


(3) 


$,r h 0 

T h 0, nt ’ 


rt-0,i 

n4,rt-0 ’ 


r i- a, », 0 

'r i- a, sk, 0 ’ 
... r, a i- 0 

(O J ) 

r, $>, a t- © 


( 7 ) 


r h 0, t 
r h 0, $ ’ 


(8) 


r i- 0 

$,r h 0 ’ 
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where <J>, 4' are variables for the formulas of G 0 and T, 0, A are variables for the 
sequences of formulas of G 0 . 

In the remainder of this section, formulas and sequents, unless otherwise 
stated, are formulas and sequents of G 0 . 

lemma i. Let the sequent T h- 0 be G 0 -provable and let sequences and 0, 
contain among their terms all the terms of the sequences T and 0 respectively. 
Then the sequent F, t- 0, is G 0 -provable. 

proof. We show by induction on the length of <1> that for any sequences of for¬ 
mulas T and 0 the G 0 provability of the sequent F h 0 implies the G 0 provability 
of the sequents $, F h 0 and r t- 0, $. The statement of the lemma is obtained 
from Rules (5) to (8). 

If 4> is an atomic formula and D is a proof in G 0 of the sequent T t- 0, 
then it is obvious that by replacing in D each sequent T' t- 0' by T', $ t- 0' (by 
T' h 4>, 0') we obtain a proof in G 0 of the sequent T, $ t- 0 (the sequent T H $, 
0). Applying rules (5), (6) we obtain the provability of the sequents 4>, r t- 0 and 

rt-0,4>. 

Let $ = I'AX and let the sequents X, F i- 0; F l- 0, F i- 0, X be 
G 0 -provable. From the induction hypothesis we obtain the provability of T, X, 
F h 0 and using rule (1) we obtain the provability of F I- 0, 4\ By means of rule 
(2) we also obtain #, F I- 9. 

If $ = -i 4t and the sequents t,F i- 0;F H 0, $ are G 0 -provable, then the 
G 0 provability of the sequents $, T t- 0 and F hG, t is obtained using rules (3) 
and ( 4 ). □ 

lemma 2 . (a) If the sequent r h 6, t A ♦ is G 0 -provabte, then so are the se¬ 
quents T t- 0 and r t- 0, ¥. 

(b) If the sequent $ A 4', F h 0 is G 0 -provable, then so is the sequent 4>, 4', 
F t- 0. 

(c) If the sequent F t- 0, -i <f> is G 0 -provable, then so is the sequent <f>, 
Fh0. 

(d) If the sequent -i 4>, T i- 0 is G 0 -provable, then so is the sequent F I- 0, 4>. 

proof. We prove statement (b). The proof of the other statements is similar 

and it is left as an exercise to the reader. 

A passage in a proof D is said to be essential if it is effected by rules different 
from interchange rules (5), (6). If D is a tree form proof in G 0 , then by D* we 
denote the tree obtained from D by removing all the sequents beneath the sequent 
which is the conclusion for the last essential passage in D. 

By induction on the number of essential passages in the tree D we shall prove 
the following statement: if D is a proof in G 0 of the sequent T,, 4> A 4', T 2 t- 0, 
then there is a proof D x of the sequent F,, 4>, 4 ', r 2 t- 0, the number of essential 
passages in D t being less than that of essential passages in D. 

Let D" be of the following form: 


D ' 

<f>, 4, F' H 0 7 
4A4',r i-0' 
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Then as the required D x it is possible to take some tree D ] for which 


D » = ( - - -V. 

r' h- O' J 


Let D * be of the following form; 


D' 


<f> A 4L 4> A 4L F' F- 0' 
$ A 4', T' 1-9' 


Denote by n 0 the number of essential passages in D. By the induction hypothesis 
there is a proof D 2 of the sequent 4, 4',4 A 4,T' \~ 0' with the number of essen¬ 
tial passages < n 0 - 1. Again by the induction hypothesis there is a proof D 3 of 
the sequent 4>, 4', 4>, 4', T' h- 0' with the number of essential passages < n 0 - 2. 
As D | one may then take a proof of the sequent T,, 4>, 4', T 2 i- 9 such that D* is 

D, 

4>, 4>, 4', 4', F' t- 9' 

4\ 4l T' H 9' 

4', 4>, 4 r , T' I- 9' 

4', 4 r , 4>, T' i- 9' 

4l~4>, T' i- G 7 - 

It is clear that the number of essential passages in £>, is less than n 0 - 2 + 
+ 2 = n 0 . 

Let D* be of the following form: 

D' D " 

r;, 4> a 4', r 2 1 - 9', x, r;, $ a 4l i- 9\ x^ 

T, <4 A 4 r , T 2 t— 9'.X,AX 2 ' 

By the induction hypothesis there are proofs D{ and D'{ of the sequents T,', <4, 4 l 
T 2 \- 9', X] and F,', <4, 4', F 2 i- 0', X 2 respectively and the number of essential 
passages in D{, D{ is less than that in the trees: 

D' D" 

T[,4 A 4 1 , Tj l- 0', X| ’ Ff", >4 A 4', T 2 l- 0', X 2 

respectively. As the required £>, we then take a proof of the sequent Tj, 4>, 4', 
P 2 t- 9 such that 


1 r;, 4>, 4', h- 0', X, A X 2 ■ 

The other forms of the last essential passage in D are treated similarly. □ 
lemma 3. If the sequents T h 0, 4, and 4>, F' H 9' are G Q -provable, then 
the sequent T, F' f— 0,0' is G 0 -provable. 

proof. An essential passage in a tree form proof D is a passage by rules dif¬ 
ferent from interchange rules (5) and (6). 
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Let $ be an atomic formula. In this case we shall prove the lemma by induc¬ 
tion on the number of essential passages in the proof D of the sequent T t- 0, 4>. If 
D has no essential passages, then P t- 0, <f> differs from the axioms only in the in¬ 
terchange of formulas. Hence either $ e P or ¥ e T, ¥ 6 0 for some atomic 'F. In 
the former case the provability of P, P' i- 0, 0' follows from that of <£, P' t- 0' 
and Lemma 1. In the latter case the provability of T, P' I- 0, 0' follows from the 
axiom ^ t- 'L with the aid of Lemma 1. Let a proof D of the sequent P t- 0, $ 
have n > 0 essential passages. Let the last essential passage in D be an application 
of rule (1): 

r, t- e,, 3>, e 2 , r, t- e,,$, e 2 , x 

Tj t— 0,, 4>, © 2 , ^ A X 

where the sequences T, and <0,, 4>, 0 2 , ^ AX) are interchanges of the sequences 
r and <0,4>>. Using the interchange rules we obtain from the induction 
hypothesis the provability of the sequents T, P' t- 0,, 0 2 , 0', 'L and r, T' h 0,, 
0 2 ,0', X. Applying rule (1) and the interchange rules we obtain the provability of 
the sequent P, P' i- 0,0'. The cases of applying the other rules in the last essen¬ 
tial passage for an atomic formula $ are treated similarly. 

We continue the proof of the lemma by applying induction on the length of <t>. 
Let r t- 0, f and $, P' t- 0 be G 0 -provable. 

If <f> = 'L A X, then by Lemma 2 the sequents r H 0, f; P t- 0, X and 
X, T' h- 0' are provable. From the induction hypothesis we first obtain the prov¬ 
ability of the sequents P, X, P' t- 0, 0' and then that of the sequent P, P, 
T' i-0, 0, 0'. The provability of the sequent P, P' t-0, 0'can now be obtain¬ 
ed using structural rules (5) to (8). 

If 4> = ->¥, then by Lemma 2 the sequents 'L, P t- 0 and V t- 0', ¥ are 
provable. By the induction hypothesis we get the provability of P', T i- 0', 0 and 
hence that of P, P' i- 0, 0', too. □ 

If 0 is a sequence 4>,, ...,$„ of formulas of the calculus G 0 , then by ->0 we 
shall denote a sequence -iSq, ..., 4>„. 

lemma 4. If the sequent P t- 0 is G 0 -provable, then the sequent -> 0, Pi- is 
PC-provable. 

proof. By induction on the height of the proof D of the sequent P t- 0 in G 0 . 
It is suggested that the reader should use his experience with the proofs in PC ac¬ 
quired in the preceding sections. 

PROPOSITION 4, PC<~' v > < G 0 . 

proof. If the sequent P t- 0, where 0 contains at most one term, is 
G 0 -provable, then it follows from Lemma 4 and Proposition 3 that P t- 0 is 
PC<-. v )-provable. 

Consider a PC( - ’ v >-provabIe sequent S. By induction on the height of the 
proof D of the sequent S in PC<“’ v > we show that S is G 0 -provable. 

Let D be the axiom 4> l~ $ for PC(“' V 1. If $ is an atomic formula, then 
$ l— $ is an axiom for G 0 . If 4> = t AX and 'L i- X i- X are G 0 -provable, 
then it follows from Lemma 1 and rules (1), (2) that $ i- $ is G 0 -provable. If 
$ = ~> ♦ and ^ i— SP is G-provable, then it follows from rules (3), (4) and (6) that 
the sequent t- 4> is G 0 -provable. 
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Suppose that the height of D is n > 0 and for all sequents S' with a proof in 
PC<“' v > of height < n the G 0 provability of S' is established. If the last passage in 
D is effected by Rule 1 or 11 for PC, then the G 0 provability of S follows from the 
induction hypothesis and rules (1) and (6) for G 0 . 

If D has one of the following forms: 

_ D '_ D' D ' 

r i- $ a * r t- $ a t r, -i $ i- 

Pi-4> ’ ri-’i' ’ Phi 

then the G 0 provability of S follows from the induction hypothesis and Lemma 2. 

If the last passage in D is effected by Rule 12 for PC, then the G 0 provability 
of S follows from the induction hypothesis and Lemma 1. 

Consider the'last of the possible cases, where D has the form 

D’ D" 
r h 4>; r i- -rj> 

. 

By the induction hypothesis and Lemma 2 we obtain the G 0 provability of the se¬ 
quents P i- 4> and 4>, T t-. Applying Lemma 3 and rules (6) and (8) yields the G 0 
provability of the sequent P (- . □ 

The calculus G 0 is part of the calculus G proposed by Gentzen. In comparison 
with the calculi we have studied Gentzen calculi are more convenient in analysing 
and searching for formal proofs. This is accounted for by the main feature of these 
calculi which, roughly speaking, is that the complexity of formulas may only in¬ 
crease when the rules are applied. The calculus G will be treated at length in 
Chapter 6. Here we shall only use the above property of the calculus G 0 to obtain 
ihe consistency of PC without resorting to the notion of interpretation of a 
calculus. Indeed, consider the sequent t-<2 0 . It is easy to rtotice by induction on 
height that if D is a proof of a sequent S in the calculus G 0 and there is an occur¬ 
rence of a formula in D containing the logical connective A or -i, then that logical 
connective must occur in S. Therefore, if the sequent t -Qo is Go-provable, then it 
can be obtained from an axiom by means of rules (5) to (8) alone, which is ob¬ 
viously impossible. Hence the calculus G 0 is consistent. Applying Propositions 1 to 
4 yields the consistency of PC. 


Exercises 

1. Show that PC<~’ A > < PC, where PC<~' A > is obtained from PC<~> by 
removing from the alphabet the symbol A and the corresponding rules. 

2. Show that PC<"' v ’■’> < PC, where PC<“' v ' is obtained from PC<~' v > 
by removing from the alphabet the symbol i and the corresponding rules. (Hint. 
Use the PC completeness theorem.) 
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10. PREDICATES AND MAPPINGS 

All the objects this book studies are sets, although they are 
named differently: words, symbols, collections, numbers, func¬ 
tions, formulas and so on. 

From an intuitive point of view, not all mathematical objects 
are sets, of course; it is difficult, for example, to think of a paren¬ 
thesis or a propositional variable as sets. They can be identified 
with sets, however, by means of suitable conventions (coding). In 
particular, the parenthesis can be identified with the set {{0 )). 
This method is fruitful, and such a convention * is adopted in this 
book. As the axiom for set theory we admit the axiom of exten- 
sionality which states that two sets with equal elements are equal; 
in other words, any set is determined by its elements. 

If a,, ..., a n are all elements of a set ,4, then by virtue of the 

axiom of extensionality the set A can be denoted by (a,. a n ). 

It is not assumed that a,-, ..., a n are pairwise distinct. It is clear 
that the same set A may have many such designations, for exam¬ 
ple, 

\a,b,a] = {a, b, b ) = {a, b) = ( b,a). 

The sets 0, { 0 ),{0, { 0 }} and so on (each subsequent set con¬ 
sisting of all the previous ones) are called natural numbers and 
designated respectively 0, 1, 2 and so on. The set of all natural 
numbers is denoted by w. Words a 1 o 2 ...«„ and finite sequences 
a a 2 , •••, a„ will be identified with ordered collections <a,, ... 

..., a n > of elements a,,..., a n which we shall now define by induc¬ 
tion on n. 

* For some objects, which are not sets from an intuitive point of view, we fix 
their coding in terms of sets (as for the natural numbers), for others we do not 
specify their coding since they are not involved in our arguments, the only impor¬ 
tant thing being separating these objects out among other sets occurring in this 
book. 
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definition. An ordered collection < > of an empty set of 
elements is equal to 0. An ordered collection <cr > of one element 
a is equal to a. An ordered collection < a , b) of two elements a and 
b is called an ordered pair and is j (a ), { a, b )). If n > 2, then an 
ordered collection <a,,...,a n > of elements a,,...,a„ is an 
ordered pair <<a,, a n _ , >, a n ). 

An ordered collection <a,, a n > will sometimes be called a 
suite and n will be the length of the suite, <or,, .... a n ), the length 
of an empty suite < > being zero. A suite of length n > 2 will be 
called an ordered n-tuple or simply an n-tuple (a triple, a quadru¬ 
ple and so on). The identification of words and sequences with 
ordered collections is possible due to the following proposition. 

proposition i. If <<7 ( , ..., a„> = <£>,, .... b n ), then n, = 
= b x , .... a n = b n . 

proof. It follows from the definition of an ordered collection 
that it suffices to prove the proposition for n = 2. From the con¬ 
dition <a,, a 2 ) = < b t , b 2 ) and the definition of an ordered pair 
we have jc, j 6 {b x , b 2 ). Since <b,, b 2 > = {{6, ), {&,, b 2 } ), we 
have (a, J = [6, ) or {a,) = [6,, b 2 ) and so 6, e (a,}, i. e. 
b ] — a ,. It is easy to notice that if [x, y j = (x, z ), theny = z. 
Hence from the obtained equation ( (a, J, (a,, a 2 j j = {fa, }, 
(a p b 2 j j we first get [a u a 2 ) = f a v b 2 ] and then a 2 = b 2 . □ 

definition, (a) A set [ <tf Q , ..., > I a Q e A 0 , ..., a n eA n } is called 

a Cartesian product of sets A 0 , ..., A n and denoted by A 0 x ... 
... X A n . If X c A 0 x ... x A n , then the set of all a e A i for 
which there are a 0 , .... a t , _ a, + a n such that <o 0 , ... 

..., _ ,, a, a ; + |, ..., a n > 6 A' is said to be a projection of X and 
denoted by irf X. 

(b) If = ... = A n = A, then A x X ... X A n is said to be 
the Cartesian n-power of a set A and denoted by A". If n = 0, 
then by definition we set A 0 = ( 0 ). 

(c) Subsets B c A n will be called n-place relations or 
predicates on A. We shall say that B is an n-place relation or 
predicate if B is an n-place relation on A for some set A. 

(d) If B is a two-place relation, then the two-place relation 
j <a, b) I (b, a > e B ) is said to be the inverse of B and denoted by 
B- { . 
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(e) If B, C are two two-place relations, then the two-ph.ce rela¬ 
tion 

\(a, c) \ (a, b) e B and (b, c > e C for some b j 

is said to be a composition or product of two-place relations B, C 
and denoted by ( BC ) or BC. 

Since (a) - a, we have A 1 = A and so the subsets of A are 
one-place predicates on A. 

Notice that there are only two 0-place predicates, 0 and ( 0 ). 
It is immediate from the definition of B ~ 1 that B = (B ~ 1 ) -1 . 

proposition 2 . If B, C and D are two-place predicates, then 

* ((BC)D) = (B(CD)). 

proof. Let (x, y >6 (( BC)D ). Then for some u and u we have 
(x, u) e B, (u, v) e C and <u, y > e D. Thus (u, y) e (CD) and 
(x, y) e ( B(CD )). The inclusion (B(CD)) c ((BC)D) is proved 
similarly. □ 

The associativity of a composition, proved in Proposition 2, 
allows the composition (( BC)D ) = ( B(CD )) to be denoted by 
(BCD). For the same reason, uniquely defined is a composition of 
n predicates (5,, ..., B n ). Note that the commutativity 
(BC) = (CB) does not hold for a product of predicates (give an 
example). 

definition. A two-place relation U on a set A is said to be 

(a) a diagonal A 2 and denoted by id^ if U - { (a, a > I a e A j; 

(b) reflexive on A if id^ c U\ 

(c) symmetric if U = (7 ~ 1 ; 

(d) transitive if (UU) c U; 

(e) an equivalence onA'dU is reflexive, symmetric and tran¬ 
sitive; 

(0 antisymmetric if U fl U~ ' c id^. 

For example, the predicate } (m, n)\m and n are mutually 
prime natural numbers j is symmetric but not reflexive and not 
transitive on « and the predicate {(m, n)\(n - m) > 0, 
n, m e oi] is transitive on « but not symmetric and not reflexive 
on jj. 

If U is an «-place relation on A and B c A , then the relation U 

n B n on the set B is said to be a restriction of the relation U to the 
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set B. It is obvious that restrictions of relations of types (a) to (0 
in the preceding definition to any B c A will also be the relations 
of the corresponding types (a) to (f). 

example l. We say that/? = [A, , 1/ e / j is a partition of a set A 
if U A j = A and for any i,j e / either A t = Aj or A l ; H A J=0- 

i el 

Let R = [Aj\i el) be a partition of the set A. We define the 
following two-place relation on A: 

E r = { <c, b ) \ a, b e A j for some iel). 


It is obvious that E R is an equivalence on A. 

If E is an equivalence on the set A, then the sets E x — 
= (al <a, x) e E ) for x e A will be called classes of equivalence 
with respect to E. 

It is easy to show that any equivalence on the set A can be ob¬ 
tained by the method of Example 1. Indeed, let E be an 
equivalence on A and let R E = [E x \x e A). It follows from the 
reflexivity of E that x e E x , and hence (J E x = A. It follows 


from the symmetry and transitivity of E that if (x, y) e E, then 
E x — E y and if (x, y > £ E, then E x fl E y — 0 . Thus the set R E of 
equivalence classes with respect to £ is a partition of A and 
Ere ~ E - 

definition, (a) A two-place relation /is said to |?e a mapping or 
function if for any a, b, c in <a, b) e f and (a, c) ef we have 


b - c. If/is a mapping, then the set 7rf/is said to be the domain 
of/and denoted by dom/and the set 7r|/ is said to be the range of 


/and denoted by rang/. 

(b) A mapping / is said to be distinct-valued if f~ l is also a 


mapping. 

(c) A mapping/is said to be a mapping of A into B if dom/ = 
= A and rang / c B. 

(d) A mapping/is said to be a mapping of A onto B if dom 
/ = A and rang / = B. 

(e) A mapping/ of a set A n into A is said to be an n-place 
operation on A. 

It is obvious that the diagonal id^ of the set A 2 will be a 
distinct-valued one-place operation on A. The diagonal id^ of the 
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set A 2 will also be called an identity operation on A in what 
follows. 

The notation f: A — B will designate in the sequel that / is a 
mapping of A into B and the notation /: A -» B will designate 
that / is a mapping of A onto B. 

proposition 3 . (a) If f: A — B and g: B — C, then (/g): 
A — C. 

(b) Iff: A -* B and g: B — C, then ( fg ): A -* C. 

(c) If f is a distinct-valued mapping of A onto B, then f~ x is a 
distinct-valued mapping of B onto A,f-f~ x — id A and uf~ x •/ = 

= ‘V 

(d) If f and g are distinct-valued mappings, then f-g is also 
distinct-valued and {fg)~ x = (g“'/~ 1 ). 

The proof of this proposition is left as an exercise to the 
reader. □ 

If/is a mapping and la, b) ef, then b is said to be the value 
of f at the element a and denoted by /(a) or fa. 

If/ is a mapping and A c dom/, then the set \fa\a e A ) is 
said to be the image of a set A under the mapping f and denoted 
by f[A] and the mapping / fl (A x rang/) is said to be the 
restriction of / to A and denoted by / f A. 

It is clear that an «-place operation is an (n + l)-place relation 
and the 0-place operation/: A 0 — A is | < 0, a)} for some a e A. 
The 0-place operation (<0, a) 1 on A will often be called a con¬ 
stant on A and identified with the element a. 

If / is an rt-place operation on A, then the condition <a,, ... 
..., a n , b) ef will be written as: f(a ] , a n ) = b. For n = 0 this 
will be/( ) = b, i. e./ = b, which agrees with the adopted iden¬ 
tification of a constant with its value. 

If/is an A?-place operation on A and B c A, then the set B is 
said to be closed under the operation f when u,, ..., a„ e B implies 
/(a,, .... a n )<=B. 

Exercises 

1. Suppose U is a transitive two-place relation on a set A, (a, a )«! U for any a 
and for any a e A there is b such that {a, b) e U. Show that A is finite. 

2. Prove Proposition 3. 

3. If/: A — B, g: B -» A and (gf ) = id s , then / is distinct-valued and 
*=/-'• 
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11. PARTIALLY ORDERED SETS 

Among the various types of relations some are of fundamental 
importance not only for mathematical logic but also for the whole 
of mathematics. In the preceding section we have already treated 
one of such relations, that of equivalence. Now we define another 
two very important types of relations. 

definition, (a) A relation O' on a set A is said to be a partial 
ordering on A if it is reflexive, transitive and antisymmetric. 

(b) A partial ordering U on A is said to be a linear ordering on 
A if at least one of the following conditions: {a, b) e U, (b,a) e 
e U or a = b holds for any a, b e A. 

It is obvious that restriction of a partial (linear) ordering on A 
to any subset B c A is a partial (linear) ordering on B. 

An important example of a partial ordering on the set A is the 
relation ( (a, b) la, b e A, a c b) and an example of a linear 
ordering is the relation \(a,b)\a, be X, a ^ b j, where X is 
some subset of the real numbers. 

definition, (a) If U is a partial ordering on A, then the pair 
21 = (A, U) is said to be a partially ordered set (abbreviated 
poset). 

(b) If C/ is a linear ordering on A , then the pair 21 — (A , U > is 
said to be a linearly ordered set. 

Let 21 = {A , U > be a partially ordered set. The element a 0 e A 
is said to be the upper (lower) bound in 2( of a subset A 0 c A if 
<b , a 0 > e U ((a^b) e U) for all b e A 0 . The upper (lower) bound 
in 21 of A is the greatest (least) element in 21. An element a e A is 
said to be maximal (minimal) in 21 if (a,x) e U (respectively 
(x, a) e U) implies x - a. It is clear that the greatest (least) ele¬ 
ment is maximal (minimal), and if U is a linear ordering, then the 
element maximal (minimal) in 2( is also the greatest (least) in 2f. It 
is obvious that if the greatest (least) element in 21 exists, then all 
the maximal (minimal) elements are equal. 

If B is a set of upper bounds in 21 = (A , U ) of a set A , C A , 
then the least element in < B , UDB 2 ) is said to be the least upper 
bound (abbreviated lub) in 21 of the set A , and denoted 
sup (A,, 21). Replacing in the preceding definition “upper” and 
“least” respectively by “lower” and “greatest” we obtain the 
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definition of the greatest lower bound (abbreviated gib) of A x in St 
which will be denoted by inf (A t , SI). It is clear that sup (/},, 21) 
and inf (A ,, 21) are uniquely determined by A , and 21 if they exist. 

definition. A partially ordered set 21 = (A, U > is said to be a 
lattice if for any a, b e A in 21 there are sup ((a, b], 21), and 
inf ({ a, b }, 21) which will be denoted by a U 8 b and a D a b. A 

lattice 21 = (A, U) is said to be distributive if for any a, b, c e A 

the operations U a and D a satisfy the following conditions: 

(D) a U a (b fl a c) = (a U a b) D a (a U a c); 

(D') a f1 a (b U a c) = (a fl a b) U a (a fl a c); 

The lattice 21 = {A, U) is said to be a Boolean lattice if 21 is 
distributive, has J the greatest element l a and the least element 0 a , 
0* sfc l a and for any a e A there is an element a e A such that 
a U a a - l a and a fl a a = 0 8 . An element a satisfying in the lat¬ 
tice 21 with the greatest element l a and the least element 0 8 the 
above conditions is called a complement of the element a in 21. 

proposition i. (a) If a complement a of an element a in a 
distributive lattice 21 with the greatest and the least element exists, 
then it is unique. 

(b) 7/21 = (A, U) is a Boolean lattice, then for any a, b, c e 
e A the operations U a , fl 8 and ~ defined above satisfy the 
following conditions ( with the superscript 21 in U ^ and fl a omitt¬ 
ed for simplicity ): 

(1) a U b = b U a, 

(2 )aC\b — bC\ a, 

(3) a U (b U c) = (a U b) U c, 

(4) a IT {b fl c) = (a (T b) fl c, 

(5) {a fl b) U b = b, 

(6) (a U b) D b = b, 

(7) a fl (b U c) = (a fl b) U (a H c), 

(8) a U (b fl c) = (a U b) fl (a U c), 

(9) (a fl a) U b = b 

(10) (a U a) fl b = b. 

(c) If on a set A we are given three operations, U, fl and ~, 
satisfying for any a, b, ceA conditions (1) to (10) of statement (b) 
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{where U (a, b), fl (a, b) and ~ (a) are written as a U b, a fl b, 
and a), then the pair —21 = (A, U) for U = (<a, b)\a C\ b = 
= a] is a Boolean lattice, with a U b — sup ({ a, b J, 21), a D b - 
= inf ({a, b), 21), a U a = l a , a n a = 0». 

proof, (a) The superscript 21 in U a , fl a , l a , and 0 a will be 
omitted for simplicity. If a U a, = 1 and a fl a 2 = 0, then 

a, = a, U 0 = a 1 U (a (1 a 2 ) = (a, U a) (T (a[ U a 2 ) = 

= 1 fl (a, U a 2 ) = a, U a 2 . 

Similarly, from a fl a, = 0 and a U a 2 = 1 we get a 2 = a 2 U a,, 
hence a, = a 2 . 

(b) Properties (1) and (2) are obvious. Since a fl a = 0 a and 
a U a = l a , properties (9) and (10) hold. Since 21 is distributive, 
(7) and (8) hold. In what follows the condition <a, b) e U is 
denoted by a < b. It follows from the definition of the operations 
U a and fl a that for any d, m,, m 2 e A 

(1) d ^ atj fl m 2 « (cf < m l and d < m 2 ), 

(2) m, U m 2 < d » (mj ^ and m 2 ^ c(), 

(3) m,, m 2 ^ m, U m 2 , 

(4) m, fl m 2 ^ m,, m 2 . 

Using these facts it is easy to establish properties (3) to (6). We 
check, for example, property (6), leaving the rest to the reader. 
From (4) we get (a U b) fl b < b and from (3) and (1) we get b ^ 
^ (a U b) H b, hence from the antisymmetry of C/ f we get (6). 

(c) From conditions (5), (6), (1) and (2) we get 

aC\b = a^aUb-b. (*) 

We first show that U = {(a,b)\aCib = a\ is a partial ordering. 
Substituting in (7) an element a for b and an element a for c and 
using conditions (2), (1), (6) and (9) we get a = a fl a, hence U is 
reflexive. Let a H b = a and b fl c = b. From (*), (7), (5), (1) 
and (2) we get 

a (T c = a fl (b U c) = (a fl b) U (a fl c) = a U (a H c) = a. 

Hence U is transitive. Let a (T b = a and 6 fl a = b. Then from 
(2) we get a = b, i. e. U is antisymmetric. To complete the proof it 
is necessary to show that a U b = sup ({a, b ), 21) and a fl b = 
= inf ([a, b j, 21). We prove the first of the equations, leaving 
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the second for the reader to check. From 

a fl (a U b) = (a n a) U (a fl b) = a U (a fl b) - a 

and a U b = b U a it follows that a U b is the upper bound of the 
set [a,b J. Let c be the upper bound of [a, b }, i. e. a H c = a 
and b fl c = b. Then 

(a U b) fl c = c fl (a U b) = (c D a) U (c fl b) = a U b, 
i. e. (a U b, c) e U. □ 

Conditions (1) to (10) of Proposition 1 are called axioms of 
Boolean algebras and the set A, together with the operations fl, 
U, and ~ defined on it and satisfying axioms (1) to (10) is a 
Boolean algebra. If SI = (A, U, fl, ~ > is a Boolean algebra, then 
< will denote a partial ordering on A defined by the condition 

fl<6<=>flfl(? = fl. 

From Proposition 1 it follows that the Boolean algebra is uniquely 
determined by the relation < . 

examples. (1) If A c P(B) and the set A is closed under the 
operations of union and intersection, then it is easy to verify that 
21 = {A, c), where c is the inclusion relation on A, is a 
distributive lattice, with U a and fl a being the union and intersec¬ 
tion operations on A. 

(2) If in example (1) the set A is closed under the complement 
operation in B, i. e. the operation a = B \ a, then SI = (A , c ) is 
a Boolean lattice and (A, U, IT,• ~ > is a Boolean algebra, where 
U, D, ~ are the union, intersection and complement operations 
in B. In particular, if A = P(B), then < P(B ), U, fl, ~ > is said to 
be the Boolean algebra of all subsets of B and for simplicity it will 
be denoted by the same symbol P(B) as the set of all subsets of B. 

definition. A partially ordered set SI = {A, U) is said to be 
well-founded if for any nonempty subset A , c A the poset SI, = 
= {A U C\ A]) has a minimal element. 

If (A, U) is a well-founded partially ordered set, then ob¬ 
viously (B, U fl B 2 ) is also a well-founded partially ordered set 
for any B c A. 

It is possible to extend the method of mathematical induction 
to a well-founded partially ordered set. 
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proposition 2 (Principle of Transfinite Induction). Let SI = 
= (A, U) be a well-founded partially ordered set and B c A. If 
for any a e A, from \b e A I {b, a) e U, b =£ a} c B we have a e 
e B, then B - A. 

proof. Suppose that B & A and let a 0 be the minimal element 
of a poset (A \ B, U fl (A \ B) 2 ). Then [b e A \ (b, a 0 ) e U, 
b ± a 0 ) c B and under the hypothesis we have a 0 e B, which is 
impossible. □ 

definition. Let SI = (A, U> be a linearly ordered set. The set 
X c A is said to be 

(a) the initial segment of SI if for any a, be A, from a e X and 
lb, a) e U we have b e X; 

(b) a closed initial segment if for some a 0 e A X is the set 
O{a 0 , 31] = \b\{b,a 0 )e [/); 

(c) an open initial segment if X is equal to the set O (a 0 , 31) = 
= (OK>,si] \ ( a 0 } ) for some aQ e A . 

We shall often write O [o 0 ] and O (a 0 ) instead of O [a 0 , SI] and 
O ( a 0 , 31), respectively, when it is clear what 31 is meant. Notice 
that the empty set 0 is the initial segment of any linearly ordered 
set. It is obvious that the element a 0 in (b) and (c) of the preceding 
definition is uniquely defined by X. 

examples. Let G be the “less than or equal to’’ relation on real 
numbers (i. e. {a, b) e G « a < b). 

1. In the linearly ordered set <oj, G ft « 2 > any initial segment 
other than « is at once open and closed. 

2. In (R, G > where R is the set of all real numbers, any initial 
segment other than R is open or closed, but none of the initial 
segments of < R , G ) is at once open and closed. 

3. In ( Q , G fl Q 2 >, where Q is the set of all rational numbers, 
the initial segment {/■!/■< V2 } is neither open nor closed. 

definition. If SI = (A, U) is a well-founded linearly ordered 
set, then SI is said to be a well-ordered set. If SI = 
= (A, U) is a poset, X c A and U H X 2 is a linear ordering on 
X, then X is said to be a chain in SI. In particular, the empty set is 
a chain in any poset. 

In Section 10 we formulated one axiom of the set theory which 
we have already used, the axiom of extensionality. Henceforth we 
shall also use the axiom of choice which says that for any nonemp- 
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ty set A there is a mapping (a function of choice) h: (P(/4) \ 
\ (0 } — A such that h(B) e B for any nonempty set B c A. 
This axiom yields the following two important principles. 

theorem i (Maximum Principle). If in a partially ordered set 
21 = (A, U > each chain X C A has an upper bound, then there is 
an element maximal in 21. 

proof. Consider the set Y = ( X c A \X is a chain in 21) and 
for X e Y the set B(X) = [a eA la is the upper bound of .Yin 21S. 
Suppose that 21 has no maximal elements. Then the family 
S — [B (X) \ X\X e Y J consists of nonempty subsets of A. It 
follows from the axiom of choice that there is a mapping h of the 
set Y into A such that h (X) e (B(X) \ X) for all X e Y. In what 
follows the initial ‘segment of a linearly ordered set <X, U D 
OX 2 ) will be called the initial segment of X. Consider the set 
Z c Y of all nonempty chains X in 21 satisfying the following con¬ 
dition: h(X x ) = inf (X \ X x , (X, U fl X 2 )) for any initial seg¬ 
ment X ] c X, X ] & X. It is obvious that J/j( 0) e Z. Let X } , 
X 2 e Z. Since h(0) is the least element in {X v U Pi Xj) and (X 2 , 
U fl X 2 ), X t and X 2 have nonempty initial segments in common. 
Let C be the union of common initial segments of X { and X 2 . It is 
clear that C is the initial segment of X x and X 2 . Then C = X { or 
C = X 2 , since otherwise C U {/?(C) j C would be a common 
initial segment of X, and X 2 , which contradicts the definition of 
C. Thus for any X v X 2 e Z either X ] c X 2 or X 2 c X r Hence 
C* = U X is a chain in 21 and C* U \h{C*) j eZ, which con- 

X e Z 

tradicts the definition of C* and the condition h(C*) e 
e B(C*) \ C*. □ 

theorem 2 (Principle of Well Ordering). Every set A may be 
well-ordered, i. e. for every set A there is U c A 2 for which 
'U ( A, U) is a well-ordered set. 

proof. Consider a set W = { CY, (J) I (X, U) is a well- 
ordered set, X c A 1. 

We define on the set W an ordering < : 

(X { , (/,) < (X 2 , U 2 ) « t/j c U 2 and X { is the 

initial segment of (X 2 , U 2 ). 
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Let { {X t , U t > I / e I ) be a chain in ( W, < >. It is obvious that 21 = 
= ( U*,> u Uj\ is a linearly ordered set. Let Y c u Xj and 

\ 16/ 16/ / i e / 


Y i=- 0. Then Y fl X io + 0 for some i 0 e I. Since < X io , U io > is a 
well-ordered set, < Y H X io , U io H Y 2 > has a minimal element y 0 . 
Since X iQ is an initial segment of SI, y 0 is a minimal element of 
^Y, fl Y 2 y Thus 21 e W. It is clear that 21 is an upper 

bound for the chain { (X ( , U i )\i e I \ in < W, < >. Therefore, by 
Theorem 1 (W, < > has a maximal element < A 0 , U 0 ). If there is 
a n e A \ A q , then < A 0 U {a 0 1, L/, > e W, where U y — U 0 U 
U [ <u, a 0 > lo e A 0 j U { <a 0 , a 0 >), which contradicts the maxi- 
mality of <.A 0 , U 0 > in < W, < >. Thus {A, U 0 ) is a well-ordered 
set. □ 

definition. Let 21 = (A, U > and 23 = <5, V > be two linearly 
ordered sets. A mapping/: A -*► B is said to be a similarity of 21 
onto © if 


(a, b) e U » < fa,fb > e V. (1) 


We shall say that 21 and © are similar if there is a similarity of one 
of them onto the other. 

Notice that the similarity f: A -» B is distinct-valued. Indeed, 
if fa = fb, then from the reflexivity of V and (1) we get (a, b) e 
€ U and (b, a) e U and hence from the antisymmetry of U we get 
a = b. If/is a similarity of 21 onto©, then it is obvious that /"'is 
a similarity of © onto 21. 

proposition 3 . Iff is a similarity of a linearly ordered set 21 onto 
a linearly ordered set © and X is an (open, closed ) initial segment 
of 21, then f(X) is an (open, closed) initial segment o/©. 

The proof is left as an easy exercise to the reader. □ 

In the remainder of this section we shall prove important 
properties of well-ordered sets. 

proposition 4. Any initial segment X of a well-ordered set 21 = 
= (A, U) other than A is open. 

proof. It is obvious that X — O(a 0 , 21), where a 0 is the 
minimal element of the set A \ X. □ 

If X and Y are the initial segments of the linearly ordered sets 
21 = < A, U ) and © = < B, V) respectively and (X, U fl X 2 ) is 
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similar to < Y, V fl Y 2 ), then in' what follows we shall simply say 
that X is similar to Y. 

proposition 5 .Iff: A — B and g: A — B are two similarities of 
a well-ordered set SI = (A, U) onto some initial segments of a 
linearly ordered set 33 = (B, V), then f — g. 

proof. Consider a set Q = \a e A \fa = ga] . If 0(b, 21) c Q, 
then fb - inf ( B \ g[0{b, 21)], S3), hence fb = gb. By Proposi¬ 
tion 2 we have Q = A, and Proposition 5 is thus proved. □ 
proposition 6. No two distinct initial segments of a well- 
ordered set 21 are similar to each other. 

proof. Let/be a similarity of an initial segment X onto an ini¬ 
tial segment Y. Since id x is a similarity of X onto X, by Proposi¬ 
tion 5 / = id^, hence X — Y. □ 

theorem 3. 7/21 = (A, U > and S3 = < B , V) are well-ordered 
sets, then either 21 is similar to the initial segment of 33 or 93 is 
similar to the initial segment o/2l. 

proof. Consider a set P — [/I/is a similarity of some initial 
segment of 21 onto the initial segment of S3 ) • 

By Propositions 3 and 5, for any/, g e Neither/ Q g or g c /. 
Therefore, F = (J /is a similarity of the initial segment X of the 
feP 

set 21 onto the initial segment Y of the set S3. If X = A or Y — B, 
then everything is proved. Suppose that this is not the case. Then 
by Proposition 4 X = O(a 0 , 21) and Y - O(b 0 , 58). It is obvious 
that F U f <o 0 , b 0 ) ) is then a similarity of the initial segment 
O[a 0 , 21] onto the initial segment O[b 0 , S3], hence F U 
U {<a 0 , b 0 > ] c F, which is impossible. 


Exercises 

1. Show that if 31 = (A , U > is a poset with a least element A is finite and for 
any a, b e A there is sup ((a, b ), 21), then 21 is a lattice. 

2. Let 21 = M, U, O, ~ > be a Boolean algebra and let A contain more than 
one element. The mapping 7 of the set F of the formulas of PC in A having the 
properties: 

(1) 7($ V 'J') = 7(4>) U y(4f), 

(2) 7($ A ¥) = 7($) IT 7(^), 

(3) 7(* - ¥) = 7 W U tW, 

(4) 7(-> 4>) = 7(<t>) 
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is called an interpretation of PC in 8 . Show that PC-provable formulas are 
precisely 4> such that y($) = l a for any interpretation 7 of PC in 8 . (Him. In one 
direction, establish 7 ( 4 >) = l a for the axioms of PC, and verify that the rule for 
PC, preserves this property; in the other direction, use the fact that on the set 
1 l a , 0* ) the operations U, fl and - are defined in the same way as the opera¬ 
tions, v, A and -1 are on the set (1,0) in Sec. 6 .) 

3. Show that a poset (A, U > is not well-founded if and only if there is a se¬ 
quence Oq, ...,a„, ... of pairwise distinct elements of A for which (a„ + 1 > g U, 

n e a. 


12. FILTERS OF BOOLEAN ALGEBRA 

Let 33 = <5, P, U, ~ > be a Boolean algebra throughout this 
section. As shown in Proposition 11.1,58* = <£, ^ >, where the 
relation a < b is defined by the equation a fl b = a, is a Boolean 
lattice and for any a, b e B the following conditions hold: 

(1) a U b - sup ({a, b ), 33*), a Hb = inf ((a, b\, S3*); 

(2) a U a = 1 is the greatest element of 33*; 

(3) a fl a = 0 is the least element of S3*; 

(4) a is the only element of B for which: a U a = 1 and a fl 
n a = 0. 

Note some other properties of Boolean operations. 
lemma 1 . (a) 0 = 1,1 = 0 ; 

(b) 0 fl a = 0, 0 U fl = a; 

(c) 1 n fl = fl, 1 U fl = I; 

(d) g = g ; 

(e) a fl b = fl U b\ 

(0 a U b = g fl b; 

(g)aC\b = ae>aUb = b. 

proof. Property (a) follows immediately from (1) to (4). Prop¬ 
erties (b), (c) follow from (1) to (3) and property (d) follows from 
(4) since gUa = aUfl = 1 and aPifl = flna = 0. Property (g) 
follows from (1), since ar\b = a<*a^b. To prove (e) it suf¬ 
fices by virtue of (4) to show that 

(g fl b) U (a U b) = 1 and (a Pi b) n (a U b) = 0. 

These equations follow from axioms (1) to (6) for Boolean 
algebras, for example, 

(a n b) n (a u b) = ((a n (?) n a) u ((a n i) n i) = 

= (o n b) u (o n a) = 0. 
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The verification of the other equation, as well as the proof of 
property (f), is similar. □ 

We shall often identify S3* with S3 for notational simplicity. 

definition. A set D £ B is said to be a filter of a Boolean 
algebra S3 if the following conditions hold: 

(1) 0* A 

(2) if a, b e D, then a IT b e D\ 

(3) if a e D and a ^ b, then b e D. 

Aset D c P(X) is said to be & filter on a set X\i D is a filter of the 
Boolean algebra (P(X), U, fl, ~) 

examples, i. The set (1) is a filter of the Boolean algebra S3. 
On the other hand, it follows from condition (3) that 1 e D for any 
nonempty filter £> in the Boolean algebra S3. 

2. If a 0 e B, a 0 st 0, then the set (b I b e B, a 0 < b ) is a filter of 
the algebra 58. 

3. The set {Y c Tl(X \ T) is a finite set) is a filter on X, 
sometimes called a Frechet filter on X. 

Since the operations U and fl of the Boolean algebra 58 satisfy 
the axioms of commutativity (1), (2) and the axioms of associativi¬ 
ty (3), (4), one may speak of the union and intersection in S3 of a 
finite set of elements a,, ..., a n e B and designate it as: a, U ... 
... U a n (a, fl ... n a n ). It is easy to establish by induction on n 
the following generalized distributive laws: 

b U (a, n ... (T a„) = (b U a,) n ... fl (b U a„), 

b D (a, U ... U a„) = (b n a,) U ... U(if1 a„) 

and generalized properties (e), (0 of Lemma 1: 

a, fl ... fl a„ = a x U ... U a„, 

a, U ... U a„ = a, (1 ... IT a n . 

definition, (a) A set Y c B is said to be a family of sets with 
finite intersection property in the Boolean algebra S3 if the in¬ 
tersection in S3 of any finite set of elements of Y is not 0. A family 
of sets with finite intersection property in < P(X ), U, fl, ~) (i. e. 
a set Y c P(X) in which any finite subset has a nonempty in¬ 
tersection) will be called simply a family of sets with finite in¬ 
tersection property. 
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(b) A filter of the Boolean algebra 93 contained in no filter of 
the algebra 93 other than itself is called an ultrafilter. 

It is clear that any filter of the Boolean algebra 93 is a family of 
sets with finite intersection property in 93. 

proposition l. Every family Y of sets with finite intersection 
property in the Boolean algebra 93 is contained in some ultrafilter 
of the algebra 93. 

proof. Consider a set U — {X\X is a family of sets with finite 
intersection property in 93 and Y c X). Since Y e U, we have 
U F 0. It is obvious that in the poset <17, c > the union of any 
chain is an element of U. By Theorem 1 there is a maximal ele¬ 
ment X 0 in (U, Q >. It suffices to show that X 0 is a filter. Condi¬ 
tion (1) holds trivially for X 0 . By virtue of the maximality of X 0 , 
to verify conditions (2) and (3) it suffices to show that ifa.be X 0 
and a ^ c, then X 0 U [a fl b ) and X 0 U jc) are families of sets 
with finite intersection property in 58. That X 0 U [a fl b) is a 
family of sets with finite intersection property is obvious. Suppose 
that a, fl ... fl a n fl c = 0 for some a,, ..., a n e X 0 . Then the 
equation c C\ a = a yields 

o = o n a = (a, n ... n a n n c) n a = (a, n ... n a n ) n 

n (c n s) = u, n ... n a n n a, 

which contradicts the fact that X 0 is a family of sets with finite in¬ 
tersection property. □ , 

proposition 2 . For a filter D of the Boolean algebra 58 to be an 
ultrafilter it is necessary and sufficient that for any beB either b e 
e D or b e D. 

proof. By virtue of Proposition 1, to prove necessity we must 
show that for any beB either DU [bjorDU { b ) is a family of 
sets with finite intersection property in 93. Suppose that this is not 
the^ase. Thenb, fl ... fl b n fl b = 0andb n + , fl ... fl b n + m fl 
fl b = 0 for some b,, ..., b n + m e D. By property (2) of a filter D 
it may be assumed that n = m = 1. From the properties of the 
operations U, fl, ~ in the Boolean algebra 58 we get 

b, fl b 2 = b, fl b 2 n (b U b) = (b, fl b 2 n b) U (b, (1 b 2 (1 b) = 

= (0 n b 2 > u (b, n o) = o u o = o, 

which contradicts properties (1), (2) of a filter D. 
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Sufficiency. If there is a filter D* 2 D and an element b e 
e D* \ D, then b 4 D since otherwise 0 = b D b e D*, which is 
impossible. □ 

definition. A filter D of the Boolean algebra 58 is said to be 
principal if there is a 0 e D such that 

D - {6 e 2? I a 0 b). 

An element a e B is said to be an atom of the Boolean algebra 58 if 
a A 0 and 

b ^ a =» (b = a or b - 0). 

It is clear that if a is an atom of 58, then b f! a is equal to a or 0 for 
any b e B. 

lemma 2 . If D is a principal ultrafilter of the algebra 58, then 
D — (6 e £ I a 0 < b ) for some atom a 0 of 58. 

proof. Let D — [b e B l& 0 < b ) for some b 0 A 0. Suppose 
that b 0 is not an atom. Then there is b i ^ b 0 , b x b 0 , b y + 0. 
Since b y i D, by Proposition 2 b { e D, whence b 0 ^ b y , i. e. b 0 H 
H b y = b 0 . Hence 

b y = b y n b 0 = b y n (b 0 n bf = b 0 n (b y n bf = o, 

a contradiction. □ 

proposition 3 . The following conditions for the Boolean 
algebra 58 are equivalent : 

(1) B is a finite set; 

(2) all nonempty filters q/58 are principal ; 

(3) all ultrafilters of 58 are principal. 

proof. (1) =» (2). If B is a finite set and D = [b y , ..., b n ) are 
filters of 58, then the intersection a 0 = b y H ... fl b n is in D and 
a 0 < b t . for / = 1, ..., n. The statement (2) => (3) is trivial. We 
prove (3) =» (1). Let (3) hold. Let A 0 C B be the set of all atoms of 
58. Consider a set A { = { a I a e A 0 ). We show that A , is not a 
family of sets with finite intersection property. Indeed, if A! is a 
family of sets with finite intersection property, by Proposition 1 
A, c D for some ultrafilter D. From condition (3) and Lemma 2 
it follows that there is a Q e A 0 such J.hat a 0 < b for all b e D. In 
particular, a 0 ^ a 0 , i. e. a 0 — a 0 H a 0 = 0, which contradicts the 
condition a 0 =£ 0 for atoms a e A 0 . Since A, is not a family of sets 
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with finite intersection property, a, Pi ... H a n = 0 for some 
a,, .... a n e A 0 . From Lemma 1 we then get 

1 = 0 = a, H ... H a„ = a, U ... U a n — a, U ... U a n . 

Let b be an arbitrary element of B. Then 
b = b Pi 1 = b fl (a, U ... U a„) = 

= (A(1 a,) U ... U (b n a„). 
Since b (T a,- is equal to a,- or 0, b is equal to 0 or to the union of 
some elements of the set ( a x , a n \. Hence B is a finite set. □ 
proposition 4. If D is a principal ultrafilter on a set /, then D = 
= {X £ I\i 0 e X] for some i 0 e I. 

proof. Follows from Lemma 2 since it is obvious that one- 
element sets are the atoms in P(I). □ 

Exercises 

1. Let D be a nonempty filter of the Boolean algebra 23 = (B, U, D, ~ ). We 
define on the set B a relation D as follows: 

a D b # (a n b) V (b r\a)eD, 

where D is equal to (d I d e D ). Show that D is an equivalence on B and D is an 
ultrafilter if and only if B is divided by the relation D into two equivalence classes. 

2. A filter D on the set / is said to be countably complete if for any a t e D, i e 
e w, the set n ai is in D. It is clear that any principal filter D on / is countably 

/ € u> 

complete. Show that there is no nonprincipal countably complete ultrafilter on the 
set <j. 

3. Let D be an equivalence relation on l?of Exercise 1. Let B(D) = j D b lb e 
e B 1 (the set D b is defined in Sec. 10 and is equal to {a\aDb, a 6 B )), We define 
on B(D) the operations U, D, ~ as follows: 

(a) m, U m 2 = Ua2) , 

(b) mi fl m 2 = n a2) , 

(c) m, = D- av 

where a, e m it i = 1, 2. Show that such a definition is independent of the choice of 
elements a, e m, and < B(D ), U, fl, ~ > is a Boolean algebra. 


13. THE POWER OF A SET 

For infinite sets the notion of power may serve as a generaliza¬ 
tion of the concept of the number of elements. 

definition. We shall say that the power of a set A is less than or 
equal to the power of a set B (and write \A\ ^ Ifii) if there is a 
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distinct-valued mapping/: A — B. We say that the powers of the 
sets A and B are equal or that A and B are equipotent (and write 
IA I = 151) if there is a distinct-valued mapping of A onto 5. 

Notice that we have not as yet defined what the power of a set 
A is and have only defined two two-place relations on sets. It is 
these relations that are the basic notions of this section, the con¬ 
cept of power introduced below appearing merely for convenience 
of presentation. 

Note the properties of the introduced relations that are im¬ 
mediate from the definition: 

(a) IA I s: IA I; 

(b) (\A I < 151 and 151 ^ I Cl) =» IA I ICI; 

(c) IA I = 1*51 =* (L4I ^ 151 and 151 < IA I). 

The following theorem shows that in property (c) =» may be 
replaced by ». 

theorem 4. (Cantor-Bernstein). If for sets A and B we have 
lA I $ 151 and 151 ^ \A\, then \A I = 151. 

proof. Let/: A — 5, g: B — A be a distinct-valued mappings, 
A 0 = A, A x = g[5] and/l n + 2 = (fg) [A n ], By induction on n it 
is easily established that A n + { c A n , n e w. Let D = f\ A k and 

M i = Aj \ A i + j . It is obvious that ( (J m\ U D — A k and 

\ k ^ /' 6 a> / 

fl Mj - 0 for i st j. Since f-g maps in a distinct-valued man¬ 
ner Mi onto Mj + 2 f° r an y * e w , a mapping h: A — A defined as 
follows: 


ha 


a, if a e ( U M u + A 
View / 

(fg)(a) if a g U M 2i 


U D 


is a distinct-valued mapping of A onto 


( 


u m\ud = 

U /£u / 


A,. 


Since 151 = \A { I, we get 151 = IA I. □ 


theorem 5 (Cantor). The condition \P(A)\ ^ \A I does not 
hold for any set A. 


6 
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proof. Suppose that there is a distinct-valued mapping /: 
P(A) — A. Consider a set X = (a € f[P(A)]\a £ /~'(a)j. 
If f{X) e X, then from the definition of X we get f{X) £ 
*/-'(/(*)) = X. If/(JO * then f{X)<tf~'(f{X)), hence 
/(Jf) e X. The obtained contradiction shows that there can be no 
such /. □ 

theorem 6. For any sets A and B either lAl < \B\or\B\ ^ 
< \A\. 

proof. By Theorem 2 there are U Q A 2 and V c B 1 such that 
21 = (A, U) and S3 = <B , V > are well-ordered sets. The state¬ 
ment of this theorem now follows from Theorem 3. □ 

For a set X we define a two-place relation e(X) consisting of 
pairs (a, b) e X 2 such that a e b or a = b. The set X is said to be 
transitive if b e X implies b c X. 

definition. A set a is said to be an ordinal if it is transitive and 
<a, e(a)> is a well-ordered set. 

proposition i. The elements of an ordinal a are ordinals. 
proof. Since (3 c a for any 0 e a the relation e(/3) - e(a) D /3 2 
is a well-founded linear ordering on (3 e a. If the element (3 of the 
ordinal a were not transitive, then for some y, and y 2 we should 
have y l e y 2 e (3 and y, £ 0. Since a is transitive, y v y 2 e a. This 
contradicts the transitivity of the relation e(a). □ 

It is obvious that the natural numbers 

0 , { 0 j, { 0 , ( 0 j), [ 0 , ( 0 i, ( 0 , { 0 m,... 

(each succeeding number containing all the preceding ones) are or¬ 
dinals. The set u> of all natural numbers is also an ordinal. Or¬ 
dinals are the sets o>U {w), « U {wj U {w, {«}} and so on. In 
general, if a is an ordinal, then it is clear that the set a U {a) is 
also an ordinal, which by analogy with the natural numbers is 
sometimes denoted by a + 1. 

proposition 2 . If a,, a 2 are two distinct ordinals, then either 
a, 6 a 2 or a 2 6 a l . 

proof. We first show that either a, C a 2 or a 2 Q a,. If this is 
not the case, then by virtue of the transitivity of a,, a 2 and the 
well ordering of <«,, £(«,)>, <a 2 , e(a 2 )> there are y { e a,, y 2 6 a 2 
such that y t C y 2 , y 2 £ a p y, £ a 2 , y 2 € ay. Let 5 e y,. Then 5 e a 2 , 
and if 5 t£ y 2 , then by the linear ordering of < a 2 , e(a 2 )> either 6 = 
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= y 2 or y 2 e 5. In both cases the transitivity of a, yields y 2 e a,, 
which is impossible. Thus y, Q y 2 . Similarly, it is shown thaty 2 c 
C 7 ,, hence by the axiom of extensionality y, = y 2 , which con¬ 
tradicts the conditions y, e a, and y 2 £ a,. 

So it is shown that a 1 C a 2 or a 2 C a,. Let a 2 C a,, for exam¬ 
ple. Since a, * c^, by the well ordering of <a,, e(a,)> there is 0 e 
e a, such that P Q a 2 and (3 ^ a 2 . Let <5 e a 2 , then 6 e a I and S c 
C a 2 . By the well ordering of <a,, e(a,)> we have one of the 
following conditions: 0 e 5, 0 = 5 or 5 e 0. The first two are im¬ 
possible by the transitivity of a 2 and 0 F a 2 . Thus a 2 C 0, which 
together with 0 c a 2 yields a 2 = 0 e cy. □ 

For a set X we define a set 

UT = [a\aex for some xeX] 


called the union or sum of the set X. 

An ordinal other than zero and not of the form a + 1 is called 
a limit ordinal. It is clear that ordinal 5 =£ 0 is a limit ordinal if 
and only if U 5 = 5. The set of the natural numbers « may be 
defined to be such an ordinal all of whose elements are not limit 
elements. 

proposition 3 . If X is a set of ordinals, then U X is an ordinal. 

proof. The transitivity of U X follows from the transitivity of 
the elements of X. The linear ordering of <UI, e(U^f)> follows 
from Proposition 2. If Y c UT, (f, e(T)> has no minimal ele¬ 
ment and Y is not empty, then for any a e Y the set a is not empty 
and <a ft Y, e(a fl T)> has no minimal element. Since by Pro¬ 
position 1 a is an ordinal, this is impossible, hence <UT, e(U2f)> 
is a well-ordered set. 

proposition 4. If X is a set of ordinals, then < X, e{X)) is a 
well-ordered set. 

proof. If a 6 X, then by Proposition 2 either a e b for some b e 
e X or a = \JX. Hence X c ((UA) + 1) and the statement 
follows from Proposition 3. □ 

proposition 5. For any well-ordered set 21 - (A, U) there is a 
unique ordinal a(2l ) such that <a(2l), e(a(21))> is similar to 21. We 
call this ordinal a type of a well-ordered set 21. 
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proof. Uniqueness follows from Proposition 11.5, since by 
Proposition 2 one of any two distinct ordinals a, 0 is the initial 
segment of the other. 

Consider the set X c A of all a e A such that there is an or¬ 
dinal a (a) and a similarity/ of a well-ordered set < a(a ), e(a(a))) 
onto <O [a], U C\ (O [a]) 2 >, where 0[a) = O [a, 21]. By Proposi¬ 
tion 11.5 the similarity f a is uniquely defined by a 6 X. Let c e X 
and (b, c> e U. It is obvious that a 0 = [f~ 'a\a e O [6]) is an or¬ 
dinal. Since f c 1 a 0 is a similarity of <a 0 , e(a 0 )> onto {0[b], U fl 
H (O [ b ]) 2 >, we have b e X and /, = / c 1 a 0 , hence f b c f c . Thus 
the mapping / 0 = U {f a \aeX) is a similarity of (0 o ,e(i 3 0 )j onto 
< X , U fl X 2 >, where j3 0 is an ordinal equal to U [a(a)\a e X }. If 
X = A, then everything is proved. Suppose that X ^ A. Since X 
is the initial segment of 21 and since 21 is a well-ordered set, there is 
a 0 e A such that X = O (a 0 ). It is obvious that/„ U {< /3 0 , a 0 > j is 
a similarity of the ordinal 0 O U {/3 0 J onto A" U (a 0 j = O[a 0 \, 
therefore a 0 e X, which contradicts the choice of a 0 . □ 

We shall say that the ordinal (3 is less than the ordinal a (and 
write (3 < a) if j3 e a. If (3 < a or /3 = a, we shall write 0 < a. By 
Proposition 4 any set of ordinals is well-ordered by the relation 

^ . If a,, ..., a„ are ordinals, then the element of the set (a. 

..., a n ) which is the greatest in the relation < will be denoted by 
max (a,, .... a n ). 

definition. An ordinal x is said to be a cardinal if it is not 
equivalent to any smaller ordinal. 

proposition 6 . The natural numbers 0, (0), (0, { 0 )), ... 
and the set w of all natural numbers are cardinals. 

proof. To show that all natural numbers are cardinals it suf¬ 
fices to show by induction onueu that no natural number n is 
equivalent to any of its subsets w T n. For n — 0 this holds since 
0 has no subsets other than 0. Let f:n+ 1 — n + lbea 
distinct-valued mapping and rang f T n + 1. If n g rang / or 
/( n) = n, then/ 1 n maps n onto a subset w c n, w T n, which is 
impossible by the induction hypothesis. (Recall that n + 1 = 
= (0, 1, ..., n ).) If/(A:) = n, k < n, then we define a mapping g: 
n — n for which g(i) — /(/) for / < n, i T k, andg(Ar) = f(n). 
Since rang g = rang/ \ j n j and n T rang/ \ f n J, g maps n on¬ 
to w C n, w T n, which again contradicts the induction 
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hypothesis. If w were not a cardinal, then Iwl ^ n for some 
natural number n. We should then have \n + II ^ Iwl ^ Ini, 
i. e. n + 1 is not a cardinal, which contradicts the foregoing. □ 
The following theorem makes it possible to select among 
equipotent sets a canonical representative, the cardinal. 

theorem 7. For any set X there is a unique cardinal \X\ 
equipotent to X. 

proof. The uniqueness of \X\ follows from the definition of a 
cardinal and Proposition 5. 

By Theorem 2 there is U C X 2 such that < X , U) is a well- 
ordered set. By Proposition 5 there is an ordinal a 0 equipotent to 
X. As 1X1 we take an ordinal 0 < a 0 , equipotent to a 0 , all of 
whose elements are not equipotent to a 0 . Such a cardinal exists by 
the well ordering of <a 0 , e(a 0 )>. □ 

definition. For a set A' the cardinal \X\ of Theorem 7 is called 
the power of the set X. 

It is obvious that I a I < a for an ordinal a and that a is a car¬ 
dinal if and only if la I = a. Notice that the relation \X\ < I Tl 
on sets X and Y, defined at the beginning of this section, cor¬ 
responds to the relation ^ on the cardinals \X\ and I Y\ in¬ 
troduced above as follows: x x < x 2 » (x, e x 2 or x x = x 2 ). Now 
we give a precise definition of the property of being a finite set 
which we previously used intuitively. 

definition. A set X is said to be finite if I X\ e w and countable 
(denumerable or enumerable) if I A'I = w. 

If X is not a finite set, then we say that X is infinite. Notice 
that there are infinite nonenumerable sets; moreover, by 
Theorem 5 the power of any set X is less than the power of a set 
P(X). Since w is the least infinite cardinal, countable sets have the 
least power among the infinite sets. It is obvious that a finite or 
countable set X can be represented as X = [a n I n e w), the se¬ 
quence 

Q o» Cl j , ..., Q n ^ , 71 £ CO 

being called the numbering of the set X. It is clear that if Y c X, 
then I 71 ^ \X\. Notice that the infinite cardinal x cannot be of 
the form a + 1 = a U (a j. Indeed, since a is an infinite ordinal, 
by Proposition 2 w c a, therefore the mapping/: a + 1 -» a for 
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which 


m = 


0 if 0 <2 w U (a) 
0 if 0 = co 
(3 + 1 if 0 e w 


is distinct-valued, hence la + II = lal ^ a. We prove the 
following important theorem. 

theorem s. If a set A is infinite, then \A \ - \A 2 \. 
proof. A mapping/: A — A 2 for which /(a) = (a, a) is 
distinct-valued, hence IA I ^ 1^4 2 1. Suppose that IA 2 I ^ IA I 
does not hold. Then the set X = {ala is an infinite cardinal, a < 
< \A \ and a < I a 2 1 ) is not empty and let a 0 be the least element 
of X. We define on the set al the relation < as follows: 


(3 2 ) K 

r max |/3,, (3 2 ) < max [ 7 ,, y 2 } or 
<< 7 pY 2 ><M max { 0 ,, 0 2 } = max [ 7 ,, 7 2 }, 0 , < 7 ,, or 

„ max { 0 !, 0 2 ) = max ( 7 i» T 2 ) > ^1 = 7 p 0 2 < Y 2 - 


It is obvious that < is a linear ordering on a\. Besides < a %, < > is 
a well-ordered set, since for any nonempty subset 7 c aj there 
are nonempty subsets 

Y x = { <0. 7) e Y\ max {0, 7} ^ max (0,'V I 

for any <0," 7') e Y }, 

Y 2 = 1 <0, 7) e y, 10 < 0' for any <0,V> e Y t ! 

Y 3 = { <0, 7 ) e F 2 1 7 < 7 ' for any <0,' 7 ' > e Y 2 } 


and it is obvious that T 3 contains exactly one element and that ele¬ 
ment is the least element of Y in the relation < . Since a 0 < I a 2 1, 
by Theorem 3 <a 0 , e(a 0 )> is similar to the initial segment Z = 
= O(((3 0 , 7 0 >) of a well-ordered set < 0 ^, < >. 

Let <5 0 = max {0 O , 7 0 ). Then it is obvious that Z c (6 0 + l) 2 . 
Since a 0 is infinite, Z and <5 0 are also infinite and I <5 0 + 11 = <5 0 1 < 
< a 0 . Then by the choice of cardinal a 0 we have 

a 0 = IZI ^ 1 (5 0 + 1 ) 2 1 ^ 1 6 g + 11 < a 0 , 
a contradiction. □ 
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corollary i. Let A, B be sets and let at least one of them be 
infinite. Then 

(a) if A * 0 and B T 0, then \A x B\ = max [\A I, \B\ J; 

(b) \A U B\ = max { Ml, \B \). 
proof. Let \A I = max ( \A 1 , 1511 . 

(a) Let b 0 e B. Then a mapping/: A — A x B for which 
f(a) = (a, b 0 ) is distinct-valued, therefore \A\ < \A x 51 . 
From \B\ ^ \A \ and the preceding theorem we get 

IA x Bl ^ \A 2 \ = IA I. 


(b) It is obvious that IA I < IA U Bl. Let /: B — A be a 
distinct-valued mapping. Then a mapping g: A U B — A x 
x (0, 1) for which 


g(a) = 


(a, 0> 
(fa, 1> 


if a e A, 

if a e B \ A 


is distinct-valued, therefore from statement (a) we get 
\A U Bl s: IA x {0, 1)1 = \A\. □ 


corollary 2. (a) If A is infinite, then \A k \ = lAl for any 
natural k > 0. 

(b) If A is infinite and A* — U [A k \k e wj, then \A*I = 
-Ml. 

(c) If W is a set of words of an alphabet A T 0, then I W\ = 
= max ( IA I, w). 

proof (a) follows from Corollary 1(a) by induction on k. 

(b) Let f k : A k — A, 0 < k < to, be distinct-valued mappings 
existing by virtue of statement (a). Then a mapping/: A* — w x 
x A for which 


fa = | a > 

^ < k,f k a > 


if a = 0 e A 0 

if 0 6^4* \ (A 0 U ... U A k ~ '), k > 0 


is distinct-valued, by Corollary 1(a) therefore we get M*l ^ 
^ Iw x Al = M I. The inverse inequality Ml < M*l is ob¬ 
vious. 
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(c) Since for a e A the words a, aa, aaa, ... are pairwise 
distinct, o> < I W\. If A is infinite, then statement (c) follows 
from statement (b). If \A I = n e co, then obviously \W\ ^ lw*l 
and again from (b) we get I W\ ^ w. □ 


Exercises 

l.Show that the sets of integers, rationals and algebraic numbers are 
countable. 

2. Show that the sets of reals and complex numbers are equipotent and that 
the sets of reals and natural numbers are not equivalent. (Hint. Notice that the 
power of the set of reals is IP(u>)l and use Cantor’s theorem.) 


14. THE AXIOM OF CHOICE 

Let us define the sets V a , where a is an ordinal, as follows: 

(a) K o =0; 

(b) V a = P(V 0 ) if a = 0+1; 

U V 0 if a is a limit ordinal. 

0 < a 

The axiom stating that for any set X there is an ordinal a for 
which X e V a is called the axiom of regularity. Thus by the axiom 
of regularity every set is obtained at some step of a “regular pro¬ 
cess” in which, starting from an empty set, at each step all sets are 
obtained whose elements have already been obtained at the 
previous steps. This fully agrees with our intuitive ideas of how 
sets are formed. 

The axiom of regularity allows every set X to be assigned an 
ordinal p{X) which is called the rank of X and defined as the least 
ordinal for which X e Y p(X) . It is obvious that if X e Y, then 
p(X) < p(Y), by virtue of Proposition 13.4 the axiom of regulari¬ 
ty yields the following two statements: 

(1) there is no sequence X 0 , X t , ..., X n , ... for which X n + , e 
eX n , neu; 

(2) any set X has an element a e X for which a Pi X = 0. 

The axiom of regularity is in fact equivalent to each of the 

statements (1) and (2). Indeed, if X n , e X n for new, then the 
set [X„\n e w) contradicts condition (2), hence (2) => (1). Notice 
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that if for any element a of a set X there is an ordinal 13(a) such 
that a e V^ a) , then X e V y , where y = (U {/3(a) I a e X] + 1). 
Therefore if a 0 is in V a for no ordinal a, then a, e a 0 which is in V a 
for no a either. Thus if the regularity axiom fails to hold, then 
there is a sequence a n ,n e w such that a n + { e a n , n e u, i. e. (1) 
also fails. 

The axioms of extensionality and regularity impose certain 
conditions on the relation of e (membership) and that of = 
(equality), i. e. in a sense they restrict the “Universe” consisting 
of sets. The axiom of choice, on the contrary, states that there 
must be certain sets in this “Universe” if there are already some. 
In our proofs,^however, we freely used other conditions for the 
existence of sets as well, for example, we formed a unions! U B 
of two sets A and B, discussed a power set P(A), assumed that 
natural numbers new “are available”. All the conditions of the 
existence of sets we have used (except the axiom of choice) are ob¬ 
tained from the following axioms of “existence”: 

(1) There is an empty set 0. 

(2) If there are sets a and b, then there is a set [a, b ). 

(3) If there is a set X, then there is a set U X = [t \t e x for 
some element x e X}. 

(4) There is a set w = (0, 1, ..., n, ... j, where 0*0 and 
n + 1 = n U \n ). 

(5) If there is a set A, then there is a set P(A) = [B \B c A j. 

(6) If 4>(x, .y) is some condition on sets x, y such that for any 
set x there is at most one set y satisfying the condition 4>(x, y), 
then for any set a there is a set 

{b I $ (c, b ) for some element c e a ). 

example i. We show that axioms (5) and (6) imply the existence 
of a set A 2 = { <a, 6 > I a, 6 e A ) for any set A. 

Since <a, b > = { [a], {a, b j), we have A 2 c P(P(A)). Let 
4> 0 (x, y) » (there are a, b e A such that 

x = {{a}, [a, b) j and y = x). 

Then the set A 2 is equal to {bl<i> 0 (c, b ), c e P(P(A ))) and by 
axiom (6) it exists. 
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The system of axioms (1) to (6) together with the axioms of ex- 
tensionality and regularity is called the Zermelo-Fraenkel axiom 
system (abbreviated ZF). The system ZF together with the axiom 
of choice is denoted by ZFC *. 

Within ZFC it is possible to develop all modes of reasoning 
generally accepted in mathematics today. One may even say that 
at the present stage of mathematical development this 
“translatability” into ZFC is a measure of mathematical rigour. 
(True, this is questioned by intuitionists and constructivists, but 
we are not concerned with their views in this book.) Thus a formal 
derivation from the axioms of ZFC may be taken as a reasonable 
refinement of the concept of mathematical proof **. A precise for¬ 
mulation of this notion is of great significance. It is one of the 
central problems of mathematical logic. Only with appropriate 
precise definitions at one’s disposal can one establish the un¬ 
provability and independence of some statements. Thus it was 
proved that a set of real numbers can be assigned practically any 
power without contradiction. The fact that the validity of a for¬ 
mal proof can be easily verified by computer formed the starting 
point for long-range studies of machine proof search. Historically 
ZFC came into being mainly due to the discovery of inconsisten¬ 
cies in the “naive” theory of sets. What can be said about the con¬ 
sistency of ZFC? No inconsistencies have been discovered in ZFC 
itself thus far. On the other hand, it was proved that if ZFC is 
consistent, this cannot be established using its own means. So the 
proof of the consistency of ZFC appears to be somehow related to 
a revision of our usual ideas about a mathematical proof. 

There are seven axioms in ZFC stating the existence of some 
sets. The axiom of choice occupies a particular place among them. 
It appears to be the least “obvious”. The thing is that sets whose 
existence is asserted in axioms (1) to (6) are uniquely defined (for 
example, the sum of a set U X is uniquely defined by X), but the 


* For a precise definition of the notion of condition $(x, y) in axiom (6) we 
refer the reader to the notion of formula of the signature £ 0 containing only one 
two-piace predicate sign 6 (see Chapter 3). Notice that all axioms for ZFC can be 
written as proposition of the signature £ 0 . 

** By formal derivation we mean derivation in the calculus of predicates (see 
Sec. 22). 
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function of choice for nonempty subsets of X is ambiguously 
defined. Moreover, if there is a condition that uniquely defines 
the function of choice for nonempty subsets of X, then the exis¬ 
tence of a function of choice for P(X) \ 10 ) can be derived 
without the axiom of choice (i. e. in ZF). The presence of an 
uncertainty of an object whose existence is asserted aroused 
numerous debates around the axiom of choice among mathemati¬ 
cians early in the twentieth century. Some even thought that it 
must surely lead to a contradiction. These debates on the whole 
subsided, however, after K. Godel’s result about the equicon- 
sistency of ZF and ZFC. Nevertheless up to the present some try 
sometimes to give, if possible, proofs without the axiom of choice 
considering such a proof to be more “constructive”. 

The remainder of this section is devoted to a theorem which 
shows that the axiom of choice is equivalent (in ZF) to some of its 
consequences proved in the preceding sections. 

theorem 9. From the axioms for ZF one can derive the 
equivalence of the following statements: 

(a) the axiom of choice: for any nonempty set A there is a 
mapping h: (P(A) \ ( 0 )) — A such that hB e B for all B c A, 
B # 0; 

(b) the principle of well ordering: for any set A there is a rela¬ 
tion U c A 2 such that (A, U) is a well-ordered set ; 

(c) the maximum principle: if in a partially ordered set SI = 
= ( A , U > each chain has an upper bound, then SI has a maximal 
element', 

(d) if A is an infinite set, then \A 2 1 = \A I. 

proof. By Theorems 1, 2 and 8 we have in ZF (a) => (c), (a) => 
=* (b) and (a) =» (d); in addition it is shown in the proof of 
Theorem 2 that in ZF (c) =* (b). It suffices therefore to derive 
(b) => (a) and (d) =» (b) from the axioms for ZF. 

(b) => (a). Let (A, U > be a well-ordered set. Take as 4>(x, y) 
the following condition: $(x, y) <* (<x, U H x 2 > is a well-ordered 
set, 


y is an ordered pair, z\y = x and 
z\y is the least element of (x, U D x 2 )). 
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It is obvious that for any x there is at most one.y for which $(x, y) 
holds. It follows from axiom ( 6 ) that there is a set 

/»=!<*, a>l*(B, <B, a)),Be{P{A) \ |0!)]. 


It is clear that h: ( P(A ) \ {0 j) — A and h(J3) e B for B C A, 
B * 0. 

(d) => (b). Since <n, e(n )> is a well-ordered set for any n e w, it 
suffices to treat the case where A is infinite. Axiom ( 6 ) implies the 
existence of a set 

W - [U c A 2 1 <£>(17), U) is a well-ordered set), 


where D(U) = [a e A I <a, b) e U or <b, a) e U for some b e 
e A). If U e W, then by a(U) we denote the type of the set 
<£)((/), U) (Proposition 13.5). By axiom ( 6 ) there is a set V = 
= (a((/)l U e W ). It is clear that V is equal to the set (ala, an 
ordinal, and I a I ^ M I ). By Proposition 13.3 a 0 = U Kis an or¬ 
dinal. If there is a distinct-valued mapping/: a 0 — A, then 
{//3I|3ea 0 ) = A, since otherwise the mapping/ U (<a 0 , a 0 >), 
where a 0 e A \ (/31/3 e a 0 ), will be a distinct-valued mapping of 
a 0 + 1 into A, hence a 0 + 1 c a 0 , which is impossible. Thus 
either I a 0 1 = 1^41 or I a 0 1 < I A I does not hold. If I a 0 1 = \A\, 
then the well ordering of <a 0 , e(a 0 )> yields the well ordering of 
(A, U) for some U Q A 2 . Let I a 0 1 < I A I fail to hold. By induc¬ 
tion on n e w it is easy to get I n I ^ I A I for any new, hence a 0 is 
an infinite ordinal. Consider a set X — ( (a 0 a)\a e A}. It is ob¬ 
vious that \X\ = \A I and X H a 0 = 0. For simplicity we denote 
the equipotency lifl = I FI by E ~ F. 

Notice that if I Y I < IZI and Z is infinite, then Y U Z ~ Z. 
Indeed, if g: Y — Z is a distinct-valued mapping, z x , z 2 e Z, z t & 
& z 2 , then a mapping/: Y U Z — Z 2 for which 


<z i, ga > 
<z 2 . a) 


if a g Y 

if a e Z \ Y 


is distinct-valued, so I Y U ZI < IZ 2 1. From (d) we have IZ 2 1 = 
= IZ I, hence I Y U ZI ^ IZI. The condition IZI ^ I Y U ZI is 
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obvious. Using this fact and condition (d) we get 

a 0 U X ~ (a 0 U X) 2 = a 2 0 U(a 0 X X) U X 2 U (X X a 0 ) ~ 

~ a 0 U (a 0 X X) U X U (X X a 0 ) ~ (a 0 xX)U(Xx a 0 ) ~a 0 xX. 

Thusa 0 X X — C U D, where C ~ a 0 and D ~ X ~ A. We show 
that (a 0 x |r))nc#0 for any x e X. Indeed, otherwise (a 0 x 
x (x 0 )) c D for some x 0 e X, hence la 0 x {x 0 ) ^ \D I. Since 
a 0 ~ (o 0 x (x 0 )) and D ~ A, this contradicts the fact that 
i a 0 1 < IA I fails to hold. Since C ~ a 0 and <a 0 , e(a 0 )> is a well- 
ordered set, there is U c C 2 for which <C, U > is a well-ordered 
set. Using axiom (6) it is easy to obtain a mapping/: X —■ C for 
which fa is equal to the element of (a 0 x ( a )) IT C that is the least 
with respect to the relation U. It is obvious that / is a distinct¬ 
valued mapping. The statement (d) =» (b) now follows from A ~ 
~ X and the well ordering of <f[X], U IT (J[X}) 2 ). □ 


Exercise 

I. Show that the axiom of choice is equivalent in ZF to the following state¬ 
ment, if Mis a partition of a set A (see Example 1), then there is a mapping g: M — 
— A for whichg(m)e m, meM,m i= 0. (Hint. Consider a partition \m(B )I Be 
e P(A) \ (0)), where m(B) = ( <B, a)\a e B ).) 
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15. ALGEBRAIC SYSTEMS 

Frequently the object of study in mathematics is a set together 
with a structure defined on it. For example: the set of triangles 
with similarity relation, the set of real numbers with the opera¬ 
tions of addition and multiplication, the set of real functions with 
the property of differentiability and the operation of differentia¬ 
tion and so on. In this section we give a more precise definition of 
this concept by introducing a definition of an algebraic system. 

definition. The ordered triple E = < R , F, g .) is said to be a 
signature if the following conditions hold: 

(a) the sets R and F have no elements in common; 

(b) g is a mapping of the set jR UF into u. 

Elements of the set R are called relation or predicate symbols. 
Elements of the set F are called operation or function symbols. 
The mapping g is called a place or arity mapping for E. If g(q) = 
— n, then q is said to be an n -place predicate symbol when q e R 
and an n -place function symbol when q e F. The 0-place function 
symbol is called the symbol of a constant or simply a constant. 

For convenience we shall often represent th£ finite or coun¬ 
table signature E = (R, F, g) as 
E = 

f^ k) , c,. c m , ...>, 

where r jt fj are relation and function symbols which are not con¬ 
stants, c k are constants of the signature E. In what follows all 
signatures will be denoted by the letter E (possibly with indices), 
the set of their relation symbols by R, the set of operation symbols 
by F, and the arity mapping by g (with the corresponding indices). 
We shall say that a signature E is contained in a signature E, (and 
write E C E ( ) if R c R lt F c F { and g C g x . If X c R U F, then 
the signature E, = (R H X, F D X, g 1 X) is said to be a restric¬ 
tion of the signature E to the set X (and we write Ej = E 1 X). 
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The power of the set R U F is called the power of the signature 
£ = < R, F, n > and denoted by l£l. If £„ c £ n + ,, n e u. then by 
U we denote the signature / U /?„ , U F n , U 4 

new \ new new new/ 

If R U F F 0 and F — 0(R = 0), then a signature £ is said 
to be a predicate ( function ) signature. If/? U Z 7 F 0, then the 
signature £ is said to be empty. 

definition. An ordered pair 21 = 04, > is said to be an 

algebraic system of a signature £ if the following conditions hold: 

(a) A is a nonempty set; 

(b) is a mapping of a set R U F into relations and opera¬ 
tions on a set A ; 

(c) r e R => v % ( r) is a ^(r)-place relation on A; 

(d) feF=> (/) is a n(f )-place operation on A . The set A is 
called the carrier of 21, and v % is an interpretation of the signature 
£ in A. 

In what follows we shall often write simply r % or even r instead 
of v il (r) if it is clear what 21 is meant. In what follows algebraic 
systems will be denoted by the Gothic letters 21 and 58 (possibly 
with indices) and their carriers by the corresponding Latin letters 
A and B (with the corresponding indices). The power of an 
algebraic system 21 is the power of its carrier A. For brevity we 
shall often omit the word “algebraic” and call 21 simply a system. 

definition. A mapping/: A — B is said to be a homomorphism 
of an algebraic system 21 of £ into a system 58 of the same 
signature £ if the following conditions hold: 

(a) if q e R and ix(q) = n, then for all a,, a n e A <a,, ... 
...,a n > eg 8 => </a,, ...,/a„> 6(7®58; 

(b) If q eF and n(q) = n, then for alia,, ..., a n eA f(q n (a x , ... 
•••> a„)) = <7®(/op fa„). 

If/is a homomorphism of 21 into 58 and f[A] = B, then/is 
said to be a homomorphism of 21 onto 58 and 58 is said to be a 
homomorphic image of 21. 

A distinct-valued homomorphism /of 21 onto S3 for which f~ 1 
is also a homomorphism is called an isomorphism o/2( onto S3 and 
denoted by/: 2( =* 58. If there is an isomorphism /: 21 =*■ S3 then 
the systems 21 and 58 are said to be isomorphic and this is 
designated as: 21 = S3. An isomorphism/of a system 21 onto 21 is 
called an automorphism of the system 21. 


7—191 
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proposition i. (a) ///: 21 =t- 33 then f~ ': 33 — 21. 

(b) Iff-. 21 21, and g: 21, — 21 2 , then ( fg ): 21 — 2l 2 . 

(c) id A : 21 » 21. 

proof. Follows immediate from the definition of an isomor¬ 
phism. □ 

definition. A system 21 is said to be a subsystem of a system S3 
(and we write 21 c S3) if the following conditions hold: 

(a) 21 and S3 have the same signature; 

(b) A c B; 

(c) the set A is closed under the operations f®(/),/ e F; 

(d) relations and operations p a ( q ), q e R U F, in 21 are restric¬ 
tions to A of the corresponding relations and operations v^(q), 
q e R U F, in S3. 

If A then 21 c S3 is said to be a proper subsystem of S3. If 
21 £ S3, then S3 is said to be a supersystem of 21. 

It follows from the definition of a subsystem that two sub¬ 
systems 21,, 2l 2 of a system S3 with the same carriers coincide. On 
the other hand, if a nonempty subset B l c B is closed under the 
operations of the system S3, then is the carrier of some sub¬ 
system S3, c S3. Thus there is a distinct-valued mapping of a set of 
nonempty subsets of B closed under the operations of S3 onto a set 
of subsystems of 58. That mapping can be extended to all non¬ 
empty subsets of B. Namely, we have 

proposition 2. If 58 is an algebraic system, A c B, A * 0, 
then there is a unique subsystem 58(A) c 58 with carrier B(X) 
such that X Q B (X) and S3 ( X) c 21 for any subsystem 21 c 58 for 
which X c A. 

proof. As B(X) we take the intersection of the carriers A of 
all subsystems 21 £ S3 containing A. Since A c B(X), we have 
B(X) ^ 0. As already noted above, B( A) is the carrier of a 
unique subsystem S3 (A) c S3. □ 

definition. The subsystem S3 (A) £ S3 of Proposition 2 is called 
a subsystem generated by a set X in S3. If A = { a ] , ..., a n ), then 

23(A) is also denoted by 58 (a.. a n ). If S3 (A) = 58, then we say 

that the system S3 is generated by the set A. 

A set of algebraic systems (21, i / e /} is said to be a directed set 
of algebraic systems if / # 0 and for any i,j e I there is k e I for 
which 21 c 21*. and 2l y Q 21*.. It follows from the definition that all 
systems of a directed set of systems have the same signature. 
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proposition 3. If {§1,1/ e /) is a directed set of algebraic 
systems o/E, then there is a unique system §1 such that 21, c §1 for 
all i e / and 21 c S3 for any system SB for which §1, c SB, i e I. 

proof. The carrier of 21 will be a set A = u Aj. Let (flj, ... 

isl 

..., a n J Q A. Then it follows from the definition of a directed set 
that there is / e / such that {a,, ..., a n j c A t . Let <a,, ..., a n > 
belong to p a (s), s e R U F precisely if <a,, ..., a n ) belongs to 
p ai ( 5 ). Such a definition is independent of the choice of / 6 1, since 
if (a,, a n ) c Aj, then there is 21*. such that 21, C 21*. and 2I y c 

c 21^. Hence A(r) (T {< 0 ,, ..., a n )), re R, and v % *(f) (a . 

..., a n ), f e F, for re {/, j ) coincide with the corresponding 
v* k (r) IT [<a,, .!., a„>), r eR, and v %k (J) (a { , ...,a n ),feF. The 
second statement of the proposition and the uniqueness of 21 are 
obvious. □ 

The system 21 of Proposition 3 is called the union of systems 
21,, / e I and designated 21 = U 21,-. 

16 / 

definition. An algebraic system 21 of E is said to be an expan¬ 
sion of a system 21, of E, if the following conditions hold: 

(a) A =A t ; 

(b) E, -El (/?, U FJ, 

(c) p a ' = p a 1 {R ] U Ff. 

I f a system 21 of E is an expansion of a system 21, of E,, then 21, 
is said to be restriction of the system 21 to the signature E, and 
denoted by 21 1 E. 

IfE = ..., rf r ”\ ...\^\ ...,f^ k) , ...; c,, ..., c m , ...), 

then the algebraic system 21 of the signature E will often be desig¬ 
nated as follows: 21 = <A,r ± , ...,r Jl , •••> A-> ■■■> 

c m , ... >, where r n ,f k , c m denote respectively the relation v % (r n ), the 
operation v % (J k ) and the value of the constant p a (c m ) on the set A . 

example 1 . The algebraic system 91 = < N , ± , —; 0, j >, where 
N - a; is a set of natural numbers, ± and - are the operations of 
addition and multiplication, 0 = 0, 1 — 1, is called an arithmetic 
of natural numbers or simply arithmetic. Notice that 9? has no 
subsystems different from itself. The function signature E, = 
= < + 2 , • 2 ; 0, 1 > is called a signature of rings with unity. Not all 
algebraic systems of E, are rings. For a system to be a ring it is 
necessary that the operations should satisfy certain conditions (the 
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axioms for rings). The arithmetic 9? is not a ring and the system 
3 = <Z, ±, —; 0, j>, where Z is the set of all integers (Z = {0, 1, 
2, — 1, -2, ...)), dt, - are the operations of addition and 

multiplication, 0 = 0, 1 = 1, is. Notice that ill c 3 . The system 3 
is called the ring of integers. The system 9? = (R, ±, —; 0, 1 > 
where R are the real numbers, ±, — are operations of addition 
and multiplication, 0 = 0, 1 = 1, is also a ring. The system 3 is a 
subsystem of 91. 

example 2. The function signature E 2 = < • 2 ( -1 )* ; e > is called 
a group signature. A group of substitutions of a set A is a system 
<S(A), —, ( _1 ); e) of the signature E 2 where S(X) denotes the set 
of all distinct-valued mappings of a nonempty set X onto itself, — 
denotes a composition of mappings, (~ ’) denotes the inverse of a 

mapping, e denotes the identity mapping. In general the system 
SI = (A, —, ( -1 ) ; e) of the signature E 2 is said to be a group if 

for any a, a v a 2 e A in 21 the following equations hold: 

( 1 ) cr- -a 2 ) = (a-a x )-a 2 , 

(2) a-e = e-a — a, 

(3) a-a~' = a~' -a = e, 

where — (a, a,), ( are briefly written as a-a x and a" 1 . If for 

any a, a i e A in 21 we have in addition equations 
(a) a-a l = a x - a, ' 

then the group 21 is said to be an Abelian group. To emphasize 
that the group 21 is an Abelian group we often replace the symbols 
•, ( _1 ) and e by +, (-) and 0 respectively. An example of an 
Abelian group is the group of integers (Z, +_, (j-); 0> where + is 
addition, (-) is an operation transforming m into —m and 0.= 0. 

example 3 . If a predicate signature E = <Q 2 >ofa system 21 
consists of a single symbol of a two-place relation Q, then 21 = 
= (A, Q > is said to be a graph. If Q is a partial (linear) ordering 
on A (see Sec. 11), then 21 is said to be a partially (linearly) 
ordered set or simply a partial (linear) ordering *. In this case 


* This definition does not entirely coincide with that of a poset in Sec. 11 
(therein the poset is a pair and the graph is a triple); however, by virtue of our con¬ 
vention to denote a graph by (A, P), where P c A 2 , this will not cause confu¬ 
sion. 
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(a, b) e Q is denoted by a b or simply by a — b. A partial 

ordering % is said to be dense if it follows from a < b and a & b 
that there is c e A such that c^a,c=tb,a^c and c < b. We 
shall say that two linear orderings 21 and S3 have the same ends if 
the existence in 21 of the first and the last element is equivalent to 
the existence of the corresponding element in S3. Notice that a sub¬ 
system of a partial (linear) ordering is a partial (linear) ordering 
but a subsystem of a dense linear ordering need not be a dense 
linear ordering (give a counterexample). 

proposition 4. //" 21 and S3 are two countable dense linear 
orderings with the same ends, then 21 — S3- 

proof. Let A = \a n \n e w], B = \b n \n e w\. Consider a set 
G consisting of mappings: g: A t -» B x satisfying the following 
conditions: 

(1) A i and B t are finite subsets of A and B respectively; 

(2) g: V(A } ) = 23(5,) if/l, * 0; 

(3) if 1/4,1 = 2n > 0, then (a 0 , ..., a n _ ,} c A x and j b 0 , ... 

• ■ ■ > _ i) Q B v 

(4) if \A , I = 2n + 1, then {a 0 , ..., a n ) c A , and for n > 
> 0 f b 0 , ..., b n _ j j c 5,; 

(5) if a e A , is the first (last) element of 21, then ga is the first 
(last) element of S3. 

Since 0 e G, we have G ^ 0. Let g: A x -*► B { be in G and 
1/1,1= 2 n. It follows from condition (3) that we can choose a 6 
e A \ A x for which {a 0 , ..., a n ] c A x U (a j. We take an ele¬ 
ment b e B \ B ] such that b ^ gc « a ^ c for all c e A , and b is 
the first (last) element in S3 if and only if a is the first (last) element 
in 2L Such an element exists by virtue of the density of© and con¬ 
ditions (2), (5) for g. It is clear that g U { (a, b >) € G. If \A I = 
= 2n 4- 1, then on interchanging 21 and 58 we can find in precisely 
the same way a pair {a, b) £ g for which g U (<a, b) J 6 G. 
Hence there are no maximal elements in the partial ordering 
<G, Q_ >, where Q_ is the relation of inclusion. Then there is an in¬ 
finite chain X c G in G. It follows from conditions (2) to (4) that 
the union of the elements of X is an isomorphism of 21 onto S3. □ 
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Exercises 

1. Show that any algebraic system SI of a countable signature E has a count¬ 
able or finite subsystem 93 S SI. (Hint. Define at most countable sets B„ , n e w, as 
follows: B 0 = [a |, where a e A, B„ + , = B n U ( b I b is the value of the function 
of SI on the elements of a set B n |. Then it is possible to take as the carrier of 23 a set 

B = U B n .) 

new 

2. For a given algebraic system SI let S(S1) be the set of its subsystems. Then 
the system <S(3I);_C >. where <93 1 ,ffl 2 > e Q_ » 93, C 93 2 , is a lattice (see Sec. 11) if 
the signature E of Sf contains symbols of constants. 

3. Let SI have a proper self-isomorphic subsystem. Then SI has a proper self¬ 
isomorphic supersystem. 

4. Show that the system < N , ± ) has a countable number of subsystems and 
the system (N\ — > has an uncountable number. 

5. Show that if I El < to, then for any new there is a finite set X of systems of 
a signature E such that any system of E of power n is isomorphic to one of the 
systems of X. 

6. What is the minimal power of the set X in Exercise 5 if E contains only k e 
e w one-place predicates? 

7. Show that the distinct-valued homomorphism tv. A — B of a system 21 onto 
a system 93 of a function signature E is an isomorphism of 21 onto 93. Construct an 
example showing that the condition R = 0 on E in this exercise cannot be 
dropped. 


16. FORMULAS OF THE SIGNATURE E 

We fix some countable set V = ( v t I / e w ) whose elements will 
be called symbols of variables or simply variables and denoted by 
the letters x, y and z , possibly with indices. If there occurs a se¬ 
quence x 0 , ...,x„of variables in the text, then it is always assumed 
that Xj =£ Xj for i j. 

definition. The set T(L) of terms of a signature L = (R,F, n) 
is defined by induction: 

(1) variables x e V are terms of E; 

(2) if t j, t n are terms of E, / 6 F and n(f) = n, then 
/(/,, ..., t„) is a term of E. 

Recall that when n — 0 the notation 9 (t, ,..., r n ) denotes 9; in 
particular, it follows from (2) that the symbol c e F of a constant 
of E is a term of E. 

Thus terms are words (not all the words, of course) of an 
alphabet FUFU ((,)) U {, J. The set of variables occurring in 
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a term t is denoted by FV(t). If FV(t) = 0, then t is said to be a 
constant, or closed, term. If t is a term of E, then the notation 
t (x l , ..., x n ) will designate that FV(t ) c jc n }. This nota¬ 

tion will also be called a term. * 

definition. Let 21 be an algebraic system of a signature E. A 
mapping 7 of a set X c V into A is said to be an interpretation of 
variables of the set X into A . If FV(t) c X for a term of E, then 
by induction on the length of t we define the value t % [ 7 ] e A of 
the term t in 21 for the interpretation of y~. 

(1) if t - x, x e V, then t % [ 7 ] = 7 *; 

( 2 ) if t = /(*„ ..., t„),feF, then [ 7 ] - F a (/)(tfM> ... 

••••CM). 

It is clear tlpat if 7 ,: X x — A, y 2 : X 2 — A are two interpreta¬ 
tions, t e T (E), FV(t ) c X\ D X 2 and 7 , 1 FV(t) - y 2 1 FV(t), 
then / a [ 7 ,] = t % [yf\. For brevity we shall often write t % (a x , ... 
..., a„), where a x = ylxf, ..., a n = y(x n ), instead of t % (x x , ... 
..., x n )[ 7 ]. If there occurs a notation /(x,, ...,x n ) in the text, then 
the notation , .... a n ), a,, .... a n e A following it will denote 
/ 81 (jc, , ..., x n )[y], where 7 is defined as follows: 7 x t — o ( , / = 
= 1 , •••, n. 

proposition 1 . (a) //'2I is an algebraic system of a signature E, 
X c A , X 0, then the carrier A (X) of a subsystem 21 (X) is 
equal to a set [t % [ 7 ] 1 1 e T( E), 7 : FV(t) — X J. 

(b) If h is a homomorphism of an algebraic system 21 o/E into 
a system 33, t{x x , ..., x n ) e r(E) and a,, ..., a n e A, then 
h(t^(a l , ...,a n )) = t*{ha x , .... ha„). 

proof, (a) Let Y = ( t 51 [ 7 ] 1 1 e T( E), 7 : FV(t) - X ). By induc¬ 
tion on the length of the term t, if t(x x , ..., x n ) e T( E) and 
a,, ..., a n e X, then t 9 (a,, ..., a n ) e B for any subsystem 33 c 21 
for which X c B. It suffices to show therefore that Y is closed 
under the operations of 21. Let f e F, p(J) — m, t x , ..., t m e T(E) 
and 7 : (FV(tf U ... U FV(t m )) - X. Then p a (/)(f, a [ 7 ], ... 
CM) = CM e Y, wheret 0 = f(f, ..., t n ). 

(b) It is easy to prove by induction on the length of t. □ 


* It is not, nor is the letter t, a term of course, but a designation (a “name”) 
of the term. 
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definition. A set F(E) of formulas of a signature E - 
= (R, F, /*> is defined by induction. 

(1) If r e R, n(r) = n and t x , t n e T(E), then the word 
r(t x , ..., t n ) is a formula of E. 

(2) If t x , t 2 e T( E), then the word t x ~ t 2 is a formula of E. 

(3) If 4>, ¥ are formulas of E, then (4>' A 4'), ($ v 'F), ($ — 
and -i4> are formulas of E. 

(4) If $ is a formula of E, x e V, then V x4? and 3 x4> are for¬ 
mulas of E. 

Thus the set F{ E) of formulas of E consists of some words of 

the alphabet FUflUFU {A, v,->, = ) U (v, a) U 

U [ (, ) 1 U (,}. For example, if reR,f,g,ce F, ix(r) = #t(g) = 
= 2, g,(f) = 1, ^(c) = 0, then the word 

(V u, 3 v 2 r(v 2 ,f(v 3 )) V -i u 4 « g(v x , c )) 
is a formula of E, while the words 

U I ~ v 2 V U,, C = Uj V V 2 ~ C, 

(v V x r(f(v 3 ), v 2 )), (3 u,r(Uj, u 2 , u x ) V c ~ v 3 ) 

are not (why?). The last word is a formula, but of another 
signature. 

A sequence 4> of some symbols is said to be simply a formula if 
it is a formula of some signature. If $ is a formula, then E(4>) 
denotes a signature all of whose symbols occur in $ and # is a for¬ 
mula of the signature E(4>). It is clear that E($) is uniquely defined 
by 4>. 

A subword of a formula 4> which is itself a formula is called a 
subformula of 4>. Formulas of the form r(t x , ..., t n ) and /, * t 2 , 
where r is a predicate symbol, t 2 are terms, are called 
atomic *. Atomic formulas containing at most one signature sym¬ 
bol are called atomical. Thus an atomic formula of a signature E 
has one of the following forms: 

Vj ~ vj, c ~ Vj , o- * c, vj * / (vj 0 , ..., v in ), 
fiPt 0 , ..., v in ) * vj, r(v io , ..., v in ), r, 


* In some books such formulas are called elementary, but we shall not use this 


term. 
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where c is a constant,/is a function symbol and r is a predicate 
symbol of E. The sign = is the equality symbol or simply equali¬ 
ty. The signs V and 3 are called the universal and existential 
quantifiers respectively. The notation Vx (3x) stands for “for all 
x” (“there is anx”). A formula containing no quantities is called 
a quantifier-free formula. 

The proof of the following three propositions is essentially a 
repetition of the proofs of Propositions 2.1, 2.2 and Corollary 2.1 
respectively. (Considering cases where a formula begins with 
quantifiers does not differ essentially from considering in the pro¬ 
position pointed out the case where a formula begins with a nega¬ 
tion.) 

proposition 2. Any nonatomic formula T of a signature E is 
representable in one and only one of the following forms: 

(* A X), (tvX), (¥ - X), Vrf'.lxt or -i* 

for uniquely defined formulas T and X of the signature E. □ 

proposition 3. If $ is a formula of a signature E and r) and 6 are 
occurrences in <I> of subformulas of T and X respectively, then 
either ij and d have no symbol occurrences or one of them is con¬ 
tained entirely in the other. □ 

proposition 4. Uniquely associated with each occurrence in a 
formula $ of a signature E of the symbols (, -i, V or 3 is some oc¬ 
currence of a subformula of $ whose first symbol is the occur¬ 
rence in question of the corresponding symbol. □ 

definition. A subformula of a formula $ of a signature E 
associated, by Proposition 4, with an occurrence of a quantifier 
V (3) is called the scope of that occurrence of the quantifier V (3). 

In what follows we shall use our convention to drop outer 
brackets (Sec. 2). Notice that a formula of the propositional 
calculus may be regarded as a formula of some signature if it is 
assumed that the symbols of propositional variables are 0-place 
predicate symbols. 

definition. For each formula $ of a signature E we define a set 
FV{< i>) of free variables of the formula 4> as follows. 

(1) If is an atomic formula of the form r, r(t x , ..., t n ) or 
t, ~ t 2 , then the set FV($) is equal to 0, FV(tf U ... U FV{t n ) 
or FV(t x ) U FV(t 2 ) respectively. 
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(2) If <i> = then FF(#) = FV<$). 

(3) If $ = < I> 1 7 -$ 2 , where re (A, V, — ), then FK(<$) = 
= FK(*,) U FV{$ 2 ). 

(4) If 4> = Qxty, where Q e [V, 3), then FV($) - 
= FK(*) \ (x|. 

It is clear that for any formula 4> it is possible to find all the 
elements of FF($) in a finite number of steps. 

An occurrence ?j of a variable x in a formula 4> of E is said to 
be bound if tj is in the scope of some occurrence of the quantifier 
V or 3 immediately followed by the symbol x. If the occurrence ?j 
of a variable x in 4> is not bound, then it is said to be free. If # con¬ 
tains free (bound) occurrences of a variable x, we shall say that x 
occurs free (bound) in <i>. 

proposition 5. If is a formula of E then a variable x is in 
FV(' i>) if and only if there is a free occurrence of x in 4>. 

The proof is easy to carry out by induction on the length of $ 
and it will be left to the reader. □ 

If $ is a formula, then in what follows 4>(x,,..., x n ) will denote 
the formula $ and the fact that FF(4>) c (x 1 ,...,x n ). 

Now we define the main notion of this chapter. 

definition. For an algebraic system SI of a signature E an inter¬ 
pretation of variables 7 : X —• A and a formula $ e F(E) such that 
FF(<l>) c X we define a relation SI t= $[ 7 ] (for “#[ 7 ] is true in 
SI”) by induction on the length of $. 

(1) If $ = r, r e R, n(r) = 0, then SI 1 = $[ 7 ] is equivalent to 
0 6 v J (r). 

(2) If $ = r(t x , ..., t n ), r e R, n(r) - n,t x . t n e F(E), then 

St t= $[ 7 ] is equivalent to (tf [ 7 ], [ 7 ]) e p a (/-) *. 

(3) If $ is equal to t x ~ t 2 , t x , t 2 e F(E), then SI t= $[ 7 ] is 
equivalent to tf [ 7 ] = tf [ 7 ]. 

(4) If $ = -1 ty, then SI t= $ [ 7 ] if and only if it is false say that 
SI t= ¥[ 7 ]. 

(5) If $ = (4>, A $ 2 ), then St t= $[ 7 ] (SI t= [ 7 ] and St t= 

*= * 2 M)- 


* Of course, (2) includes (I), since we have agreed to assume r(t t , ... , t„) 
equal to r when n = 0. We have included (1) here to emphasize the peculiarity of 
0-place predicates. 
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( 6 ) If $ = ($, V <i> 2 ), then 21 t= $[ 7 ] <* (21 1 = $,[ 7 ] or 21 t= 
t= ^M). 

( 7 ) If 4 > = ($, — <J> 2 ), then 21 t= $[7] » (if 21 t= $,[7], then 

21 $ 2 M)- 

(8) If $ = ax'I', then 21 1= #[7] if and only if there is an in¬ 
terpretation 7,: — A such that x e X : , y l I FV($) = 

= 7 f and 21 t= *[7,]. 

( 9 ) If $ = Vx'!', then 21 l= $[7] if and only if for any inter¬ 
pretation 7,: X ] — A such that x e X x and 7, I FV{$) = 

= 7 \ FV($) we have 21 (= ^[7,]. 

It is obvious from this definition that free and bound occur¬ 
rences of variables in a formula $ of E play quite different roles in 
establishing the truth of the formula. Namely, free occurrences of 
a variable x are “assigned” a constant value 7(x) while bound oc¬ 
currences are not “assigned” any constant values and instead all 
possible values of them are considered. 

proposition 6. Let 21 be an algebraic system of a signature E 
and $ € F(L). Ify l :X i — A, y 2 : X 2 — A are two interpretations 
for which FV(<b) c X x D X 2 and 7 , I FV($) = y 2 1 FV($>), then 
21 t= $[7,] » 21 fc= $[72]- 

Proof is easy to carry out by induction on the length of 4 >. □ 

Instead of 21 t= $(x,, ..., x n )[y] we shall often use a more con¬ 
venient notation 21 1= $(a,, .... a n ), where a { = 7(x!), ..., a n — 
= 7(x„). Namely, if a notation $(x,, ..., x n ) occurs in the text, 

then the notation 21 t= $(<?;. a n ), a,, ..., a n e A following it will 

denote 21 1= $(x,, .... x n )[7], where 7 is defined as follows: yx t ■ = 
— a ,, i = 1 , ..., n. Such an abbreviation is possible by Proposi¬ 
tion 6. 

definition. If $ is a formula of a signature E and FV($) = 0 , 
then $ is said to be a closed formula or a sentence. 

If $ is a sentence of a signature E, 21 is a system of E, then the 
relation 21 1= $[7] is independent of the interpretation 7 and we 
shall denote it simply as 21 t= $. It is also clear that if for a for¬ 
mula $, a system 21 and an interpretation 7 a relation 21 t= $[7] is 
defined, then 21 t= $[7] 21 1 E($) 1= $[7]. If $[7] is not true in 

21, then we say that $[7] is false in 21. 

definition. A formula $ is said to be identically true or valid if 
21 1= $[7] for any system 21 of a signature E($) and any interpreta- 
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tion y. FV(< i>) — A. It is clear that in this definition the signature 
E(<I>) may be substituted for by any E 2 E(<h). A set of formulas 
Y c F( E) is said to be satisfiable in a system 21 of a signature E if 
there is an interpretation y. FV($) — A such that 21 t= $[ 7 ] 

♦ e Y 

for all 4> € Y. A formula $ is said to be satisfiable in a system 21 if 
a set {$1 is satisfiable in 21 . 

The notion of the truth of a formula on a system belongs to 
the basic concepts of mathematical logic along with the notion of 
derivability. The importance of this notion is due to the fact that 
many theorems in mathematics can be expressed as statements 
about the truth of some formula on algebraic systems from some 
class. In contrast to the properties of “being a formula” and of 
“being an identically true formula of PC”, in the general case 
there is no effective method that would allow us to establish for a 
sentence $ in a finite number of steps if 21 t= $ is true. This is due 
to the fact that if A is infinite, then ( 8 ) and (9) require checking an 
infinite number of conditions *. In the general case (2) and (3) are 
not “effective” either, since the predicates and functions of an in¬ 
finite system 21 may not be given “effectively”. 

Now we establish a simple but important fact. 
proposition 7 . If f is an isomorphism of a system 21 onto a 
system S3, Tfv,, ..., x n ) is a formula of the signature o/21, then for 
any a x , ..., a n e A the property 21 t= <f>(a,, ..., a n ) is equivalent to 
S3 1 = Tf/h,, ..., fa n ). In particular, if $ is a sentence, then 21 t= $ is 
equivalent to 33 f= T. 

Proof is easy to carry out by induction on the length of $. If $ 
is an atomic formula, then the statement follows from the 
definition of an isomorphism and Proposition 1(b). The induction 
step will be left as an exercise to the reader. □ 

In contrast to infinite systems, the truth of a formula f> on a 
finite system 21 of E($) can be verified in a finite number of steps. 
This is easily shown by induction on the length of <l>. 

definition. Let n e ai , n > 0. A sentence is said to be n-valid 
if 21 1 = $ for any algebraic system 21 of power n and a signature 
E(<h). 


It will be shown in Chapter 7 that this difficulty cannot be avoided. 
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proposition 8 . There is an effective procedure (an algorithm) 
allowing one to establish for any n e w, n > 0, and any sentence $ 
in a finite number of steps whether or not $ is n-valid. 

proof. It is obvious that for a finite set X the sets P(X) and 
X n , new, are finite. For any finite signature E, therefore, there 
is only a finite number of systems of E with a finite carrier X. 
The procedure for verifying ^-validity reduces to writing out all 
the systems of E($) with carrier [1, 2, .... n j and verifying the 
truth of $ on each of the systems written out. As noted above, 
such a verification is carried out in a finite number of steps. □ 
In a similar way to n-validity, 0 < n < «, one can define the 
^-validity of a formula 4> for an infinite cardinal x. As is to be 
shown in Sec. 24, these concepts coincide for all infinite cardinals 
x. What other relations are there between the two concepts? As is 
shown in the next section, if a sentence $ is infinitely valid, then 
there is a number n 0 e w such that 4> is A;-valid for any k ^ n 0 . The 
n-validity of a sentence 4> for any n ew, n ^ 0 , does not in general 
imply (Exercise 4) the validity of 4>. Note that no complete 
description of the set 

5 = {X c w\X is equal to (nl<i> is n-valid} 

for some sentence $) 

has yet been obtained. It is not even known if the set S is closed 
under the complement in the set w. We note here a simple fact. 

proposition 9. For any n e w, n ^ 1 , there is a sentence <!>„ of an 
empty signature E 0 (i. e. E 0 = <0,0 ))such that is n-valid and 
-i 4>„ is k-valid for any k sfc n, k ^ 1 . 
proof. We may choose as 4> n a sentence 

3 Uj ... 3 v n ((-i e, = l > 2 A (“i tq = u 3 A (... A ~i 

»n - 1 * ”„)•••)) A V u 0 (u 0 * u, V (... V v 0 « v n )...)). □ 

The formula V iq V u 2 (P(u,) — P(v 2 )) contains no equality and 
function symbols, is 1-valid and is not n-valid for n > 1. Also 
easily constructed (Exercise 3) is a formula without equality 
and functions, which is £-valid for 0 < k < n and which is not 
m-valid for m > n. It is impossible to construct the formula of 
Proposition 9 without equality and functions in view of the 



110 


Truth on Algebraic Systems 


following fact (Exercise 5): if a sentence 4> contains no equality 
and function symbols, then the ^-validity of $ implies the 
^-validity of $ for any k < n, k £ 0. 

Exercises 

1. Show that for any finite signature E there is a procedure for determining 
from any finite sequence of symbols whether or not it is a formula of E. 

2. Let A be a homomorphism of a system 31 of a signature E into a system 8. 

Then for any atomic x n ) e F( E) and any a,, .... a n 6 A we have 31 i= 

t= 4 >(< 7 i . a„) =» 8 t= i(ha t . ha n ). 

3. Show that the following formula 't„ is A-valid if and only if 1 ^ k ^ n: 

3 v 2 ... 3 v„ + , V u 0 (V v,(r(v 2 , iq) — r(u 0 , u ,)) V 

V (... V V u,(r(u„ + ,, u,) - r(v 0 , u,))...)). 

4. Show that the following formula is n-valid for any n e u>, n ^0, and is not 
simply valid: 

3 t> 0 V e, /(Oj) * u 0 — 3 u 0 3 iq(/(u 0 ) = /(iq) A -> u 0 * iq). 

5. Suppose 0 < k < n < w, a sentence $ is n-valid and contains no equality 
and function symbols. Then $ is fc-valid. ( Hint, Let 31 t= where 31 is a system 
of a signature E($) with carrier (1,2, k j. Construct a system 33 2 31 of power 
n by defining on a set B = ( 1 , 2, ..., n ) predicates r of E($) as follows: 

0 .. i m > e 7®(r) » <Ju -,j m ) e v«(r), 

where j s = /, if i s < k and j s = k otherwise. Then 8 t= 


17. COMPACTNESS THEOREM 

The compactness theorem was proved by A. I. Maltsev in 
1936. It was also he who was the first to show its importance as a 
new method for proving not only theorems of mathematical logic 
but also those of algebra. We shall give a proof of the theorem via 
ultraproducts introduced by Los’ in 1955. 

Given a family of sets S = \X t 1/ e /} the Cartesian product of 
S is the set 

/-prod Xj = [f: I- (J X, I fi eXj). 

ie I 

For j e /, a mapping of /-prod Xj into Xj assigning to an ele¬ 
ment / an element / (j) is called a projection of the Cartesian 
product on the yth coordinate and denoted by the same letter j. 
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Given a filter D on / we define on /-prod X : a relation ~ as 
follows: 

/ ~ g » {/I// = gi ) eD. 

lemma i. A relation ~ is an equivalence on /-prod X r 
proof. The reflexivity and symmetry of - are obvious. 
Let f ~ g and g ~ h. Then the set Y = {/I fi - hi } contains the 
intersection of the sets { i I fi = gi } and [ i I gi = hi ) which are 
elements of D. It follows from (2) and (3) that Y e D. □ 

A mapping assigning to an element / e /-prod X j a 
--equivalence class containing/will be denoted by the same let¬ 
ter D as the filter. The set 

D,-prod Xj = {Df\fe /-prod X x ) 

is called a D-filtered product of sets X jt i e /. 

definition. A D-filtered product of a family of algebraic 
systems {5/1/ e I) of a signature E is an algebraic system 21 — 
= Z)-prod 21,- of E with carrier A = £>-prod A i and the following 
interpretation of E in 21 . 

(1) If c e F and /r(c) = 0, then for/e /-prod A i 

Df = p a (c) * {/I// = F a '(c)) eD. 


2. If seR U F, then for/,, ...,/„ e /-prod A i (Df, ...,Df n )e 
e p a (s) » {/I </,/, ...,/„/> 6 F a '(s)) e D, where n = n(s) if s e 
e R and n - u(s) + 1 if s e F. 

We verify that this definition is correct, i. e. that the sets (s) 
and F a (c) are independent of the choice of representatives /,, ... 
...,/„ and / in the classes Df , ..., Df n and Df. Indeed, let Y k - 
- {/I fi = g k i} e D, 1 s$ k < n. The sets W x = {/!</,/, ... 
...,/„/> e p a '(5)) and W 2 - {il<g,i, ..., g n i> e v n fs)} have the 
same intersections with the element T, fi ... fl Y n of the filter/). 
Hence W x e D » W 2 e D. The correctness of (1) is similarly 
shown. To state that 21 is a system of a signature E it is in addition 
necessary to show that p a ( 5 ) is an operation on A if s e F. Let seF 
and p(s) = n. For elements/,, ...,/„ e /-prod A i we define/ € 
e /-prod A, as follows: fi = v n '(s) (/,/, ..., /„/), / e I. Then 
(Df, ..., Df n , Df)e p a (s). Suppose that for some# e /-prod A x 
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Since p a, (s), i e /, are functions, the set {/1 fi = gi ) contains the 
intersections of the sets (/</,/, f n i, fi > e p a '(s)) and 
{/1 </, , /„/, gi > e p a ' (j) j which are in D. Hence Df - Dg. 

A filtered product {/) -prod SI, is called a Cartesian or direct 
product of systems SI,, i el. We give an independent definition to 
this important special case. Let SI = I -prod SI,- be a system of a 
signature E with carrier A = /-prod A i and the following inter¬ 
pretation of E in A. 

(1) If c 6 F and /t(c) = 0, then 

v n (c)(i) = jA(c). 

(2) If s e R U F, then 

6 v a (5) 6 v a -(j) for all iel, 

where n — fi(s) if s e R and n = n(s) + 1 if s e F. 

It is clear that a mapping assigning to an element/an element 
(/) is an isomorphism of /-prod SI,- onto (/}-prod SI, and so 
without fear of confusion the system /-prod SI,- will also be called a 
Cartesian of direct product. A Cartesian product /-prod SI,- is 

often denoted by SI,- or by SI,, x ... x 21,„ if / = [/,. i n ) is a 

/ € / 

finite set. We point out a simple but useful fact relating Cartesian 
products to filtered products. 

proposition l. For any filter D on I and any systems (SI,-1 i e /} 
of a signature E a mapping D: /-prod A i D-prod A : is a 
homomorphism of a system 21 = /-prod 21, onto a system 21' = 
= D -prod 21, . 

proof. Suppose set? U F is not a constant and </,,...,/„> 6 
e p a (s). By the definition of a Cartesian product {/!<//, ... 

...,/„/> e p a '(s)) = /. Sine e I e D, we have {/!</,/./„/> e 

e v a '(s)} e D, i. e. [£>/,, ..., Df n > e v % ‘ ( s ). The case where s is a 
constant is similar. □ 

In what follows, by a class we mean some property 0 of sets *. 
Sets satisfying a property 0 are elements of the class 0. In par- 

* Since we have assumed ZFC to be a basis, by a property 0 we mean a pro¬ 
perty denoted by the formula $(;t, y t , ... , y n ) of the signature <e 2 >, where the 
variables y t , ... , y„ are parameters. As a “code” of a class K defined via 

parameters a,, ... , a„ one may take a set < <>>,, a, >. (y „, a n >, 4*(jc, y ly ... 

■■■ .>■„)>, where <l>(x, y,, ... , y„) is a formula of the signature <e 2 > for which 

a,, ... , a„) » (b is an element of K). 
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ticular, all sets form a class V which is not a set. The property of 
“being an element of a set X ” defines the set X and so any set 
may be thought of as a class. Of course, one cannot treat classes 
as sets, one cannot, for example, consider the class of all sub¬ 
classes of a given class K. However, if K l ,K 2 are classes, then one 
can define in an obvious way the classes A', (T K 2 , AT, U K 2 and 
K x \K 2 . If a is an element of K, then just as in the case of sets we 
shall say that a is a member of K or is in K and write a e K. 

Given some class K of algebraic systems of a signature £ and a 
filter D on /, we say that K is closed under the D-filtered products 
if for any set (SI, I / e /) of systems in K we have ZFprod SI,- e K. If 
for €>(Xj, ..., x n ) eF(E) we define K ($) to be a class of systems SI 
of a signature t such that for all cr,, ..., a n e A in 21 $(<7,, ..., a n ) is 
true, then it is easily verified that for an atomic formula $ the 
class F($) is closed under any Cartesian products. By Propo¬ 
sition 1 and Exercise 16.2 AT#) is also closed under all filtered 
products for an atomic formula 4>. As is to be shown in what 
follows, this is true not only for atomic formulas. If, however, D 
is an ultrafilter, then for any formula $ e F(E) the class Af($) is 
closed under £>-filtered products (Theorem 1 below). 

definition. A formula $(*j,..., x n ) is said to beD-filtering (on 
a set /) if for any set (21,1 / e I ) of algebraic systems of a signature 
£($) and any Df x , ...,Df n e D- prod A t 

D- prod SI,- (=$(£>/,,...,£>/„)« 

» {*!«,»= *(/!/',...,/„/)} eD. 

If in this definition the implication <= holds instead of & , then 
the formula $ is said to be conditionally D-filtering. A formula $ 
is said to be ( conditionally ) filtering if it (conditionally) filters for 
any filter D. 

If y is an interpretation of some set of variables in /-prod A n 
then by £>(y) we denote the composition of y and D. By i(y) we 
denote the composition of y and the projection on the /th coor¬ 
dinate. 

lemma 2 . If $ and 'ft ( conditionally ) D-filter, then formulas 
VxT, 3x$ and T A 'I' ( conditionally) D-filter. 

proof. Fix some interpretation y of free variables of a formula 
Vx$ in the set /-prod A r 


8—191 
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Let [/121, t= Vx$[/( 7 >]) eD. Then for any/e 7-prod/l,, if we 
consider 7 ' 2 7 such that 7 ' (x) = /, we have 

l»ia, *[/(7')N e 79. 

If $ conditionally filters, then 79-prod 21, t= §[ 79 ( 7 ')] for any 7 ': 
FV(< l>) — 7-prod/l,., 7 Q 7 ', i. e. 79-prod 21,- t= Vx§[ 79 ( 7 )]. 

Suppose 79-prod 21; t= [Z)( 7 )] and $ filters. Consider a set 
X = (/121,- t= Vx<f>[/( 7 )]j. Choose a function f e 7-prod A t such 
that for / e 7 \ X we have 21, t= -> §[/( 7 ')], where 7 ' 2 7 , 
y'(x) = f. Then from the fact that $ filters and from 79-prod 21, 1 = 
t= $[Z>( 7 ')] it follows that X = (/T21, t= $[ 1 ( 7 ')]) e 79. 

The cases of 3x$ and $ .A § are similar and they will be left as 
exercises to the reader. □ 

lemma 3 . Atomic formulas filter for any filter D. 
proof. Let $(x,, ..., x„) be an atomic formula of the form 
s(t } , .... t m ), where s e R, [i(s) = m, ..., t m are terms, let 

7 : (x,. x n 1 — 7-prod Ai be an interpretation of variables and 

f = 7 (x,), i e [1, ...,«}. Then for 21 = 79-prod 91,. 

21 1 = §(79/,. Df n ) </f [ 7 79], .... /«[ T Z9]> e v*(s). 

By Proposition 1 and 16.1(b) we have tf [ 7 D] = Dtf [ 7 ], 1 < j ^ 
^ m, where 93 = 7-prod 21, and so 

<t?[yD),...,t%[yD])er*(s) « <Z>/f [ 7 ], --- 
-,^®[ 7 ]> 6 p s 1 (s) {i\<tf[y](i) . <®[ 7 ](/» 6 p*'(s)) e79. 

Butrf [ 7 ](0 = [/»(/-,, ...,/„)](/) = tj‘(ff, ...,/„/) and so 

<t? M(0, CM(0> e **'(*) * 21,. t= §(//, 

Thus 

79-prod 21; t= §(79/,, ...,79/„) 4 * [/121, 1 = §(/,/, ...,/„/)) e 79. 

The case where § has the form t x ~ t 2 is similar. □ 

theorem 1 . (Los’). Any formula § filters for any ultrafilter 79. 
proof. By induction on the length of §. Since the truth of the 
formulas § — § and § v § is equivalent to that of -> (§ A -1 §) 
and -1 (-1 § A -1 ¥) respectively, by Lemmas 2 and 3 it suffices to 
show that -1 § 79-filters for a 79-filtering formula §. The property 
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0 £73 and Proposition 12.2 yield XdD « I \XeD. Therefore, 
from the fact that $ filters we get 


73-prod 21, t= -"£[7] » (/121, t= $[7/]} d 

£ D (i 121, (= -1 <f> [ 7 /] j e 73. □ 


definition. An algebraic system 21 of a signature £ is said to be 
a model of a set offormulas T of £ if there is an interpretation 7 in 
A of variables occurring free in the elements of T such that 21 t= 
t= $[ 7 ] for all $ e I\ The set T is said to be satisfiable if T has a 
model. The set is said to be locally satisfiable if each finite subset 
of T has a model. 

As a consequence of Theorem 1 we obtain the following very 
important theorem known as the compactness theorem. 

theorem 2. Every locally satisfiable set T of a signature £ is 
satisfiable. 

proof. Consider a set 7 of finite subsets of T. For i e I choose 
systems 21, of £ and interpretations 7 , in A t of free variables occur¬ 
ring in the formulas of / such that 21,- 1 = $ [ 7 ,] for all $ e i. For i e 7, 
consider sets X t = [j e 1 1 i Q j ). The system of sets \X j lie 1} is a 
family of sets with finite intersection property. Indeed, if z 0 , ... 
..., i k el and j = ^ U ... U i k , then j eX io f) ... D X ik . By Prop¬ 
osition 12.1 there is an ultrafilter D such that X j e D for all / 6 I. 
For a variable x occurring free in some element of T we define 
7 (x) e 7-prod A t as follows: 


7 MO') = 


7 , (x) if x e dom 7 ,. 
an arbitrary a e A i otherwise. 


Let $ e T. It is clear that 


X m £ (/I2l, t= *[ 7 /]}. 


Since X { ^ ] e D, we have {/I21, t= $[ 7 /]) e D. By Theorem 1 
73-prod 21, t= $[ 773 ]. □ 

Theorem 2 will be often used in the next chapters, especially in 
Chapter 5. Here we give a simple but sufficiently typical applica¬ 
tion of the theorem (see also Exercise 7). 

corollary i. Iffor any n eu a set offormulas T of a signature 
£ has a model of power ^ n, then T has an infinite model. 


8 
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proof. We take an infinite set of symbols C for which C D 
D (i? U F) = 0 and let E, = (R, F U C, jx, >, where /x, 1 (/? U 

U F) * /x and /x, (c) = 0 for c e C. Consider a set X = T U 

U (-tc « rflc, d e C, c ^ d} of sentences of a signature E,. If 

Y = T, U ( -i q * rf,, ..., -i c n * }, where T, £ T is a finite 

subset of W, then y is satisfiable in a suitably expanded model 21 
of T of power ^ n. By the compactness theorem X has a model SI. 
Since f 81 (c) * f 8 * (t/) for d, c e C, c * d, we conclude that 21 is an 
infinite model of I\ □ 

Since the set C in the proof of the corollary is arbitrary, we 
have in fact shown that under the hypothesis of Corollary 1 the set 
T has a model of a power exceeding any preassigned power. 

Exercises 

1. Show that a filtered product of partially ordered sets is a partially ordered 
set. 

2. Show that the Cartesian product K l x K 2 of two fields cannot be a field. 
(Hint. There are zero divisors in K { x K 2 .) 

3. If all 11/, / e /, are equal to a single system 58, then the Cartesian (filtered) 
product I -prod St (D-prod St/) is said to be a Cartesian (filtered) power of 8 and 
denoted by 58 , ( 58 r > ). Show that 

(a) on all Cartesian powers SB 7 , with I/I > 1, the following formula is false: 

3 u 0 a L>i(r(wo) A (r(v { ) A (-it*) * uj A V ^(riuz) — 

- (4 * mo v t>2 * oi))))); 

(b) a Cartesian power 58 7 , with carrier 58 and set / having more than one ele¬ 
ment, cannot be a linearly ordered set. 

4. Find nonisomorphic algebraic systems SI and S3 for which the system SI x SI 
is isomorphic to S3 x S3. (Hint. Let L = (r l >, A = B = w, (r) = w \ (0), 
p®(r) = w \ (0, 1).) 

5. If D t Q D 2 are two filters on a set /, then there is a homomorphism of a 
system £> r prod 3| onto Z? 2 -prod 93/. (Hint. Consider a mapping assigning to an 
element £>,/ an element D 2 f.) 

6. Let D be a principal ultrafilter on / and Ci D = | zq ) . Then a system 
D-prod 31, is isomorphic to the system SI i0 . 

7. Let T be a set of sentences of a signature £ such that for any algebraic 
system SI of E there is a sentence 4> e T true on St. Show that there is a finite set 

($,.4>„ ) C T such that the sentence (4> t V (4> 2 V ... v $„)...) is an identically 

true formula. 
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THE CALCULUS OF PREDICATES 


18. AXIOMS AND RULES OF INFERENCE 

We fix some arbitrary signature E. In this section we define the 
calculus of predicates of E (abbreviated CP 1 -). 

Formulas of CP E are the formulas of E. Sequents of CP E are 
sequences of the following four types: 

4> 0 , .... 4>„ H h; t- SI f ; H, 

where 4> 0 , ..., $ n , ¥ are formulas of CP E . 

We adopt the following conventions. Let x,, x n be 
variables, let f,, ..., t n be terms of E and let $ be a formula of E. 
By (4?)* 1, we denote the result of substituting terms /,, t n 
for all free occurrences in $ of the variables x,,..., x n respectively. 
If there occurs (€>)f 1, in the text, then it is assumed that for all 

/ = 1, ..., n none of the free occurrences in $ of a variable x ; oc¬ 
curs in a subformula of $ of the form or 3 y$ l for y e 

e FV(tj). By [$]£ we denote a formula ($E. Whenever [<£]£ occurs 

it is in addition assumed that y&FV($). If a notation 4>(Xj. x n ) 

has already occurred in the text, instead of the cumbersome nota¬ 
tion ($)*’.* n we shall often write simply $(/,, ..., t n ). Notice 

that by the convention at the beginning of Sec. 16 the variables x,, 

..., x n are pairwise distinct while there may be equal terms among 

U ’ • • ■ ’ (n • 

definition. Axioms of CP E are the following sequents: 

(1) $ t- $, with 4> a,formula of CP 2 ; 

(2) i- x * x, with x a variable; 

(3) x * y, (4>)J h- ($)*, with x, y, z variables, $ a formula of 
CP E satisfying the condition on the notation ($)£ and ($)£. 

definition. The rules of inference of CP 1 - are the following: 

t r h 4; r h * . , ruAt, 

r h $ a * ' r h * ’ 


117 



118 


The Calculus of Predicates 


P h 4 >a ♦ 

"ri-t ' 

r h $ 

Th 

rh-t 

r i- 4> v * ’ 

r, h- x; r, ^ h X; r h $ v ^ 


rt-x 


r, * k ♦ 
r i- $ - *' 


8 . 

9. 

10 . 

11 . 

12 . 


Pl-4>;ri-$ — 

r - * 

r, -i $ t- 


r h- $ 

r h- $; r i- $ 
__ , 

r, s, r, h- x , 
r, *, $, r, h x ’ 
n-$ 
r, + h"T' 


r h $ 

13.-, where x does not occur free in the elements of P; 

r h~ vx4> 

H. F ’ <*y H * ; 
r, vx* i- 

r i- 3 x $ 
r, 4 > h * 

16.-, where x does not occur free in if and in the elements of P. 

r, 3*$ t- * 


Just as in PC, in the rules of inference $, 'f r , X are variables 
for the formulas of CP and T, T, are variables for sequences of 
such formulas. In Rules 13 to 16 formulas $, 'P and sequences F 
must satisfy the indicated conditions as well as the conditions on 
the notation (4>)f. Just as in PC, if in the rules of inference the 
variables <f>, Sk, <f>' and the variables F, F, are replaced by 
concrete formulas and concrete sequences of formulas, then in¬ 
stances (or applications) of the rules of inference result. If 8 is an 
instance of a rule of inference a, then we shall say that the sequent 
in 0 below the line is obtained from the sequents in 9 above the 
line with the aid of the rule a. The following definition is an 
almost word-for-word repetition of the corresponding definition 
of PC. 

definition. A linear proof in CP E is a finite sequence C 0 , ..., C n 
of sequents of CP E which satisfies the following condition: every 
sequent C ; , / ^ n, is either an axiom or is obtained from some 
preceding axioms using one of the rules of inference 1 to 16. A 
linear proof C 0 . C n is called a linear proof of its last sequent 
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C n . If there is a linear proof in CP E of a sequent C, then C is said 
to be CP E -provable or a theorem of CP 1 . A formula 4> of CP E is 
said to be CP E -provable or a theorem of CP 5 - if the sequent t- <f> is 
CP E -provable. A tree D is said to be a tree form proof or a proof 
tree of a sequent C in CP 11 - if all of its initial sequents are axioms 
of CP E , its passages are applications of Rules 1 to 16 and the final 
sequent is equal to C. 

The definitions of an admissible rule and of a quasiderivation 
coincide with the corresponding definitions of Sec. 3, with PC 
replaced by CP E . 

proposition i. A sequent C is a theorem of CP" if and only if 
there is a tree form proof of it in CP. 

proof. An almpst word-for-word repetition of the proof of 
Proposition 3.1. □ 

A formula 'P of CP E is said to be a tautology if it is obtained 
from a formula $ of the propositional calculus, provable in PC, 
by replacing all of its propositional Variables by formulas of 
CP E , ..., 'it n respectively. The formula $ is called the base of 
the tautology. 

proposition 2 . Any tautology it of L is CP E -provable. 

proof. Let it be obtained from a base $ by replacing its 
variables P x , ..., P n by formulas 'Pj, ..., it n respectively. 

Let a tree £>, be obtained from a proof tree D in PC of the se¬ 
quent h- <i> by replacing the variables P x , ..., P n by 'P,, .... it n 
respectively and by replacing the other propositional variables by 
an arbitrary formula 'L n + , of E. It is obvious that D x is a proof 
tree of the sequent in CP E . □ 

proposition 3. If it is a formula of CP 1 , x x , ■■■,x n are variables, 
t x , ..., t n are terms of E and the conditions of the notation 
($)?,'’ hold, then the following sequents are CP L -provable: 

(a) v x, ... v h- 

(b) (^)n h 3*,... 3*„$. 

proof. Let y x , ..., y n be pairwise distinct variables not occurr¬ 
ing in $ or , ..., t n and different from x x , 

(a) For all 1 < k < n we have an equation 


(vx, + 1 ... 


V ($) 


X\, 

y i, 


Xk - \\ Xk 
yk - \)yk 


= V X 


k + 1 




Xk 

yk 



120 


The Calculus of Predicates 


and all the conditions on such a notation hold. Therefore the 
following tree is a proof in CP E : 




i! >- (*),!:: :^_ 

wx„_ l wx„ (4>)JJ; : j; h 


V v, V X" <J> I— d)*!’ •••• x n 
x ' "• v x » v v y 1 , .rn 

Applying now Rule 13 /7 times we obtain the provability in CP E of 
the sequent 

v*,... v x n $ t- v>,... >fy„(^)y\',:::,y n n - 

We denote the formula (4>)^!. *” by ¥. For 'F then the condition 

on (^ 1 1, holds. For all 1 < A: < n we have 

(»/»., - -»■>■* + . - vr.W,’; 

and conditions on such a notation. Applying again Rule 14 n 
times we obtain the provability in CP E of the sequent 

V T, ... vy n * i— (*%; 

Since ('J r )j’ 1, = ($)*'.the following ( tree is a quasi¬ 

derivation in CP E : 

VTi vy„ * i- 

h- vy, ... vy„ Sk - (4>y r| .v x, ... V x„ $ H Vy, ... vy„ ¥ 

_ 1 1 » •••» *n __, 

vx, ... Vx„ $ h ($)*>; 


(b) The proof is similar to (a). Applying first Rule 15 several 
times we obtain the theorem 

K 3x i 3x « $ - 

Applying then Rule 16 several times we obtain a theorem of CP 5 - 
3Ti 3y„ (*$; :::\y" n y- 3X, ... 3x„$. ( 1 ) 
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Applying again Rule 15 several times we obtain the provability in 
CP 2 of the sequent 

h *y x ... (2) 


where ’J' = ($)*[; • From (1) and (2), just as in (a), we obtain 

the provability in CP 2 of sequent (b). □ 

proposition 4. Admissible in CP 2 are rules (a) to (1) of Pro¬ 
position 3.2 and exercise 3.2, as well as the rule 

(m) _ tl _. 

proof. For rules (a) to (m) the proof essentially coincides with 
the proof of admissibility of the corresponding rules of Sec. 3. 

(m)Let a sequent <f>j, ..., $ k t- ^ be CP 1 --provable. Applying 
Rule 7 several times we obtain the CP 2 provability of the sequent 

I " *, - (* 2 - - (** - ♦)•••). 

Applying Rule 13 several times we obtain the provability of the se¬ 
quent 

h- vx, ... Vx„($, - (* 2 - ... (<t> k - -i 

From Proposition 3 (a) and admissible rule (e) we obtain the CP 2 - 
provability of the sequent 

h (*, - (* 2 - ... (** - *).• •))?,■;;;;; ( 3 ) 

From (3) and the axiom ($,)*'. , x " t- (^ > 1 )^ 1 l . , x " we obtain by 

Rules 8 and 12 the sequent 

(*> >- (* 2 - (•••(** - 


Similarly applying Rule 8 some more times we obtain the pro¬ 
vability in CP 2 of the sequent 


(*,) 


XI, 

t\. 




x n i 

tn V >t\, 


Xn . □ 

l n 


If C is a sequent of CP 2 , then the union of all sets FV($), 
where $ is a formula in C, is said to be a set of free variables of C 
and denoted by FV(C). 
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definition. Let C be a sequent of CP E , SI an algebraic system 
of £ and y an interpretation of variables of FV(C) in a set A. The 
sequent C is said to be true in SI for the interpretation y (and we 
write SI t= CM) if and only if the following conditions hold: 

(1) if C = T (- \k, then either SI t= 'f'M or 21 f= -i$M for 
some formula $ in T; 

(2) if C = T i-, then SI t= -i4>M for some formula $ in T; in 
particular, T is a nonempty sequence. 

If the sequent C is not true in SI for y, then we say that C is 
false in SI for y. It follows from the definition that the sequent t- 
is false on any algebraic system 31. 

definition. A sequent C of CP E is said to be identically true if 
SI t= CM f° r any algebraic system of £ and any interpretation y: 
FV(C) - A. 

It is clear that for a sequent C the property of being true is in¬ 
dependent of what CP E it is treated in (i. e. of E). 

Our main aim in this chapter is to prove the following 
remarkable result due to K. Godel: the class of CP 2 --provable se- 
quents coincides with the class of identically true sequents of CP 2 . 
This statement is called the completeness theorem for the calculus 
of predicates. One part of it is easily proved. 

theorem i. All CP E -provable sequents C are identically true. 
In particular , CP E is consistent, i. e. not all formulas of CP“ are 
CP E -provable. 

proof. By induction on the height of the tree form proof of a 
sequent C. It is obvious that the axioms of CP E are identically 
true. Verification that the Rules of inference 1 to 16 remain iden¬ 
tically true will be left as an exercise to the reader. □ 

Notice only that to verify Rules 14, 15 we should first establish 
the following fact. Suppose that $ is a formula, / is a term and the 
notation (4 >yf has meaning. Let X = FV($), Y = CF((4>)^), 
y:X-A,y*\ Y-A and y I (A\(x]) = 7 *l (T\ {x 1). Then 

SI i= $M « 21 t= ($#[ 7 *], 

if x[y] = /[t*]. This fact is established by induction on the length 
of $. □ 

The second part of the completeness theorem is to be proved in 
Sec. 21. To do this we must first obtain a sufficient number of 
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CP r -provable sequents. The following proposition shows that the 
ordinary properties of equality are CP E -provable. 

If f,, t n , t the terms of £, x,, x n , are variables, then 
( t )*‘’; *" denotes the result of substituting t n for x 1 , x n 

respectively. 

proposition 5. If t, q, s; q l , ..., q„',s l , ..., x n are terms o/E, $ is 
a formula of CP E satisfying the conditions on (<!>)*'■ •••■ x f and on 

($)*'. *” t then the following sequents are CP E -provable: 


(a) i- t 

a 

t\ 



(b) t * 

Q 

i— 

q * f; 


(c) t * 

q, 

q 

* 5" H i 

f * x; 

(d) q x « 

: 

’ ;••> q<t ~ 

^ •- <o?,;- (O-;;;;- 

(e) q x * 

5 i 

> • 

••• • 



proof, (a) The sequent I -t ~ Ms obtained from the axiom 
y-x ~ x by the derived rule (m) of Proposition 4. 

Let x, x,, y, z be pairwise distinct variables. Consider the tree 


h- x a x, x = y, (z = xf x i- (z = xf y 
x * y y = x 
t =* qv- q = t 


Since its initial sequents are axioms and its passages are applica¬ 
tions of the rules of Proposition 4, the tree under consideration is 
a quasi-derivation of sequent (b). The provability of (c) is obtain¬ 
ed in a similar way from the quasi-derivation 

y ° Z, (X - x x ff t- (x « xtf' 
x = y,y = z>-x = z 
t=*q,q = st-t=*s 

Let y,, ...,y n ;z l , .... z„ be pairwise distinct variables different 
from x,, ..., x n , not occurring in terms q { , . •., q n , 5,, ..., s n , t and 
in the formula 4>. From (a), Proposition 4(c) and from the fact 
that the terms (/)*j and ((0J{) Z1 are equal it follows that the tree 

(oa - (tr y \; yi - z„ (0-1 - ((0^)^; i- (0^! - to;} 


y\ = *1 I- (tfy\ = (ty z \ 
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is a quasi-derivation in CP E . If n > 1, then by Proposition 4(m) 
the sequent y x * z l h- (t) x y \\ x y \ ~ U) x \' x y2 is CP E -provable. Apply¬ 
ing to that sequent and to the axiom 


T 2 - z 2 , 


(0 


t Xl,X2 

71,72 


*((') 


x\,X2 
Zl, Zl 



X\,X2 

yuy2 


® (0 


X\,X2 
Z\,Z2 * 


Rule (4c) of Proposition 4 we obtain the sequent 


y\ - W 2 ~ z 2 y- 


( t \xux 2 
v J yi,y2 


(0 


XI, X2 
Zl, Z2 * 


On carrying out a number of such steps we obtain the provability 
in CP E of the sequent 


T, - « z„ h (f$; 




(0 


* 1 , 

Z\, 


X n 
Zn * 


From this we obtain by rule (m)of Proposition 4 sequent (d). 

(e) Since an equation (($)*];**; "fXYzi = ($)*'; ££ is true, 
the sequent 


y\ 


. ('*>) 


XI, X2, 

y\,y2, 


Xn 

yn 


h- (*) 


X\, X2, 
Zl, 72, 


Xn 

yn 


is an axiom. If n > 1, then from this axiom and the axiom 

v * 7 «••••.*" i_ *2. x n \yi 

y 2 ~ z 2> ^>zi,y 2 yn ^ ( w zi,72. yn) Z2 

we obtain by Rule 4(e) ' 

y ~ 7 V « 7 *2. *3. Xn , (i,Y hX2 ’ x * . Xn 

s\ Z l>72 Z 2> t^l,72,73. yn ' 4l, Z2, 73.7* - 


On carrying out a number of such steps we obtain the provability 
in CP 2 of the sequent 


y\ • z i 


1 > 


■>y« * z «> (*> 


y i. 


i— Xn 

yn v 'Zl, •••, Zn * 


From this by Proposition 4(m) we obtain the CP E provability of 
sequent (e). □ 

The following theorem is, of course, a consequence of the 
Godel theorem mentioned above, but it is also easy to prove 
directly. 

theorem 2. //E, c E, then CP E is a conservative extension of 
CP c >. 
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proof. Let D be a proof tree in CP E of a sequent C which is 
also a sequent of CP Sl . Let y be a variable occurring in none of the 
formulas of D. We define a mapping b: T(L) — T(E X ) by induc¬ 
tion on the length of a term t e T(L): 

(a) if t is a variable, then bt = t\ 

(b) if t = /(fj, t n ), where/is a symbol in E,, then bt - 
= f(bt l ,...,bt n y, 

(c) if t = /(f,. t n ), where/is not a symbol in E,, then bt = 

= y- 

If $ is an atomic formula of E, then let 6$ be: (a) a formula 
r(bt x , ..., bt n ) if $ = r(t x , .... t n ) and r is a symbol of E,; (b) a for¬ 
mula bt x * bt 2 if $ = fj « f 2 ; (c) a formula Vy(y = y) if $ = 
= r(t x , t n ), where r is not a symbol of E,. For any formula <f> 
of E we define a formula 6$ of E, to be a result of replacing in the 
formula $ all atomic subformulas V by b^r. Let 5Z> be obtained 
from D by replacing all sequents 'L,, V n h- $ and 'k,, ... 

■ ■■, % I- by S'L,, ..., b'i' n b^ and < 5 '' L 1 .l- respectively. 

It is obvious that the initial sequents of bD are axioms of CP 2 -. It is 
easy to verify that all passages in bD are applications of the same 
rules as the corresponding passages in D. Indeed, verification for 
Rules 1 to 13 and 16 is trivial, and for Rules 14 and 15 it is first 
necessary to notice by induction on the length of <i> (taking into ac¬ 
count x & y) that 6(4>)^ = (6<f>)£, for which in turn it is necessary to 
establish by induction on the length of a term t x for any term t 2 the 
equation b(t x Y n — (. Since M> = $ for all formulas $ of a se¬ 
quent C, bD is a proof of C in CP E| . □ 

In what follows we shall freely use Theorem 2 to avoid men¬ 
tioning CP 21 when the provability of some sequent Cis discussed. 
In particular, we shall say that a sequent C is provable in the 
calculus of predicates or simply provable if C is provable in some 
CP/ 


Exercises 

1. Let a signature E contain propositional variables of PC as 0-place predicate 
symbols. Show that CP E is a conservative extension of PC. (Hint. Use the com¬ 
pleteness theorem for PC and Theorem 1.) 

2. Show that if in one of the Rules 13 to 16 we drop the restriction on the ap¬ 
plication of that rule (in particular, if for Rules 14 and 15 we drop the condition on 
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the notation ($)f), then a not identically true formula is provable in the calculus 
obtained. 

3. Show that if in ail of the Rules 13 to 16 we drop all the restrictions on the 
application of those rules, then all the theorems of the calculus / obtained will be 
1-valid, and in particular / will be consistent. 


19. THE EQUIVALENCE OF FORMULAS 

All the properties of algebraic systems under study are in¬ 
variant under an isomorphism; on the other hand, many proper¬ 
ties of formulas of interest to us are invariant under the 
equivalence relation defined below. 

We fix for further purposes an arbitrary signature E. In this 
section all formulas and algebraic systems have a signature E and 
proofs are considered in CP E . 

definition. Formulas <f> and i' are said to be equivalent (and we 
write $ s ¥) if two sequents, <t> i- 'F and 1 F h- $ are provable. 

It is obvious that the relation s is an equivalence on the set 
F( E) and that all provable formulas of F( E) form one equivalence 
class. By Theorem 1, for any formulas $ s 'F, any system 21 and 
any interpretation 7: FV{$) U FK('F) — A 21 t= $[7] implies 21 t= 
t= *[7]. 

Notice that by Theorem 2 the relation $ s ¥ is independent of 
E. 

definition. Formulas $ and T are said to be propositionally 
equivalent (and we write <f> A if 4> — 'F and 'it — $ are 
tautologies. 

From Proposition 18.2 and Rule 8 we obtain 

proposition 1. Propositionally equivalent formulas $ and 'F 
are equivalent. □ 

proposition 2. If$, 'F afe formulas and x does not occur free in 
'it, then the following equivalences hold : 

(a) -1 3 x $ = v x -1 

(b) -1 V x $ s a x -1 $; 

(c) 1 x: $ A 'it = 3 r ($ A t); 

(d) V x $ A it = V * ($ A 2k); 

(e) 3 * $ V it 3 3 x ($ v *); 
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(f) v x $ v ❖ = vx($v^); 

(g) Vx$s V#]J; 

(h) 3 x$ = ay [$]*. 

proof. We give quasi-derivations for equivalences (a), (c), (e) 
and (g), leaving the verification of the rest to the reader. 



-i 4> l— -i 4> 

$ i_ $ 

(a) 

V x -i $ t- -i $ 

4> p- 3 x $ 


$ P- -i V x -i $ 

1 3xt F -i <t> 


3 x <i> p- 

-i 3xt h VX 1 t 


V x -> $ p- -i 3 a:$ 

->VX$l-3x-i$ 

(c) 

$ I- $ A ¥ 

ir, 4> P- 3 X (4> A ¥) 



♦ , 3xtl- 3 X ($ A ¥) 
-r -- —i ---— 



3 x $ 'i' — 3 X ($ A 'I') 

1- 3 x $ — (t — 3 X ($ A '!')); A ^ h 3):$ 

3 X $ A * h- * — 3 X (<t> A •»); _ 3 X $ A * h- * 

3 X $ A ¥ I- 3 X ($ A ¥); 

$ A ^ I- 4> 

$> A * p- 3 x $ A % i~ * 

3> A * I- 3 X $ A ¥ 

3 ^ (4> A f) h 3 X $ A '{' 

(e) $ i- $ v ¥ 

$ h 3 j: (i V ♦) ¥ I- $ V 'J r 

3*ivti- 3x$V^;3x$H 3 x (<t> V '!'); ¥ l- 3 x (# v ¥) 
3x<t>V't r P-3x(<i>V'J') 

$ I- $ 

$ I- 3 X $ 

$v'ti-ivf;$i-3j:iv'l';i , i-3^4 , v’f' 

$V't r (-3x<t'V'i r 
3 X ($ V ¥) P- 3 X <l> V ¥ ' 

r$i* i- [$] x 

(g)liv—L jLl 

V X $ P- [$]* 

V x $ p- v y [i]* 

Before proving the last sequent notice that [[^]^ = $. This equa¬ 
tion follows from the conditions on the notation [$]£. 
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•- * 

v y [$]* I- j> 
v y [<J>]* (- V *<i>. □ 


proposition 3 . All the equivalences of Secs. 4, and 5 hold if 
and St' are assumed to be formulas ofh. 

proof. Obvious since replacing the propositional variables by 
the formulas of CP E changes the proofs in PC into the proofs in 
CP r . □ 

theorem 3 (Replacement). If a formula $ is obtained from a 
formula St of E by replacing some occurrence of a subformula St' 
by a formula <f>' of I, and = St', then St = St. 

proof. By induction on the length of St. If St' = then the 
statement is trivial. If St = -i or ¥ = ¥, rSt 2 , where r e {A, V, 
— j, then the proof of the induction step is similar to the cor¬ 
responding cases of the replacement theorem for PC (Sec. 4). 
Thus to complete the proof it remains by the induction hypothesis 
to treat the cases where St is of the form VxSt' or 3x^'. Under 
the hypothesis the sequents l- and S’' i- are provable. 
By virtue of the symmetry of 4>' and ¥' it suffices to prove two 
sequents: Vx^' i- Vx4>' and 3xr^' l- 3x4>'. We give their 
quasi-derivations: 

i- $' t- 4>' 


vx’J' i- 

VX'f' i— vx#' ’ 


h- 3x3>' _ 

-. O 

ax'J'' i- 


In defining the truth of formulas on systems, bound occur¬ 
rences of variables play an entirely different role from that of free 
occurrences. In particular, verification of the truth of the for¬ 
mulas Vx4> and Vy [$]* is the same. In the remainder of this sec¬ 
tion we show that replacing bound variables transforms a formula 
into an equivalent formula if under the transformation a new oc¬ 
currence of the variable is bound by the same occurrence of the 
quantifier and no free occurrence of a variable becomes bound 
under such a replacement. We proceed to precise formulation of 
such a transformation. 

definition. A formula is said to be obtained from a for¬ 
mula St by replacing a bound variable if $ is obtained from T by 
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replacing some occurrence of a subformula Qx^ x by a formula 
Qy ['J'i ]y (here Q e {V, 3 j and the conditions on the notation 
['!',]£ hold). We say that formulas $ and ¥ are congruent (and 
write $ ~ 'k) if there is a sequence of formulas <l> 0 , <i> n such 
that $ 0 = 3>, $> n = 'k and $ k + ,, k < n, is obtained from by 
replacing a bound variable. 

example. Consider formulas $ = V d 2 3 v 3 r ( v 2 , t> 3 ) and 'k = 
= V n 3 3 v 2 r ( v } , v 2 ). The sequence 

V v 2 3 u 3 r ( v 2 , f 3 ), V v 2 3 v 0 r ( v 2 , v Q ), 

V c 3 3 u 0 /-(u 3 , v 0 ) Yb 3 3 v 2 r ( v 2 , v 2 ) 

shows that $ ~ Sk. 

proposition 4. (a) The relation ~ is an equivalence on the set of 
formulas ofZ. 

(b) If $ ~ ’k, then = T. 

proof, (a) It follows from the property [['k]]*]^ = 'I', for any 
formula Sk, for which the conditions on the notation [’k,]* hold 
that if ^ is obtained from $ by replacing a bound variable, then $ 
is also obtained from ¥ by replacing a bound variable. From this 
we obtain the symmetry of the relation ~. The reflexivity and 
transitivity of the relation ~ are obvious. 

(b) By the replacement theorem it suffices to show that 
Qx'i r l s Qy[ 1 F ! ]^, Q e (V, 3). But this follows from Proposi¬ 
tion 2 (n), (h). □ 

As already noted, we shall be interested in formulas mostly 
“up to” an equivalence, and so notation will be allowed of the 
form <!>, a ... A V > etc - anc * others from which the for- 

k < n 

mulas are ambiguously reconstructed but equivalent formulas are 
obtained with any bracket arrangements. 


Exercises 

1. Show that the relation ■ is an equivalence on F(L). 

2. Prove statements (b), (d), (f) and (h) of Proposition 2. 

3. Show that for any formula $ and any variables x t . x„ there is a formula 

♦ such that ♦ = <f> and |jr, , .... x„ ) £ FV(ir). 


9—191 
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20. NORMAL FORMS 

Since we shall be concerned mostly with formulas “up to” an 
equivalence, it is useful to choose such subsets P £ F(E) of for¬ 
mulas that are constructed as far as possible more simply than ar¬ 
bitrary formulas and in such a way that for any $ e F(E) there is 
k e P for which $ = k. Some of such subsets will be defined in 
this section. 

We shall say that a formula k of E is in disjunctive normal 
form (abbreviated dnf) if it is obtained from a formula k of the 
propositional calculus which is in dnf by replacing all proposi¬ 
tional variables P,, P n occurring in k by some atomic for¬ 
mulas k,, k n of E respectively. 

definition. We shall say that a formula $ of E is in prenex 
normal form if it has the form 

Q\ X l Qn x n*l> 

where Q jt 1 < / ^ n, are quantifiers and k, is in dnf. In this case 
k, is called the matrix of the formula $ and Q 0 Xq , Q n x n is its 
quantifier prefix. 

theorem 4. For any formula k o/E there is a formula V of E 
which is in prenex normal form and equivalent to k. 

proof. By Proposition 19.3 formulas k, — k 2 and -ik, v k 2 
are equivalent for any k,, k 2 e F(E). Hence for any k 6 F(E) it is 
possible to obtain a formula k, = k containing no — sign by ap¬ 
plying several times Theorem 3. We show by induction on the 
length of a formula k, containing no — sign that there is k 2 = k, 
of the form 

Q\y\ Q k yk%’ 

where k 3 is a quantifier-free formula, and the length of k 2 is equal 
to the length of kj. If k, is quantifier-free, then we take k, as k 2 . 
If k, = Qx'St', then the required k 2 exists by the induction 
hypothesis and Theorem 3. Thus it remains to consider the cases: 
(1) k, = -ik' and (2) k, = (k'rk"), re (A, v), where k' has 
quantifiers and is in the form Q 0 x 0 ... Q n x n X, where X is a 
quantifier-free formula. (Here we have used the equivalence 
(k / rk") = (k"rk') so as to state that k' has quantifiers.) Let 
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= 3x? 4 . The case with the other quantifier is treated quite 
similarly. From Proposition 19.2(a) we obtain for case (1) an 
equivalence 'P, = v x -> ^ 4 . The required for case (1) then 
exists by the induction hypothesis and Theorem 3. Consider case 
(2). Let y be a variable not occurring in 'F 1 . From Proposi¬ 
tion 19.2(h) and Theorem 3 we have 'F 1 = (3 .yf'PJ^T'P"). From 
equivalences (c) and (e) of Proposition 19.2 we obtain 'P, = 
= 3 y([*n] x y T' f"). The required >P 2 can now be found by the in¬ 
duction hypothesis and Theorem 3. 

To complete the proof of the theorem, it is necessary by 
Theorem 3 to find = 'Pj in dnf for a quantifier-free ^P 3 . To do 

this we replace all atomic subformulas <P 0 .of 'Pj by pro- 

positional variables P 0 , ..., P n respectively and obtain a formula X 
of the propositional calculus. Let X[ be a formula of the proposi¬ 
tional calculus in dnf with the same variables as in X for which 
X, h X and X l- X, are theorems of PC. Let <f>' be obtained 
from X, by replacing P 0 , ..., P n by $ 0 , respectively. Then 

$' s ’pj and so by Proposition 19.1 $' = ¥ 3 . □ 

definition. We say that formula $ of E is in reduced normal 
form if all of its atomic subformulas are atomical. (See Sec. 16 for 
the definition of an atomical formula.) 

proposition l. For any formula T o/E there is a formula 'P of 
E in reduced normal form. 

proof. By Theorem 3 it suffices to prove the proposition for an 
atomic formula $. We proceed by induction on the number n($) 
of occurrences of signature symbols in <3?. If n($) < 1, then $ is an 
atomical formula and there is nothing to prove. If /!($) > 1, 
then there is an occurrence of a term t of the form/(u,,, ..., v ik ) in 
$. Hence <f> = ($'}>', where <P' is obtained from $ by replacing 
this occurrence by a variable y not occurring in $. 

The following quasi-derivations: 

<f> i— $; i- t » t y » t, <f>' i— <f> 

$i-(4>'A^ = r)^ Ay « n- P 

$ h 3 a y » /) ’ 3^($' Aj = ;) h i 

show that $ s 3 .yf'P' A y « t). Now we apply the induction 
hypothesis to and Theorem 3. □ 


9 
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Notice that in Theorem 4 it is possible to require without 
changing the proof that the formula 'it should be in reduced nor¬ 
mal form if $ is in reduced normal form. Therefore we have 
corollary l. For any formula $ o/E there is a formula i' o/E 
which is in prenex reduced normal form and is equivalent to 4>. □ 
In what follows, instead of “prenex (reduced) normal form” 
we shall write “prenex (reduced) nf” for brevity. 

Exercises 

1. Show that in Theorem 4 it is possible to require that formulas 4> and T 
should have the same number of occurrences of quantifiers. 

2. Show that in Theorem 4 it is possible to require that V should have the 
form: 

3x 0 Vx, ... 3x n _ ,vr,r. 

3. Verify that in Theorem 4 and Proposition 1 it is possible to require that 
FV($) = FV(V). 


21. THEOREM ON THE EXISTENCE OF A MODEL 

definition. A set of formulas X of E is said to be inconsistent 
or incompatible if in the calculus of predicates a sequent T I—, 
where all elements of T are in X, is provable. Otherwise X is con¬ 
sistent or compatible. , 

Note some simple properties of the notion. 

proposition l. (a) An empty set is consistent. 

(b) If X is a consistent set of formulas of I. and in the calculus 

of predicates a sequent .4> n i- <i>, where $ e F( E), 4> 0 e 

el, ..., 6 X, is provable, then XU (4> 1 is consistent. 

(c) If X U [ 3 x $) is consistent, then X U ([$]*) is consistent 
provided y does not occur free in the elements of X. 

(d) If X n , n e co are consistent sets and X n c X n + t , n e w, 
then X = u X n is consistent. 

i € OJ 

(e) If X is a consistent set of formulas o/E, then for any <i> e 
e F(E) either XU {$} or X U [ -i $) is consistent. 

proof. Statement (a) follows from Theorem 1. Statement (d) is 
obvious. If h- $ is a theorem of the calculus of 
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predicates, then the provability of the sequent , .... 'i' k , $h- 
implies that of 'k,, .... ^r k t-, so that (b) holds. If the 

sequent [$P I- is provable in the calculus of predicates 

and y does not occur free in any of the formulas 4> rt , then 

by the rule of Proposition 18.4(d) and Rule 13 we obtain the pro¬ 
vability of $>,. h V y -i [$]*. Then it follows from Pro¬ 
position 19.2(g) that a sequent $ n i- V * -i $ is provable. 

From Proposition 19.2(a) it then follows that ..., t- 
h- -i 3x$ is provable. Using now Rule 10and the axiom 3x§ (- 
h 3 x $ we see that <i> n , 3x4* I- is a theorem of the 

calculus of predicates, whence we obtain (c). If $ n $ h- and 

^, —i <t> i— are theorems of the calculus of predicates, then 
by Rule 9, Proposition 18.4(d) and Rule 10 we obtain the pro¬ 
vability of the sequent , j .., $ n , , ..., i—, i. e. (e) holds. □ 

We now proceed to prove one of the most important theorems 
of mathematical logic. 

theorem 5 (Existence of a Model). Any consistent set X of 
formulas of E has a model. 

proof. By the compactness theorem (Sec. 17) it may be assumed 
that Wis a finite set. Let x ,, ..., x„ be all variables occurring free in 
the elements of X = {^ . Since if X is satisfiable, X‘ = 
= (3 Xj ... 3 x n ('k, A ... A )) is satisfiable, it may be assumed 
that X consists of a single sentence. Finally, E = </?, F, n) may be 
assumed to be finite. (If £ is infinite, then it is necessary to take a 
restriction of E on the set of symbols occurring in the element X.) 

Let C — ( c n I n e w) be a set of symbols, c n =£ c k for n =£ k and 
C H (R U F) = 0. Let E, be obtained by adding to E the 
elements of C as symbols of new constants. Since formulas of E, 
are words of some countable alphabet, the set of all formulas of 
Ej has a countable power. Let ($ n l n e w) be the set of all 
sentences of E,. 

We construct a sequence 

X 0 c X x c ... c X n c ... , n e «, 


of finite sets of sentences of E, as follows: 

1. W 0 = W. 

2. If X n U [4> n ) is inconsistent, then X n + , = X n U { -i$ n ). 
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3. If X n U (4> n J is consistent and 4> n does not begin with 
existential quantifier, then X n + , = X n U {J. 

4. If X n U () is consistent and 4> n = 3 x4>', then X n + , = 
= X n U (4> n , ($' Y Ck ), where c k e C is a constant with the least k, 
not occurring in 4> n and the elements of X n . 

Set X u = \JX n . We establish some properties of X u . Let 4> 

/jew 

and ^ be arbitrary sentences of S,. 

(a) X u is consistent; 

(b) either 4> e X a or -> 4> e ; 

(c) if 4>,, 4> n € X and 4>,, ..., $ n h <f> is provable, then 4> e 

(d) 4> A * e X u * (4> e X 0 and * e XJ-, 

(e) 4> V * e X a * (4> e X a or * e XJ; 

(0 - *eX u « $*X U -, 

(g) #-»6^#($a,ort6 XJ-, 

(h) 3 x <i> e X w » (($)* e for some c e C); 

(i) V x $ e X a « (($)* e A^ for any c e C); 

0) if t is a closed term of E, then c « t e X u for some c e C. 

To prove (a) it suffices to establish by Proposition 1 (d) that 
X n ,n e co are consistent. We proceed by induction on n. Under the 
hypothesis X 0 - X is consistent. Let X n be consistent. If for 4> n 
Case 2 holds, then X n + , is consistent by Proposition 1 (e). In 
Case 3 X n + , is consistent under the hypothesis. Let X n U 
U (3x$') be consistent and suppose that D is a proof tree in 
CP E| of a sequent 'L,, ..., , 3 x 4>', [$']£ i- where c e C does 

not occur in the formulas f'j, ..., 3x$'. Let y be a variable 

not occurring in D and D' be obtained from D by replacing all oc¬ 
currences of c byy. It is obvious that D' will be a proof in CP E| of 
the sequent , ..., V k , 3 x 4>', [4» ' f-, which contradicts Pro¬ 
position 1(c). Property (a) is thus proved. Property (b) follows 
immediately from the construction of X u , since 4> = 4> n for some 
new. Property (c) follows easily from properties (a) and (b). Prop¬ 
erties (d) to (g) follow easily from properties (a), (b) and (c). We 
prove property (h). Let 4? n = 3x4>. If 3x<f> e X u , then by Property 
(a) X n U [ 4>„ ) is consistent and so by construction (4>)£ e X n + , 
for some c e C. On the other hand, since (4>)£ i- 3x4> is a theorem 
of the calculus of predicates, it follows from (4>)£ e X u and proper- 
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ty (c) that 3x$ e X u . We prove property (i). If Vx# e X u and c e 
e C, then from the axiom ($)£ i— (<f>)* we obtain by Rule 14 a 
theorem Vx<3> i- ($)£. From this, by property.(c) we obtain e 
e X u . If vx<i> £ X u , then by property (f) -i Vx4> € X u . From the 
equivalence -i Vx<i> = 3x-> $ and (c) we obtain 3x-> 4> e X a . By 
property (h) (if>)J e for some c e C. Then by property (f) 
{$Y C t X w . We now prove the last property, (j). By Proposition 
18.5(a) i-(x = y) x t is a theorem of the calculus of predicates. By 
Rule 15 I- 3x(x * t) is also a theorem. Now (j) follows from (c) 
and (h). 

We define the relation ~ on the set C as follows: 
c ~ d « c * d e X„. 

<j) 

It follows from property (c) and Proposition 18.5 (a) to (c) 
that ~ is an equivalence on C. If c e C, then we denote by c a 
~ -equivalence class containing c. We proceed to define an 
algebraic system SI = (A, p 8 >. Let A = [clc e C). The 
signature of SI is E, = (R, F U C, /t, >. We define an interpreta¬ 
tion i* 8 of E, in A. Let c, d,, ..., d„ e C. Then 

(1 )*(c)=c, 

(2) <cT,. d n ) e j^ a (r) » r(d x , ..., d„) e X u , where r e 

G R, n(r) = n\ 

(3) if /g F, M (/) = n, then , a (/)(d~, .... d„) = c « c * 

®/(^i. d n) eX u - 

The correctness of defining the predicates of 31 by point (2) 
follows from property (c) and Proposition 18.5(d). We verify that 
if fe F, then point (3) is indeed a definition of an operation on A. 
Let c ~ f(d i , ..., d n )eX a , c’ = /(e,, ..., e n ) e X a and d, = 
= e\,...,d n = e;. Then d, * e x e X u , d„ » g from 

which by property (c) and Proposition 18.5(d)/(d,.d„) ~ 

= /(e,, .... e n ) g X u and hence, by property (c) and Proposition 
18.5 (b) to (d), c » c' e X u , i. e. c = c'. On the other hand, for 
any d,, ..., d n g property G) yields c ~ f(d x , .... d n ) g X w for 
some c g C, i. e. v® (/) is defined at any a,, ..., a„ e A. 

We show by induction on the length of a closed term t of E, 
that 
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If t is a constant in C, then (1) follows from the definition of the 
relation ~ and point (1) of the definition of p 8 . For terms t of the 
form f(d x , ..., d n ), where d x , d n e C and/e F (in particular, 
when t is a constant of E), equivalence (1) follows from point (3) 
of the definition of iLet t = f(t x , ..., t n ),f e F, /i(f ) = n ^ 1 
and tf = df x , ..., tf = d n . By the induction hypothesis d x = /, e 

g X u . d n * t n e X u and so from Proposition 18.5 (d) and 

property (c) we get 

fit j,.... t„) = f(d x , ...,d„)eX u . (2) 

By the definition of v* (/) we have 

t^c-^c^f(d l ,...,d n )eX u . (3) 

From (3), (2), Proposition 18.5 (b), (c) and property (c) we 
obtain (1). 

By induction on the length of a sentence $ of E, we show that 
21 i= $ » $ e X u . (4) 

If $ = fj « t 2 , then according to (1) we have 

21 t= » (c » t x e X u , c « t 2 e X u for some c e C). 

From this by Proposition 18.5 (b) to (d) and properties (c), (j) we 
obtain (4) for this case. Let $ = r(t x , ..., t n ), r e R, and tf = 
= d x , ..., tf = d n . Using the definition of (r ), (1), Proposition 
18.5 and property (c) we obtain (4) for such 4>. For the remaining 
sentences $ equivalence (4) follows immediately from the induc¬ 
tion hypothesis and the corresponding properties (c) to (i). 

Since X c X u it follows from (4) that 21 is a model for a set 
X. □ 

A consequence of the above theorem is 
theorem 6 (Godel’s Completeness Theorem). If 4> is an iden¬ 
tically true formula of the calculus of predicates , then 4> is 
provable in the calculus of predicates. 

proof. Since $ is an identically true formula, it follows that the 
set ( -i $} has no model. From Theorem 5 we see that { -i 4> j is in¬ 
consistent, i. e. -i$(~ is a theorem of the calculus of predicates. 
Using Rule 9 we conclude that $ is provable. □ 

The proof of Theorem 5 gives us the following fact: a finite 
consistent set X of formulas of E has a finite or countable model 
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21. Unfortunately, the compactness theorem we have used for an 
arbitrary set X tells us nothing about the power of a model for X. 
However, the power of the method of proving Theorem 5 allows 
us to do without the compactness theorem and at the same time 
acquire information about the power of the model obtained. We 
first introduce one notion. 

definition. A set of sentences X of E is said to be complete in E 
if X is consistent and for any sentence $ of E either $ e X or -i $ e 
e X. 

proposition 2 . Any consistent set X of sentences of E is con¬ 
tained in some complete-in-Z set of sentences Y. 

proof. Consider the family P of all consistent sets of sentences 
of E containing X. The inclusion relation Q partially-orders the 
set P. It is obvious that the union of any chain of (P, Q > is in P. 
By the maximum principle (P, Q > has a maximal element Y. It 
follows from Proposition 1 (e) that Y is a complete-in-E set. □ 
theorem 7. If an infinite set X of formulas of E is consistent, 
then X has a model % of a power not greater than that of X. 

proof. Let FV(X) be all variables occurring free at least in one 
of the formulas of X. Consider a set C' = [c x \x e FV(X)} of 
symbols such that c x A c for x * y and C' fl (R U F) = 0. Let 
E(X) be a signature all symbols of which occur at least in one of 
the formulas of X. Suppose that E 0 is obtained from E(A) by ad¬ 
ding elements of C' as symbols of new constants. By Corollary 
13.1 IE 0 I ^ I X I. Replace in all the formulas of X all free occur¬ 
rences of the variables x e FV(X) by constants c x e C' respective¬ 
ly. It is clear that the obtained set X' of sentences of E 0 has a 
model if and only if A has a model. The set X' is consistent *. In¬ 
deed, suppose that D is a proof tree of a sequent ($," ’ x " x , ... 

(**)£;/:::/£„ H - where , •••, e X and c xi , ..., c Xn are all 

constants of C' occurring in D. On replacing the constants 
c X[ , ..., c Xn by variables y x , .... y n not occurring in D, we obtain a 
proof D' of the sequent (3>,)*j; ..., t- . Applying 

Proposition 18.4 (g) (after first transposing one of the formulas to 


* For reasons that are to become clear at the end of this section we are giving 
here a proof which is not based on Theorem 5. 
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the right with a negation sign) we obtain the provability of , ... 
i-, which contradicts the compatibility of X. 

We proceed to construct sets of sentences X n , n e u, and 
signatures E n , n e co. The following conditions will hold: 

(1) X n c X n + i ,neu,X' c X 0 \ 

(2) X n is a complete-in-E n set of sentences; 

(3) a signature L n + j is obtained from E n by adding new sym¬ 
bols of constants; 

(4) IE„I < \X„ \ = \X\,new. 

As X 0 we take a complete-in-E 0 set of sentences, containing X '. If 
X n is already constructed, then £„ + , is obtained from E n by ad¬ 
ding a set (c| 1$ e X n ) of new symbols of constants. Consider a 
set of sentences 

x; =X„U = 3x<f>,*eX„} 


of E n + ,. The set X' n is consistent. Indeed, suppose that for 


the sequent 

£ X n’*l 

= 3Z,*,,.... = 3 z m $ m 

m ’ 




is provable and m is such a minimal number. On replacing in the 
proof D of this sequent the constant c^, by a variable y not occur¬ 
ring in D we obtain a proof D' of a sequent 


*i'.**. [*i]?. 


(* 2)3 >" 


c * 


It follows from Proposition 1 (c) that the sequent 


..., *'3 z , *,,($,) 


c *y 




is provable, which contradicts the minimality of m. As X n + i we 
now take a complete-in-E n + j set of sentences, containing^'. Let 
x a = U X n and let C be the set of all constants of all E„, n e o>. 


Since every X n is consistent, so is X u . It is also obvious that X u is a 
complete-in-E u set, where E u = U E n is obtained from E by add- 

ne a> 

ing elements of C as symbols of constants. Hence X u has proper¬ 
ties (a) and (b) of the proof of Theorem 5, where E u is considered 
instead of E,. If properties (a) and (b) hold, then properties (c) to 
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(g) hold. Property (h) follows from the construction of sets , 
n e o>. Finally, properties (i), (j) follow from property (h) just as in 
Theorem 5. It is then necessary to repeat the end of the proof of 
Theorem 5 beginning with the definition of the relation ~ on C. 

It remains only to notice that the power of a model 21 is not 
greater than that of the set C which in turn is the union of a count¬ 
able number of sets with a power not greater than that of X and 
hence has a power not greater than that of « x X. By Corollary 
13.1(a) we have \u x X\ = \X I. □ 

Theorem 7 together with Theorem 1 gives also a new proof of 
the compactness theorem. (See the footnote on page 137). 

Exercises 

1. Give an example of a formula $ of the calculus of predicates for which the 
sets |4>) and (-i5>) are consistent. 

2. Derive the compactness theorem from Theorems 1 and 7. 

3. From Theorems 1 and 6, obtain a characterization of provable sequents of 
CP E : a sequent Cof CP is CP--provable if and only if Cis identically true. 


22. HILBERTIAN CALCULUS OF PREDICATES 

We fix an arbitrary signature E. All signature-dependent no¬ 
tions of this section will relate to E. 

In this section we treat CPj' called the Hilbertian calculus of 
predicates and show its equivalence in a certain sense (Theorem 9) 
to CP E , just as the equivalence of PC and PC, was shown in 
Sec. 8. 

The definition of a formula of CP^ is the same as that for 
CP E . There are no sequents in CPf. 

The axioms of CPf are obtained from the following fourteen 
schemata by replacing the variables <i>, X by concrete formulas 
of CPip; x, y, z are variables and t are terms of CPf : 

1 . 4 > - (* - $), 

2. (4> - *) - (($ - (¥ - X)) - (* - X)), 

3. ($ A ¥) - 

4. (4> A '!') — ' it , 

5. ($-¥)- ((* - X) - ($ - {it A X))), 
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6. $ — ($ V 'i f ), 

7. $ - (t V $), 

8. (* - X) - ((* - X) - (($ V *) - X)), 

9. ($ - ¥) *)-- $), 

10. -i -i $ — 

11. V X $ — ($)f, 

12. ($)* - 3x$, 

13. x « x, 

14 .x~y- ((#)* - (*)*)• 

The rules of inference of CPf are: 

j 4>, 4> — 

• * ’ 

2 * - * 

* - V X 4 > ’ 

3 * ~~ * 

3 X 4> — ¥ ’ 

where x does not occur free in 'fr in Rules 2 and 3. 

A proof in CPf of a formula $ is a sequence $ 0 , ..., $ n of for¬ 
mulas of CPf such that $ n = $ and for every / ^ n satisfies one 
of the following conditions: 

(1) is an axiom of CPf, 

(2) is obtained from some $ y ., j < i, by one of the Rules 1 

to 3. i 

If there is a proof in CPf of a formula 3>, then $ is said to be 
CPf -provable or a theorem in PCf (and we write > $). 

A derivation in CPf of a formula 4> from a set offormulas G is 

a sequence 3> 0 .of formulas of CPf such that $> n = $ and 

for every i ^ n a formula <i> ( . satisfies one of the following condi¬ 
tions: 

(1) is provable in CPf, 

(2) is in G, 

(3) <f> ( . is obtained from some <t> y , j < i, by one of the Rules 1 
to 3. The variable x must not occur free in any of the formulas of 
G when Rules 2 and 3 are applied. 

If there is a derivation in CPf of a formula 4> of G, then $ is 
said to be CPf -derivable from G. G is then called a set of 
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hypotheses. It is obvious that the derivability of a formula is 
equivalent to its derivability from an empty set of hypotheses. 
Therefore the derivability of $ from G may be denoted by G > $. 
In this section, unless otherwise stated, by proof and derivation 
we mean proof and derivation in CPf. 

The rule of inference 


*1. *k 

4 > 

is said to be CPf -admissible if adding it to CPf does not affect the 
set of provable formulas. 

proposition l. The following rules are CPf - admissible : 

4> (4>T (4>P- * * - ($)* 

(a)-; (b) ; (c) _i Jl - ; ( d ) -. 

V X 3 X ^ ^ '• 3 jf $ 

proof, (a) Let ¥ be some provable sentence. Then by Axiom 1, 
the provability of $ and Rule 1 we get > ¥ — $. By Rule 2 we get 
> — vx$. From this the provability of follows by Rule 1. 

(c) The formula Vx$ — >t r is obtained from the axiom — 
— ($Y t and the theorem ($)f — ¥ with the aid of Axioms 1, 2 and 
Rule 1. 

The proof of statements (b) and (d) will be left to the reader 
(Exercise 1). □ 

Formulas $ and 'F are said to be equivalent in CPf if provable 
in CPf are the formulas $ — ¥ and — $ (this is denoted by 

$ A ¥). 

proposition 2 . Any tautology $ is CP \ -provable. 

proof. Let % be a base of $. By Theorem 8.11 ¥ is CP,- 
provable. It is clear that on replacing the propositional variables 
in the proof in PC, of the formula Sir by the corresponding for¬ 
mulas of CPf we obtain a proof of $ in CPf. □ 

corollary i . If $ and T are propositionally equivalent for¬ 
mulas of CP“, then the CPf provability of $ is equivalent to the 
CPf provability of T. □ 

theorem 8. (Deduction). If G U (4>, ¥} is a set of formulas of 
CPf then G U [<£) > ¥ implies G > $ — 1 F. 

proof. By induction on the length n of a minimal derivation 
of ¥ from G U (4>). The case where n = 1 (i. e. ¥ is a 
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theorem of CPf or is in G U ($)) as well as the case where is 
obtained by Rule 1 are quite similar to the corresponding cases for 
PC! and have already been treated in the proof of Theorem 8.12. 
Since the derivation is minimal, it remains to treat the cases where 
'F is obtained from _ , by Rule 2 or 3. By the induction 
hypothesis we already have G > $ — 't' n _ ,. 

Let _ j = (9, — 0 2 ) and 'F = (0, — Vx 0 2 ). By the defini¬ 
tion of derivation, x does not occur free in <f>, the elements of G 
and 0,. Since $ — (X, — X 2 ) and (4> A X,) - X 2 are proposi- 
tionally equivalent for any formulas X,, X 2 , by Corollary 1 the 
sequence 

$ - _ p ($ A 0j) - 0 2 , ($ A 0,) - VX0 2 , 

$ - (0, - VX0 2 ) 

can be supplemented to a derivation of $ — ¥ from G. 

Now let ¥ be obtained by Rule 3. Then 'ft n _ , = (0j — 0 2 ) 
and ¥ = (3x0, — 0 2 ). Here x does not occur free in 4>, 0 2 and the 
elements of G. By virtue of the propositional equivalences 

3>-* n _,=0,-(S>-~0 2 ) and 3x0, -($-0 2 ) = (3x0,-0 2 ) 

the following sequence 

* - % _ „ 0, - (* - 0 2 ), 3x0, - (3> - 0 2 ), 

* - (3x0, - 0 2 ) 

can be supplemented to a derivation of $ — ^ from G. □ 

corollary 2 . Let $,, ..., , $ be formulas of CPf. Then 

[4>,, ..., f> n } > $ is equivalent to > $, — ($ 2 — ... (4> n — $)■••)> 
which in turn is equivalent to > ($, A (...($ n _ , A <f> n )...)) — $. 

proof. For the first of the equivalences we apply n times 
Theorem 8 and Rule 1. For the second the same reasoning is ap¬ 
plied as that in Corollary 8.1. □ 

theorem 9. For a formula $ to be CPf -derivable from the set 
of all terms of a finite sequence of formulas T it is necessary and 
sufficient that the sequent Y v- $ be CP E -provable. In particular, 
the sets of CPf - and CP Z -provable formulas coincide. 

proof. By Rules 7 and 8 of CP E a sequent 'F,, ..., '$? n t- $ is 
CP E -provable if and only if so is k— SP, — (^ 2 — ... (^ — $)...). 
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Then it follows from Corollary 2 that to prove necessity it is possi¬ 
ble to restrict one’s attention to the case T = 0. It is easily 
verified that the axioms of CPf are identically true and that the 
rules of inference of CPf remain identically true. Therefore 
necessity follows from Godel’s completeness theorem. 

Sufficiency. It is obvious that if T h $ is an axiom of CP E , 
then T > <t>. (Here and on we allow some abuse in notation: we 
should write ('F,, .... ) > # if T = , ..., ¥ n >.) Let $ 0 be 

some sentence of E. Since the rules 

r h r I- $ 0 a -i 4> 0 

r i- $ 0 a -i 3> 0 ’ r h 

are CP z -admissible, it remains to show that if in the rules of in¬ 
ference of CP E we replace the H sign by > and T i- by T t> $ 0 a 
-i , then the truth of the statement above the line will imply the 
truth of the statement below the line. For Rules 1 to 12 verifica¬ 
tion is the same as in Theorem 8.11. For Rules 13 and 15, when 
T = 0 this is true by virtue of Proposition 1 (a), (b). For the re¬ 
maining cases this follows from Corollary 2, Rules 2, 3 of CPf 
and Proposition 1(c), (d). □ 

From the theorem above and Theorem 2 we obtain 

corollary 3 . If E, c E, then CPf is a conservative extension 
ofC Pf>. □ 

From Theorem 9 it also follows that $ A 'ft is equivalent to 
4> = T. 

corollary 4. Let XU [ T j be a set of formulas of E and let Y 
be the set of all variables occurring free at least in one of the for¬ 
mulas of X U ($}. For X > to hold it is necessary and suffi¬ 
cient that the following condition hold : for any algebraic system 21 
o/E and any interpretation 7 : Y — A, if 21 t= ^[ 7 ] holds for any 
tel, then 21 $[ 7 ]. 

proof. Since a derivation contains only a finite set of formulas, 
X > $ is the same as X x > $ for some finite X x c X. Necessity 
then follows from Theorems 1 and 9. If 21 t= ^[ 7 ], ¥ e ^implies 
21 t= $[ 7 ] for any systems 21 of E and 7 : Y — A, then the set 
XU ( -"F) has no model. Hence by Theorem 5 a sequent tF,, ... 

1 - $ is provable for some t,.t n e T and sufficiency is 

obtained from Theorem 9. □ 
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Exercises 

1. Prove statements (b) and (d) of Proposition 1. 

2. Prove that r > 4> if and only if there is a sequence 4> 0 .4>„ of formulas of 

CPj' such that <f>„ = <J> and for every i ^ n the formula 4>, satisfies one of the 
following conditions: 

(1) is CPJ”-provable, 

(2) is in T, 

(3) 4>, is obtained from some 4> y , j < i, by Rule 1. 


23. PURE CALCULUS OF PREDICATES 

In this section we define what is known as the pure calculus of 
predicates (abbreviated CPP) and prove some “universality” of 
the calculus (Theorem 11). 

Consider a signature E* = (R*, F*, u*) having the following 
properties: 

(1) F* = 0, R* = [r k m \k, m e w); 

(2) = k for any mew and k e u>. 

Formulas of CPP are formulas of E* containing no symbol of 
equality. Sequents of CPP are sequents of CP E * in which all for¬ 
mulas are formulas of CPP. 

Axioms of CPP are only sequents of the form $ l- the rules 
of inference are the same as in CP 5 -’. A proof in CPP is defined in 
the same way as in CPP 5 -*, now understanding by formulas, se¬ 
quents and axioms, of course, those of CPP. It is easy to verify 
that all the results of Sec. 18 to 20 relating to CP E \ except for 
Proposition 18.5 and Theorem 2, also hold for CPP, since axioms 
(2) and (3) are not used in their proofs. Now we show that the 
results of Sec. 21 also carry over to CPP. In fact we have 

theorem io. CP E * is a conservative extension of CPP. 

proof. A set X of sentences of CPP is said to be compatible in 
CPP if for any 4>,, ..., $ n e X the sequent H is not 

CPP-provable. We show that any CPP-compatible set of for¬ 
mulas of CPP has a model. The proof of this statement differs but 
little from that of Theorem 5. The construction of the set X is the 

Cd 

same. (By formulas and proofs, of course, we understand here 
formulas and proofs in CPP. The proofs of properties (a) to (i) 
for X u are the same. Property (j) is not required in this case. The 
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relation ~ on C is not defined and the carrier of a system 21 is the 
set C itself. To prove the equivalence 

21 »= $(<*,. d n ) * ...,d„)eX u 

from properties (a) to (i) is still simpler than in Theorem 5, since 
there is no need to change to the representatives of ~ -equivalence 
classes and there are no atomic formulas of the form t { = t 2 . 

If now S = 'fr n i— $ is a theorem of CP E * which is a se¬ 

quent of CPP, then by Theorem 1, S is an identically true sequent. 
Therefore by what has just been proved (Sk,,..., , -> $) is not a 

CPP-compatible set and so the sequent , ..., , -• 4> i- is CPP- 
provable. By Rule 9 we obtain the CPP provability of S. If 5 = 
= ’Jr, i-, then is not a CPP-compatible set 

and so again ^ t- is a theorem of CPP. □ 

It is clear that from the results of Sec. 21 and Theorem 10 we 
obtain the validity of all the theorems obtained from the theorems 
of Sec. 21 by replacing CP r by CPP. The end of this section will 
be devoted to a fact that shows that questions of provability in 
various CP s ’s “reduce” to questions of provability in CPP. We 
proceed to precise formulations. 

We fix a predicate symbol r 0 e R* for which n 0 (r 0 ) = 2. 
definition. Let E = <F, F, n) be a finite or countable 
signature. A distinct-valued mapping a: R U F — R* is said to be 
an interpretation of £ in £* if the following conditions hold: 
(a) r 0 g a(R U F); (b) if s eR, then n*(as) = n(s); (c) if feF, then 
= n (/) + 1. For an interpretation a of £ in £* we define a 
mapping a * of the set of formulas of £ in reduced normal form 
into a set of formulas of CPP by induction. If is an atomical 
formula of the form x * y, then a*(<i>) = r 0 (x, y ); if $ is an 
atomical formula of the form .?(*,, ...,x n ), thena*# = asOq, ... 
.... x n )\ if $ is an atomical formula of the form.y = /(*,, ..., x n ) 
or/(x,, ...,x n ) ~ y, then a*4> = o f(x x , ...,x n ,y); if $ = -t¥, 
$ = QxV or 4> = T, tT 2 , where Qe {V, 3),7 e {A, V, —j, then 
is equal to Qxa*^ or a respectively. If a is 

an interpretation of £ in £*, 4> £ F(£) is in reduced nf and £(<£) = 
= <(s 0 , ..., 5*], f/ 0 , /*'>, then by a 0 $ we denote the 

conjunction of the following sentences of £ 0 (where rij = n'{sj), 
li = M'(/,)> x, y, z, x { , .... x n , y t , y n are pairwise distinct 


10—191 
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variables *: 

(1) Vx, ... vx„ y Vj-, ... vy„j((r 0 (x l , y { ) A ... a r 0 (x nj , y„ t ) A 

A asj (x,. x nj )) - (xSj 0 ,, ..., y nj )), y < k; 

(2 ) vx 0 ...Vx, j Vy 0 ... Vj' // ((r 0 (x 0 , t 0 ) a ... A a 0 (x/,, >>,,) A 

A^, —,*/,)) - aJ/O 0 > ••■>>'/,))> ‘ < 

(3) VX! ... VX/,. 3yotfj (Xj ,..,x (i j),u m; 

(4) Vx, ... VX/,.V>> vz((af i (x i , .... x /( , y) a o^(x, , .... x /(> z)) - 

- 'bO. z))> i < w; 

(5) Vxr 0 (x, x); 

( 6 ) vx v.y(r 0 (x, 7 ) - r 0 O, x)); 

(7) Vx Vy Vz((r 0 (x, .y) a /•„(>, z)) - r 0 (x, z)). 

It is clear that it follows from condition (2) on E* that for any 
finite or countable signature E there is an interpretation of E 
in E*. 

theorem 11 . Let $ be a formula of the calculus of predicates , 
= 4>, 4>' be in reduced nf and a be an interpretation o/E(4>') 
in E*. Then 4> is provable in the calculus of predicates if and only 
if a 0 $' — a*4>' is -provable. 

proof. By Theorems 1 ,6 and 10 it suffices to verify that if <3?' is 
identically true, then a 0 4>' — a*4>' is also identically true. For 
any system 21 of E(4>') = < {s 0 , ..., s k j, \f 0 , ...,f n ) pi) we define 

a system a2I of aE = < (r 0 , as 0 . ots k , af Q , ..., af m ), 0, ay. > c 

c E* as follows: 

(a) ccA = A; 

(b) (a, b) e p“ a (r 0 ) » a - b; 

(c) p“ a (as,) = p a ( Sj),j ^ k; 

(d) ^(af) = v*(f), i ^ m; n(f) > 0 ; 

(e) v^iaf) = {(/■)), / < m, pi(/,) = 0 . 

It is easy to verify by induction on the length of a formula of 
E(4>') in reduced nf that for any interpretation 7 in A of free 
variables of 'F 

21 1 = ¥[ 7 ] «=> « 2 l t= a*'?[ 7 ]. 


* The sentence a 0 «t> depends only on £($) and its being true on an algebraic 
system 21 is equivalent to the fact that i* (/•„) is an equivalence, that the predicates 
aSj and af do not “make different” x a (r 0 )-equiva!ent elements and that relations 
(cfj) define /,-place operations on the classes of ifl (r 0 )-equivalent elements. 
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In particular, for any 7 : - A \vc have 

21 t= => a 2 I (= “ia*#'[ 7 ]. ( 1 ) 

It is obvious that a 0 <3?' is true in a2l and therefore it follows from 
( 1 ) that if a 0 $' — u*$' is identically true, then is identically 
true. 

Suppose that a 0 $' —• is not identically true. Then for 

some system 2I 0 of aL and an interpretation y 0 in A 0 of free 
variables of #' we have 21 0 f= ag#' and 2I 0 t= -ia*$'[ 7 0 ]. From 
the truth in 2l 0 of sentences (5) to (7) of the definition of a 0 <£' it 
follows that the relation r SI °(r 0 ) defines an equivalence on A 0 . A 
(^-equivalence class containing a e A 0 will be denoted by a. 
We define a system 93 0 of £($') as follows: 

(a )B 0 = [a\aeA 0 }\ 

(b) < a 1 . a n > e F 00 (s y ) « <a,, ..., a n > e » a ° (as,) j ^ k; 

(c) <a,, ...,a n + j) <4 <a,, ..., a „ + ,> e ^(a/j), 

i < m, = n > 0; 

(d) a = « « e ‘ < m, = 0 . 

Since conjunctive terms (1) and (2) of the sentence a 0 4>' are true 
on 2I 0 it follows that these definitions are correct. Since sentences 
(3) and (4) are true it follows that v 00 (yj), / ^ m, is an operation 
on B 0 . It is easy to verify by induction on the length of the for¬ 
mula , ..., x n ) of £($>') in reduced normal form that for any 
a i ’ A 

23 0 1 = *(a~, ..., a n ) 2l 0 t= a**^, .... a n ). 

From this it follows that 93 0 t= -1 $' [ 77 ,], where -y 0 (x) = 75 (x), x e 
e FF($')> i. e. is not an identically true formula. □ 

As is to be shown in Sec. 38, there are effectively given sets of 
formulas for which there is no effective procedure (algorithm) 
that would establish for any formula of a given set in a finite 
number of steps whether or not it is an identically true formula. 
Gddel’s completeness theorem enables us to construct from any 
effectively given signature E an effective process (machine) M z 
which enumerates all identically true formulas of E, i. e. in the 
process of work M produces such words 4> 0 , ..., 4> n , ... that 
{4> 0 , ..., ...} is the set of all identically true formulas of £. 


10 
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This process consists in writing out finite sequences of sequents of 
CP E and it produces a word $ when the sequence it has written out 
is a linear proof of the sequent h-$ in CP E . Since for any effec¬ 
tively given set of formulas X the passage from a formula 3> e X to 
a formula s $ in reduced nf and then to a formula a 0 $' —■ 
— a*<i>' can be made effective, Theorem 11 shows that to be able 
to enumerate all identically true formulas of any effectively given 
set of formulas it suffices to construct a machine M enumerating 
theorems of CPP. 


Exercise 

1. Let J be a calculus obtained by adding to CPP a symbol of equality and the 
following axioms: 

(a) hr = x\ 

(b) x = y, (P)* H CP)*, where P is an atomic formula of E*. Show that all 
theorems of CP E ’ are ./-provable. 
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24. ELEMENTARY EQUIVALENCE 

It was shown in Sec. 16 that the same sentences are true on 
isomorphic systems. The converse is false for infinite systems. In 
this section we show (Theorem 1) that the truth on SI and 33 of the 
same sentences is equivalent to the existence of a “large enough” 
supply of finite partial isomorphisms SI into 33. In particular, if on 
finite systems SI and 33 the same sentences are true, then SI is 
isomorphic to 58. 

definition. Two algebraic systems SI and S3 of a signature E are 
said to be elementarily equivalent (we write SI = 58) if for any 
sentence $ of E 

SI t= $ 58 t= $. 

A set of sentences {$ I SI t= $ 1 of E is called an elementary theory 
of the system SI or simply a theory of SI and is denoted by Th(SI). 

It is clear that the relation SI = 33 is equivalent to the equation 
Th(SI) = Th(33). 

definition. Let SI and 33 be algebraic systems of E = < R , F, n). 
A distinct-valued mapping/: X — B, where X c A , is said to be a 

partial isomorphism of SI into 33 if for any c,. a n e X the 

following conditions hold: 

(1) if s € R U F is not a constant, then 

<a,, ..., a n > e V s (s) «• </a,, ... ,/a n > e v®(s); 

(2) if s e F is a constant, then 

(5) = a, V® (s) = /a,. 

(Recall that if n = 0, then <a,, ..., a n > = < > = A = 0.) If X is a 
finite set, then/is said to be a finite partial isomorphism. A set of 
finite partial isomorphisms of SI into 58 is denoted by P(SI, S3). 

theorem i. Let SI and 58 be systems ofL. For systems SI and 58 
to be elementarily equivalent it is necessary and sufficient that for 
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any new and any finite signature E, c E there be nonempty sets 
F,(E,, n), ..., F n (E,, n) of finite partial isomorphisms 21 1 E, into 
S3 1 E, possessing the following property. 

*)if f e /*)(£,, n), 1 ^ i < n, then for any a e A, and b e B 
there are g v g 2 eF i + , (E,, n)for which a e dom g x ,b e rang g 2 , 
/ £ 8i andf c g 2 . 

proof. Sufficiency. We prove by induction on m that if the 
length of a formula #(jcj. x k ) in reduced nf is not greater than 

m, the sets F x (E ($), n) c P(2l 1 E($),93 1 E(<f>)),F„(L(<I>), n) c 
c P (21 1 E(3>), 93 I E($)) satisfy the condition*) and / + m ^ n, 
then for any/6 F/(E(<f>), n) and any a,, a k e dom/ 

21 t= $(c,, a k ) S3 t= $(/«,, ... ,fa k ). 

If # is an atomical formula, then this statement follows from the 
definition of a partial isomorphism. If $ = -it or $ = 
re j A, V, — ), then the statement follows by the induction 
hypothesis. Since Vrt s -> 3x~i 3k for any formula T', it suffices 
to treat only the case <i>(x 1 , ..., x k ) = ly'S’iy, x,, .... x k ). Let 21 f= 
t= $(«,, ...,a k ). Then21 t= T(a 0 , a,, .... a k ) for some a 0 eA. Take 
g e Fj + ,(E($), n) such that / c g and a 0 e dom g. Since the 
length of 2k is less than that of by the induction hypothesis 33 t= 
t= t'C ga 0 ,fa x , ..., fa k ) and so 58 r= $( fa x , .... fa k ). Let S3 t= 
i= $(/a,, ...,fa k ). Then 39 t= *(b 0 ,fa x , ...,fa k ) for b 0 e B. Take 
g e F x + j (E(4>), n) for which / C g and b 0 e rang g. Then by the 
induction hypothesis 21 f= '&(g~ , b 0 , a x , ..., a k ) and hence 21 t= 
. a k ). 

Necessity. Let E, c E be a finite signature and let X(n, m) for 

n, m e w be a maximal set of pairwise nonequivalent formulas $ 
of Ej in reduced nf containing quantifiers and FK($) c 
c (Pj, ..., u m 1. Since there are only a finite number of atomical 
formulas with variables from the set {u,, ..., v n J, it is easy to show 
by induction on n that for any n and m the set X(n, m) is finite. It 
is obvious that the function I X{n, m) I is nondecreasing in each of 
the variables n and m. Let a x , ..., a k e A be pairwise distinct. A 
mapping/: {a,, ..., a k ) — B is said to be an (n, m)-isomorphism 
if k ^ m and for any formula $(x,, ..., x k ) e X(n, m) 

21 $(a,, ..., a k ) « S3 t= $(fa x , ...,fa k ). 
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It is clear that any partial isomorphism/e .P(2I 1 E,, 58 1 E,) for 
which Idom /1 ^ m is a (0, m)-isomorphism. For i = n, n - 
— 1, 2, 1 we shall define nondecreasing functions g ( : w — w so 

that the sets F i (L l , n) = {/I/ is a (gfm ), m)-isomorphism for 
some m e w) satisfy condition*). 

We take as g n the identity zero. If 1 < / < n, m e w, we assume 

-,("*) = (g,-(/w + 1)‘ I X(gfm + 1 ),m+ 1)1) + 1. 

If gf is nondecreasing, then obviously g ; _ x is also nondecreasing. 
It follows from 21 = 58 that / = 0 is an ( n , 0)-isomorphism for 
any new. Hence the classes F x (E,, n), ..., F n (E,, n) are nonemp¬ 
ty. Let f e Fj _ j (E,, n) be a ( g i _ , {m), /n)-isomorphism, 1 < i ^ 
< «, dom / = t [a x , ..., a k ), A: < m and a e A. We denote by 

$(n,, ..., e (t+1 ) the conjunction of all . + ,) e 

e X{gfk + 1), k + 1) for which 21 t= ..., a k , a). The 

number of quantifiers in <i> does not exceed gfk + 1)- I X(gfk + 
+ 1), k + 1)1 and therefore there is a formula X(d 1 , ..., v k ) e 
e X(g t _ , ( k ), k) equivalent to a formula 3v k + , •••, v k + j). 

Since g : - _ ,(£) < g,-_ ,(m), 21 (= X(a,. a*) and / is a 

(g/ _ w)-isomorphism, we have 58 i= X(fa l , ...,fa k ). Then 
58 t= $(fa x , ...,fa k , b) for some b e B. It follows from the con¬ 
struction of $ that for any 'k e Xigfk + 1), k + 1) either $ — 'T 
or <3? — -i T is an identically true formula and therefore g = f U 
U {a, b) is a (gfk + 1 ), k + l)-isomorphism, i. e. is inFJ.fE,, n). 
On replacing in the preceding argument 21 by 58 and / by f ~ 1 we 
conclude that for any b' e B there is a' e A and that / U 
U \{a',b')) is in/?(£„/!). □ 

corollary l. If 21 and 58 are algebraic systems of a finite 
signature E, then for 21 and 58 to be elementarily equivalent it is 
necessary and sufficient that for any new there be nonempty sets 
Ffn) c P(2I, 58), ..., F n (n) c P( 21, 58) with the following 
property. 

*Uff e Ffn) 1 < i < n,a eA and b e B, then there are g x , g 2 e 
e F t + i (n)for which f C g,, / c g 2 , a e dom g, and b e rang g 2 . 

proof. As sets F x (n), ..., F n (n) we take the sets Fj(E, n), ... 
..., F n (L, n) of Theorem 1. □ 

corollary 2 . If%, 58 are algebraic systems ofL and 21 is finite, 
then 21 = 58 if and only if 21 = 58. 
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proof. It is proved in Proposition 16.7 that for any 21 and 
33 21 — 58 implies 21 = 93. Let 21 s 58 and I A I = m 0 ew. Since the 
formula 3> mo of Proposition 16.9 is true in 58, we have 12? I = m 0 . 
For every new there are only a finite number of pairwise distinct 
/t-place predicates and functions on a finite set, and so there is a 
countable signature E ' c E such that if s e R U F, then v % (s) = 
= v % {s') for some s’ e R’ UP. Therefore it suffices to show 
that 21 1 E ' = 58 1 E '. Let E ' = (J E ( , where E ; is finite and E, c 

ieu 

c E ( . + ,. We consider the sets of partial isomorphisms Fj( E ( , n ), 
where n, i e w and 1 ^ j $5 n, of Theorem 1. It follows from con¬ 
dition *) of Theorem 1 that for any n, i e w, any k < n and any 
a x , ..., a k e A there is a mapping/e F k + , (E,, n) for which a l , ... 
..., a k e dom /. Therefore for any n > m 0 there is f n e 
6 Fmo + i(L„, ri) which is an isomorphism 21 i E n onto 58, \ E n , 
where 58, c 58. Since 15, I = \A \ = 151, we have 58, = 58. There 
are only a finite number of mappings /: A — 5 and so there is a 
number n 0 e u such that /„ 0 : 21 1 E„ — 58 f E„ for every new. 
Hence21 - 58. □ 

The notion of elementary equivalence may, from a certain 
point of view, be even more important than that of isomorphism. 
The fact is that an isomorphism is defined in terms of the ex¬ 
istence of some infinite function while an elementary equivalence 
is defined in terms of finite functions. Consider algebraic systems 
21 0 and 58 0 of an empty signature, in which A 0 consists of all count¬ 
able ordinals and 5 0 consists of all subsets of the natural 
numbers. It follows from P. Cohen’s results on independence in 
ZFC that 21 0 = 58 0 can be neither proved nor refuted in ZFC. But 
by virtue of the “finiteness” of the notion of elementary 
equivalence for “well formed” systems 21 and 58 the relation 21 = 
= 58 can be proved or refuted in ZFC. In particular, it is easy to 
show that 2l 0 = 58 0 . One should not forget, of course, that the 
concept of isomorphism plays a role of exceptional importance in 
algebra, for example, since it is the “limit” for various classifica¬ 
tions of algebraic systems. 

While elementary equivalence is a weakening of the notion of 
isomorphism, the following concept is a strengthening of the no¬ 
tion of subsystem. 
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definition. A subsystem S3 c 21 of a system of E is said to be an 
elementary subsystem (we write 58 < 21) if for any formula 
x n ) of E and any £>,, b n e B 

»!=*(&,.*„)*«(=$(&, . b n ). (1) 

proposition i. Let 2( be an algebraic system ofh and 58 c SI. 
For 58 < 21 to hold it is necessary and sufficient that for any for¬ 
mula $(x 0 , .... x n ) of E and any b x , ..., b n e B 21 t= 
t= 3* 0 <*>(*„, 2>,, .... 6„) =* (2(1= <f>(b 0 , b x , ...,b n ) for some b 0 eB). 
proof. We show by induction on the length of a formula 

$(x,. x n ) of E that for any b n e B (1) is true. If $ is 

atomic, then (1) follows from the definition of a subsystem. If 
$ = -i 'F or $ = 'F, r^ 2 for t e (A, V, — J, then (1) follows from 
the induction hypothesis. Since V;rL = —> 3 a: —> it suffices to 
treat only the case $(x,, ..., x n ) = 3x 0 ^(j^, .... x n ), but in this 
case (1) follows from the hypothesis of the proposition and the in¬ 
duction hypothesis. □ 

proposition 2 . Let 21 be an algebraic system of I, and 58 c 21. If 

for any finite signature E, c E, any b l . b n e B and any a e A 

there is an automorphism f of a system 2( 1 E, such that fb x = 

- b . ,fb n = b n and fa e B, then 58 < 21. 

proof. We use Proposition 1. Let 21 t= 3 at 0 4>(x 0 , b x , ..., b n ). 
Then 2( t= <i>(a, b x , .... b n ) for some a e A. Let/be an automor¬ 
phism of a system 21 f E(<i>) leaving b x , ..., b n fixed and fa e B. 
From Proposition 16.7 we get 2( t= $(fa, b x , ..., b n ). □ 

It is clear that 33 < 21 implies 58 = 2L In general the converse is 
false. Consider, for example, systems <Q (1) ; $> and <Q (2) ; <>, 
where Q (l \ <2 (2) are sets of rational numbers not less than 1 and 
not less than 2 respectively and ^ is the usual “less than or equal 
to” relation on numbers. By Proposition 15.4 the systems <£> (1) ; 
O and <Q (2) ; <> are isomorphic and hence elementarily 
equivalent. However, in the subsystem <<2 (2) ; < > of the system 
<£? (1 >; =% > the formula 4>(v,) = Vu 0 (u 0 $ u, — ij, * u,) is true on 
the element 2 and in the system < > this formula is false on 

the same element 2. Thus <<2 (2) ; < > < ^ > fails. 

example i. Let 21 be a countable dense linear ordering and 58 be 
a dense-in-2I ordering (i. e. let 23 £ 21 and for any a < b in A there 
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bee e B such that a < c < b). Then (58 contains the end elements 
of 21) « 58 <21. 

To prove <= we notice that since 21 = 58, 21 and 58 have the 
same ends. Now suppose, for example, that b 0 is the first element 
of 58. Then 58 1= < b 0 — v 0 = b 0 ). By virtue of 58 < 21 we 

have 21 t= Vu 0 ^ b 0 — u 0 « b 0 ) and hence b 0 is the first element 
of 2T To prove => it is necessary to use Proposition 2. The desired 
isomorphism/is constructed the same way as in Proposition 15.4. 

example 2 . Let 21 be a free group with free generators (a,. 1/ e 
e 1} and let /' c / be an infinite set. Then a group 58 c 21 
generated in 21 by a set [a i \i e I'} is an elementary subgroup of 21. 
To prove this we use Proposition 2. Let b l , .... b n e B and a e A. 
Then there are finite sets X c [afi e I’} and Y c { a,I / e 
el )\X such that b .. b n e A (X) and a e A (X U Y). Con¬ 

sider a distinct-valued mapping /of the set (a, 1/ e /) onto itself 
leaving the elements of X fixed and mapping Y into (a,It e /' ). 
Then / is uniquely extended up to an automorphism of the group 
21 which satisfies the hypothesis of Proposition 2. 

Although in many cases the test of Proposition 2 is easy to ap¬ 
ply, it is not necessary (see Exercise 2). Note that the possibility of 
replacing in Example 2 the condition that /' is infinite by I/' I > 
> 1 is a standing problem. 

There is no analogue of Proposition 15.2 for the relation < 
(see Exercise 2) while for Proposition 15.3 the corresponding 
statement holds. A set (21,-1 / e I J of algebraic systems is said to be 
elementarily directed if for any /, j el there is k el such that 21, < 

< 21* and 21,. < 21*. 

proposition 3. If (21,-1/ 6 I) is an elementarily directed set of 
algebraic systems ofL, then 21- < 21 = U 21, , y e I. 

i € I 

proof. For 58 = 21, equivalence (1) will be proved by induction 
on the length of $. It suffices, as in the proof of Proposition 1, to 
treat the case $ = ax'L. Let 21 t= Ix’i'ix, a l , ..., a n ), where a,, ... 
.... a n e Aj. Then 21 t= ~Y{a, a x , ..., a n ) for some a e A r Take k el 
for which 21, < 21^ and 21. < 21*. By the induction hypothesis 21*. 
t= 'f/a, a { , ..., a n ) and hence 21*. t= 3xT(x, a,, ..., a n ). Since 21■ < 

< 21*, we have 2L l= 3xS^(x, a,, ..., a n ). Conversely, let 21- t= 

i= 3xSk(x, a .. a n ). Then21 y t= 'it (a, a .. a„) for some a e A, 
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and by the induction hypothesis St fc= a , a t , ..., a n ) and 

therefore St i= 3x^(x, o,, a n ). □ 

Although there is no analogue of Proposition 15.2 for < , a 
weaker variant of the corresponding statement is very important. 

theorem 2. Let St be an algebraic system ofL and X c A. Then 
there is an elementary subsystem S3 < St such that X c B and 
\B\ = max {\X\ , IEI, w). 

proof. Set X 0 = X. Suppose X n is already defined. For any 
formula 'k = 3y$(y, x ,, ..., x k ) of E and any interpretation 
y: (x,,..., x k ) — A we choose an element a(^, y)e A such that if 
St f= 3x$(x, yx,, ...,yx k ), then St t= <i>(ff('k, y), yx ^, ..., yx k ). Set 
X n+ , - U {<?(*, 7 )l* - 3x*eFV), r .FVW)~ AJ.Itis 
clear that the subsystem 8 c St with carrier JJ X n satisfies the 


n € u 


hypothesis of Proposition 1 and, hence, © < St. If X = max (I X \, 
IEI , o>) then IF(E)I ^ X and \X 0 I < X. If \X n I ^ X, then the 
power of a set Y n of interpretations y of variables in X n with a 


finite domain is at most 


u 


x- 


Since I X™ I < max (I X n \ 


w), we have I Y n I < X-w = X, and so \X n + j I ^ IjP(E)I • I Y n I ^ 
< X 2 = X. Therefore IBI < X-« = X. □ 

definition. Let St be an algebraic system of E and X c A. We 
take a set C x = { c a I a e X ) not intersecting with R U F and c a ^ 
=£ c b for a =£ b. We define a signature E^ to be obtained from E 
by adding elements of C x as new constants. We denote by St^ an 
expansion of the system St to h x in which a constant c a , a e X, is 
interpreted by an element a. A set I)(St, X) of atomical sentences 
of L x true in the system 21 ^ is said to be a diagram of a set X in St. 
If in the definition of £>(St, X) we replace “atomical sentences” 
by “sentences”, we obtain a definition of a complete diagram 
£>*(21, X) of the set X in St. A diagram (a complete diagram) of A 
in St is said to be a diagram {a complete diagram ) of St and denoted 
by .0(21) (by Z?*(2t) respectively). 

proposition 4. (a) If St is an algebraic system of E and © is a 
model of a diagram D{ St) of (a complete diagram £>*(2t)) of L A , 
then St = ©, 1 E for some ©, c © {some ©, < ©). 

(b) //St c © are algebraic systems of E, then 


St < © * 2^ a ©.4 . 
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proof, (a) It is obvious that a mapping assigning to an element 
aeA an element v® ( c a ) will be the desired isomorphism, (b) Is im- 
mediated from the definitions. □ 

Theorem 2 allows us to “descend” the powers, preserving the 
elementary properties. The following theorem allows us to “as¬ 
cend”. 

theorem 3 . If 21 is an infinite system ofH, and X is a cardinal not 
less than max { \A I, I£I }, then there is a system 93 such that 21 < 
< 93 and \B\ = X. 

proof. Take a set C of symbols of constants of power X not in¬ 
tersecting with the set R U F. Consider a set 

Y = £>*(21 U {-ic, * Cjlc,, c 2 e C, c, * c 2 }. 

Since 21 is infinite, for any finite subset X c Y the system 21 can be 
expanded to a model of X. By the compactness theorem there is a 
model 58, of the set Y of y c . It is obvious that IS, I ^ X. By 
Theorem 2 there is58 2 < 58,,l£ 2 l = X. By Proposition 4 (a) there is 
58 3 < 58 2 , and an isomorphism/,: 2( =* 58 3 1 XX Now we need only 
to replace in the system 58 2 t £ the elements b e B 3 by ff ] b to ob¬ 
tain the desired 58. To avoid collision in such a rewriting we pro¬ 
ceed as follows. We take a set Z for which Z ft A — 0 and 
IZI = I B 2 \B 3 1. Let /be a distinct-valued mapping of a set B - 
-ADZ onto the set B 2 and/, Q f. We define a system 58 = (B, 
p® > of £ as follows: 

(a) if s - e R U F is not a constant, then 

< V ..., b n ) 6 v®(s) *> </&,, ■ • •, fb n > f 6 p® 2 (5); 

(b) if s e F is a constant, then 

r*(s) =/-'(p® 2 (5)). 

It is clear that/is an isomorphism of 58 onto 58 2 1 £ and 21 c 58. 
Let 4>(x 0 , ..., x n )eF(L)‘, b x , ..., b n eA and 

58 t= 3x 0 $(x 0 , b x , ..., b n ). 

Then 58 2 i= 3 x 0 $(x Q , fby, ...,fb„). Since/b,, ...,fb n e B } and 
58 3 < 58 2 , there is b 0 e B 3 such that 58 2 t= $(b 0 ,fb { , ...,fb n ). The 
mapping/ -1 is an isomorphism of 58 2 1 £ onto 58 and therefore 
58 i= <i>(/ -1 fr 0 , by, ..., b n ). Since f~ ] b 0 eA, by Proposition 1 we 
have 21 < 58. From \B 2 \ - X and 58 2 = 58 we get \B\ = X. □ 
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Exercises 

1. Show that for systems 21 £ 93 of E we have 21 < 93 if one of the following 
conditions holds: 

(a) £ contains only an infinite set of constants. The values of constants in 50 
form an infinite set. 

(b) £ contains only the symbols of one-place predicates r k , keu. Consider the 
set 2" = ( v I v. os — 10, 1) ]. Let 50 be an arbitrary system of £. For any v e 2“ we 
define a set 50(v) = (bl for all n e m 50 t= r n (b) if v(n) — 1 and 50 t= -> r n (b) if 
v(n) = 0). It is clear that for distinct v x , v 2 e 2“ the sets 50(i»,) and S0(i» 2 ) do not in¬ 
tersect. Suppose that for all v e 2“S0(i<) £ A if 50(j<) is a finite set and A fl 50(j/) is 
an infinite set if S0(p) is infinite. 

(c) £ contains only one symbol ~ of a two-place relation which is interpreted 
in 50 as an equivalence with an infinite number of infinite equivalence classes. The 
class A contains an infinite number of equivalence classes of the system 50. (Hint. 
Use Proposition 4(b) and Theorem 1.) 

2. Using the example of Exercise 1(c) show that 

(a) the property of being elementary is not necessary for the subsystems of 
Proposition 2 (Hint. Suppose \A\ = w and all equivalence classes contained in 
B \ A are noncountable.); 

(b) for some system 50 and an infinite set X £ B there is no elementary sub¬ 
system 21 < S3 containing X that is minima! with respect to the inclusion £ . 


25. AXIOMATIZABLE CLASSES 

definition. A class K of algebraic systems is said to be axi¬ 
omatizable if there is a signature E and a set of sentences Z of E 
such that for any system 

SI e K (the signature of 21 is E and SI t= $ 

for all <i> e Z). (1) 

If (1) holds for a class K, then E is said to be the signature of K 
and the set Z is said to be the set of axioms for K (we write K = 
- (Z)). If all systems of the class K have a signature E, then the 

set of sentences of the signature E true on all the systems of K is 
said to be an elementary theory of K or simply a theory of K and 
denoted by ThfA'). 

Note the obvious property of theories: if K x Q K 2 are classes 
of algebraic systems of E, then Th(/if 2 ) Q Th (/(,). 

proposition i. Let K be a class of algebraic systems of a 
signature E. 
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(a) The class K is axiomatizable if and only if K = K z 
(Th(/Q). 

(b) There is an c -minimal axiomatizable class K , of E con¬ 
taining K. 

proof, (a) Let AT = K z {Z). Since Z c Th(AT), we have 
A' E (Th(A')) c K. The converse inclusion K c A' E (Th(A')) is ob¬ 
vious. 

(b) It is necessary to take A'j.frhfA')) as A",. Indeed, if K 2 is an 
axiomatizable class of E and K c K 2 , then Th(Af 2 ) c Th(AT). 
Hence K z (Th (A')) c A^ThfAT,)) = K v □ 

We shall say that a class of algebraic systems is closed under 
elementary equivalence (under isomorphisms, subsystems, 
ultraproducts and so on) if together with algebraic systems 21, i e I 
it contains all systems elementarily equivalent to them (all isomor¬ 
phic systems, all their subsystems, the ultraproduct D-prod 21 ; and 
so on). 

We give one useful characterization of axiomatizable classes. 
theorem 4. A class K of algebraic systems of a signature E is 
axiomatizable if and only if it is closed under an elementary 
equivalence and ultraproducts. 

proof. Let K be an axiomatizable class. It is obvious that K is 
closed under an elementary equivalence. The closure of K under 
ultraproducts follows from Theorem 17.1. Let K be closed under 
an elementary equivalence and ultraproducts. It suffices to show 
that A' e (Th (A')) c K. Let 21 e A^ThCAT)). For each $ e Th(H) 
consider the sets u$ = {^ e Th (21) I > ^ — $). It is clear that 
X — [u*l<i> 6 Th(2t)} is a family of sets with the finite intersec¬ 
tion property. By Proposition 12.1 there is an ultrafilter D on the 
set Th(2I) such that X c D. For any 4> e Th(2I) there is a system 
33* e K on which 4> is true since otherwise e Th(A'), which 
contradicts 21 e K z (Th (AT)). We show that 21 = D-prod 23$ and 
this will prove the theorem. If 21 fc= 4> 0 , then 33* t= $ 0 f° r ^ 6 
e «* 0 . Since w* 0 e D, by Theorem 17.1 we get D-prod 58* $ 0 . If 

21 t= <3? 0 does not hold, then 21 t= —> db 0 and by what has just been 
proved D-prod 58* t= -> 4> 0 . Hence D-prod S3* t= $ 0 fails. □ 
proposition 2 . The intersection of any set of axiomatizable 
classes of E and the union of a finite number of axiomatizable 
classes of E are axiomatizable classes. 
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proof. If Kj = K L (Zi) f i e /, then obviously C\ = 

i e / 

= ^ ( U Z ;V Let AT, = Aj.(Z,) and K 2 = K t {Z 2 ). Consider a set 

Z = ($vflf eZj,teZ 2 ). We show that A'j U AT 2 = AT E (Z). 
The inclusion K x U K 2 c K z (Z) is obvious. Let SI & K l U K 2 and 
let the signature of 21 be E. Then there are $ 0 e Z x and 'k 0 e Z 2 such 
that 21 i= $> 0 a -i'L 0 . Since $ V t e Z, we have 21 i K z (Z). □ 

definition. If A' is a class of algebraic systems and K — K t (Z) 
for some finite set of axioms Z, then K is said to be a finitely axi¬ 
omatizable class. 

Notice that if K is finitely axiomatizable, then by taking the 
conjunction of a fjnite set Z of axioms for K we obtain a set of 
axioms (<i>) for if consisting of one sentence <3?. 

If A" is a class of algebraic systems of a signature E, then by K 
we denote the complement of AT in the class AT E (0) of all systems 
of E. 

proposition 3. Let K be a class of algebraic systems of a 
signature E. The class K is finitely axiomatizable if and only if K 
and K are axiomatizable. 

proof. If K is finitely axiomatizable, then K — A' E ({$J) for 
some sentence $ of E. Hence K = A' E (( -i$}). Let K and A'be axi¬ 
omatizable^ Since K IT K = 0, K — A^fThCA') and K = 
= A' i; (Th(A r )), by the compactness theorem there are finite sets 
X c Th(A')and Y c Th(A') such that X U Y has no model. Since 
Th(AT) and Th(AT) are closed under conjunctions, it may be 
assumed that X - j $ j and Y = f 'k j. Since $ A 'k is an identical¬ 
ly false formula and 4> e Thj. (AT), a sentence $ A ~i 'k is true on all 
systems of K. Conversely, if the sentence $ A -i 'k is true on the 
system 21 of E, then 21 & K and hence 21 e K. So K — AT E (S$ A 
a -i Sk)). □ 

definition. A formula $ is said to be an V-formula (an 
3-formula , and V3 -formula) if $ = VXj ... vx^.'k (4> = 3x x ... 
... IxfY, 3> = VXj ... Vx k 3y^ ... aj'n'k). where ¥ is a quantifier- 
free formula. A class K of algebraic systems is said to be 
V -axiomatizable (3- axiomatizable , V3 -axiomatizable) if A' = 
= A'j.(Z), where Z are sets of V-sentences (3-sentences, 
V3-sentences) of a signature E. 
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proposition 4 . (a) Let <J>(Xj, .... x k ) be an V-formula 
(; 1-formula ) of a signature E and let 31 c 93 be algebraic systems of 
E, a x , a k eA. Then if$(a x ,...,a k )is true in 58 (in 21), 4>(a,.... 
a k ) is true in 21 (in 58). 

(b) Let {21,1 / e /) be a directed family of algebraic systems of 
a signature E and let an y 3-sentence <i> of E be true in all 21,, i e I. 
Then <i> is true in 21 = U2I, 

i € / 

proof, (a) Since the value t ?I [ 7 ] of a term t for an interpreta-. 
tion y in A coincides with the value t®[y], (a) holds for 
atomic formulas <i>. For quantifier-free formulas (a) is obtained by 
induction on the length of Now it only remains to use the 
definition of the truth of formulas with quantifiers V and 3. 

(b) Let <i> = VXj ... Vx k 3y x ... 3 y n 'f'(x x , ..., x k , y x , ..., y n ), 
where 'L is a quantifier-free formula, be true on all 21,, / e I. Take 
arbitrary a,, ..., a k e A. Then a x , .... a k e A t for some i e / and 
hence 21, t= 3 y x ... 3y m V(a x , ..., a k ,y x , .... y m ). Since 21, c 21, by 
virtue of (a) we have 21 t= 3 y x ... 3y m ^(a x , ...,a k ,y x , ...,T m ). □ 
lemma 1 . Let T be a set of sentences of a signature E and let 
'F 0 (.*[, ..., x k ) be formulas of E. If for any models 21 c 58 of T 
having the signature E and any a x , ..., a k e A the truth of 
T 0 (a x , ..., a k ) in 58 (in 21) implies the truth of'f' 0 (a l , ..., a k ) in 21 
(in 58), then there is an V -formula (3-formula) X 0 (x,, x k ) ofE 
for which r > 0L o — X 0 ) A (X 0 — ’Lq). i 

proof. Consider a set Z = fS’lx,.x^)! $ is an V-formula of 

E and T t> Sk 0 — $) If Z U T is incompatible, then f U {SF 0 } is 
incompatible and Vu 0 ( —’ u 0 = u 0 ) may be taken as X 0 . Let 21 be a 
model of Z U T of the signature E and let b x ,..., b k be elements of 
A such that 21 1 = $(&,, ..., b k ) for any formula 4>(x,, ..., x^) 6 Z. 
Suppose that the set D (21) UTU {^ 0 (c 6l , ...,c bk )} is incompati¬ 
ble. Then there is a proof D 0 of a sequent $ 0 t- 'k 0 (c ft| , ..., c bk ) — 
— - 1 $, in CP Ea , where <f > 0 is a conjunction of some elements of F 
and is a conjunction of some elements of Z?(21). On replacing in 
D 0 all the constants c bx , ..., c bk , c bk + ,, ..., c bn of C A by variables 
y x , .... y n not occurring in the elements of the tree D 0 and dif-. 
ferent from x,, ..., x k we obtain a proof D x of the sequent 3 > 0 l—' 
1 - SL 0 O,, ...,y k ) — $ 2 in CP £ , where <I >2 is obtained from $, by 

replacing the constants c bx , ..., c bn by the variables y x , ... 
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■ respectively.* The sequent $ 0 h ^gO,, ■■•>.)'*) — Vy* + , 

■ ■■Vy„ -i $ 2 is then CP 2 --provable. From Proposition 18.4 (g) and 

Theorem 22.9 we obtain Vy k + , ... (—<<t> 2 )^[’ '"’ y x k k e Z. Then 

21 t= Vy k + ,... Vy„ where 7 O,) = b jy 1 </</?. Since 4>, is a 

conjunction of elements of . 0 ( 21 ) and = (<t> 2 )^| '"' yn Cb » we have 

21 t= ^[y], a contradiction. Thus the set X — 0(21) U T U 
U {SP 0 (c*,, ..., c bn ) 1 is compatible. By the theorem on the ex¬ 
istence of a model there is a model 93 of X. It is clear that a mapp¬ 
ing/assigning to an element a e A an element v®(c a ) is an isomor¬ 
phism of 21 onto a subsystem 93, c 93 1 E with carrier 5, = 
= ( v®{c a )\a e A J. The hypothesis of the lemma yields SB, t= 
1 = * 0 (" !8 ( c 6 1 )> •••» *>*(Cb k )) and, hence, 21 t= * 0 (h,, ..., b k ). Since 
21 is an arbitrary model of Z U T and b [t ..., b k are arbitrary 
elements of A for which 21 4>(h,, ..., b k ), 4> e Z, by Corolla¬ 

ry 22.4 ZUFt> ^o( x i > ■•■,x k ). Hence, there is a finite set Z 0 c Z 
such that Z 0 U F > ^ 0 (x,, ..., x k ). If X 0 (x,, ..., x k ) is an 
V-formula equivalent to a conjunction of elements of Z 0 , then it is 
obvious that T > (X 0 — ^ 0 ) A ('bg — X 0 ). 

The proof of the corresponding statement for 3-formulas is 
obtained from the foregoing by considering -i¥ 0 instead of 

V □ 

theorem 5 . Let K be an axiomatizable class of algebraic 
systems of a signature E. 

(a) K is 3- axiomatizable K is closed under supersystems. 

(b) K is V -axiomatizable & K is closed under subsystems. 

proof. The statements =» follow from Proposition 4. 

(a) We first show that for any sentence $ e ThfA") there is a 
sentence ^ e Th(W) such that > 4'* — 4> and for any pair 21 Q 93 
of algebraic systems of E 21 t= 4 1 * implies 93 t= 4>. Suppose that 
this is not the case, i. e. that there is 4> 0 e Th(/f) such that for any 
'P e Th (AT) there are systems 21* c 93* of E for which — <3? 0 
yields 21*, t= SP and 93* t= -1 $ 0 . Let D be an ultrafilter on the set 
Th (AT) containing a family of sets with finite intersection property 
X = {«* 14> e Th(/0}, where u* = (^eTh(AT)l > * - 4>). Con- 


* Recall that the elements of F are sentences and hence are not affected by the 
replacement. 
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sider systems 2l 0 = D-prod 24 and 23 0 = D-prod S3*. Since 24 c 
£ 93^ for all F e ThfA'), there is 21, c 93 0 , 21j = 2l 0 . From 
Theorem 17.1, the inclusion X c D and from the fact that 21 0 = 
« 21, we get 21, e K z (Th (AT)) = K and 93 0 1 = -iF 0 . This con¬ 
tradicts the fact that K is closed under supersystems. 

For any sentence $ e Th(/w) there is by Lemma 1 (set T = 
= IF* V -i$j and F 0 = <f>) an 3-sentence X* such that V 
V -1 F -* ((F - X*) A (X* - F)). It follows that X* - F is an 
identically true sentence and by virtue of [F, F* ) c Th(/0 also 
X* e ThfA - ). Hence the set of 3-sentences {X* IF e Th(/0) is an 
axiom system for K. 

(b) To prove (b) it is necessary to replace in the proof of (a) 
21 c S3 and 21* c S3* by S3 c 21 and S3* c 21* respectively and ap¬ 
ply the other part of Lemma 1. 

definition. A sentence of the form Vx, ... Vx^Q, where Q is an 
atomic formula, is called an identity. A sentence of the form 

vx, ... Vx*(Q, A ... A £)„ - Q 0 ), (1) 

where Q 0 , Q x , ..., Q n are atomic formulas, is a quasi-identity. 
An axiomatizable class K is said to be a variety (quasi-variety ) 
if there is an axiom system Z for K consisting of identities ( quasi¬ 
identities). 

Since an identity vx, ... Vx k Q is equivalent to an identity 
Vx, ... Vx^. + 1 (x* + 1 * x k + , — Q), a variety is a quasi-variety. 

A system E z = < { 0 j, > is said to be a unit system of a 

signature E if 

v E *{s)= ( 0 4W for all s e R. (2) 

Condition (2) defines E z uniquely since for any n e u on a one- 
element set there is only one «-place function. 

proposition 5 . (a) Any quasi-variety K of a signature E is closed 
under filtered products and contains a unit system E z . 

(b) Any variety is closed under homomorphic images. 
proof, (a) Since Q o (0, ..., 0) is true in E t for any atomic 
formula (2 0 (x,, ..., x„) of E, any quasi-identity (1) is true in E z . 
To show that K is closed under filtered products it suffices to 
establish that any quasi-identity (1) conditionally filters for any 
filter D on a set I. By Lemma 17.2 it suffices to establish that a 
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formula (Q, A ... A Q n —■ <2 0 )(x,, .... x k ) conditionally filters for 
D. Let/,, ...,f k e /-prod A t and X = {iia, t= (Q,, .... - Q 0 ) 

(/,'./*')) e £>. Suppose that (Q, A ... A Q n A -’Q 0 )(Z7/ I> ... 

..., Df k ) is true in Z?-prod 21,. From Lemmas 17.3 and 17.2 we get 
y= {/121,- t= (Q, A ... A Q n )(ff, e D and Z = {/IH,. = 

= Q 0 (f x i, ...,f k i )) £ D. It is obvious that A" fl 7 is contained in 
Z. Since D Y e D, we have Z e D, a contradiction. 

(b) Let / be a homomorphism of 21 onto S3. By Proposition 
16.1 (b) for any term t and any interpretation y: FV(t) — A 

f(t n M) = 

From this equation and the definition of a homomorphism we get 
21 Qly) => S3 Q[yf] 

for any atomic formula Q of £. By virtue of the fact that / 
maps A onto B therefore if any identity $ is true in 21 it is true in 
S3. □ 

theorem 6. For an V -axiomatizable class K of a signature £ the 
following conditions are equivalent: 

(a) K is a quasi-variety, 

(b) K is closed under finite Cartesian products and contains a 
unit system E z . 

proof, (a) =* (b) is proved in Proposition 5 (a). Consider a set 
W = ($1$ is a quasi-identity of E and $ 6 Th(AT)]. 

Let 21 be a model of W. We show that every finite subset X c 
c £>( 21) has a model S3* such that S3* i EeJf. Let X = fUZ, 
where Z consists of atomical sentences and Y consists of negations 
of atomical sentences. If Y = 0, then one may take£' E/J asS3 x . Let 
Y - [-><2,, ..., ~>Q n ] and suppose $ is a conjunction of 
elements of Z if Z = 0 and $ is c a * c a for some a e A if Z = 0. 
Let c av ..., c ak be all constants of C A occurring in Q x , ..., Q n , $ 
and let Q[, ..., Q' n , be obtained from Q,, ..., Q n , $ by replac¬ 
ing c a ,, ..., c ak by x,, ..., respectively. Since quasi-identities 
VX| ... Vx^Q(4> — Qj), 1 ^ / < n, are false in 21, they are not in 
W. Hence there are systems 93j, ..., 93„ e K such that 23, t= 
t= ($ A -I £> )[-y,], 1 < / sj n, for some -y,-: (*,, ..., x k J - B r Con¬ 
sider a Cartesian product S3] X ... X 53„ e K and an interpretation 


11 
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y of variables x,, ..., x k in B for which the projection i(y) on the 
;th coordinate is y r From Lemma 17.3 we get S3, x ... x 23„ i= 
t= (<f> A -iQ, A ... A -i<2 n ) [ 7 ]. Hence the system 93, x ... x S3„ 
can be expanded to a system 93 x of E A which is a model of X It 
follows from the proof of Theorem 17.2 that there is an 
ultraproduct S3 = D -prod S3* which is a model of D{% 1). By Pro¬ 
position 24.4 (a) there is a subsystem 93, c S3 f E such that 21 = 
= S3,. Since S3 1 E = D -prod (33^- f E) and 33 x 1 E e K, it follows 
from Theorems 4 and 5 and from the fact that 21 = 93, that 21 6 K. 
Thus we have K = K L (W). □ 

theorem 7 . For a quasi-variety K of a signature E the following 
conditions are equivalent: 

(a) K is a variety, 

(b) K is closed under homomorphic images. 

proof, (a) => (b) is shown in Proposition 5 (b). Suppose (b) 
holds and 21 is a model of a set 

Z = j $ 14> is an identity of E and # e Th(/f)). 

Consider a set 

D~ ( 21) = {$ e D (21)i$ contains a negation}. 

For any formula -i'i r in D~ (21) an identity Vy„... Vy n 'i', of E, 
where ^ = ('IaF ! 1 . y " , is false in 21 and so it is not in Z. Hence 

there is S 3 * e K and an interpretation 7 *: (y,, ..., y„ ) — 2 ?* for 
which S3* t= -1 [ 7 * ]. Therefore S3* can be expanded to a system 

S3* of E^ which is a model of { -1 ^). Consider a Cartesian pro¬ 
duct S3 — D~ (21)-prod S3*. By Proposition 5 (a) we have S3 1 E e 
€ K. By Lemma 17.3 S3 t= -1 ¥ for any -1 ^ e D~ (21). Let 93, be a 
subsystem of S3 generated in S3 by a set {p®(c a )la e A). By 
Theorem 5 (b) we have S3, 1 E e K. We define a mapping h: B { — 
— A as follows: if t(x,, ..., x m ) is a term of E and f®(v®(c a ,), ... 
..., p®(c 0m )) = b, then h{b) = t n (a,, .... a m ). The correctness of 
the definition of h follows from implications: 

S3, t= (/, * f 2 )(p®(c ai ), ..., P®(c a J) =» 

=* w • a •= ^ ~ « m )> 
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where /,(*,, x m ) and t 2 (x ,, x m ) are any terms of E. The 
chain of implications which is obtained from the previous one by 
replacing t x ~ t 2 by any atomical formula Q(x l , x m ) of E also 
holds and so h is a homomorphism of 18] onto SI. From (b) we get 
SI 6 A". It is thus shown that K — K t (Z). □ 

Exercises 

1. Let K be an axiomatizable class containing systems of arbitrarily large 
finite powers. Show that a class A' „ consisting of infinite systems of the class K is 
axiomatizable but is not finitely axiomatizable. 

2. Show that in Theorem 4 the condition of closure under an elementary 
equivalence may be replaced by closure under isomorphisms and elementary sub¬ 
systems, (Hint. Consider D*(%) instead of Th (21) in the proof of Theorem 4.) 

3. Show that any quasi-identity <f> is equivalent to a quasi-identity T in re¬ 
duced nf. 

4. No statement similar to that of Exercise 3 holds for identities. Find a varie¬ 
ty that has no axiom system consisting of sentences of the form Vx ( ... Vx n Q, 
where Q is an atomical formula, (Hint. Consider a variety with an axiom system 
(V*P(/(*))).) 


26, SKOLEM FUNCTIONS 

definition. A set T of sentences of a signature E closed under 
derivability (i. e. if T > $ and $ is a sentence of E, then $ 6 T) is 
called an elementary theory, or simply a theory of the signature E. 
A consistent theory T of E is said to be complete if $ 6 Tor -i$ e 
e T for any sentence $ of E. A consistent theory T of E is said to- 
be model-complete if 21 c © =» 21 < S3 for any models 21,58 of T 
having the signature E. Formulas $ and 'F of E are said to be 
equivalent with respect to a theory T of E (we write $ i 'F) if T > 
> (<F — 'F) A ('F — $)• A theory T of E is said to be 
V -axiomatizable or universally axiomatizable (3- axiomatizable , 
V3- axiomatizable ) if there is a set Z Q T of V-sentences 
(3-sentences, V3-sentences) such that Z > <f> for any $ e T. Such a 
set Z is called an axiom system for the theory T. 

It follows from Corollary 22.4 that a theory Tof a signature E 
is v-axiomatizable (3-axiomatizable, V3-axiomatizable) exactly 
when the class K = K Z (T) is V-axiomatizable (3-axiomatizable, 
V3-axiomatizable), with Z being an axiom system for Tif Z is an 
axiom system for K Z {T) and vice versa. 
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A theory T of E is said to be a theory with elimination of 
quantifiers if any formula $ of E is equivalent with respect to T to 
some quantifier-free formula 'f r . It is obvious that a consistent 
theory with elimination of quantifiers is model-complete. On the 
other hand, a model-complete theory T is “almost” a theory with 
elimination of quantifiers. Namely, we have the following 

theorem 8. For a consistent theory T of a signature E to be 
model-complete it is necessary and sufficient that any formula 4> 
o/E should be equivalent with respect to T to some V -formula X, 
and to some 3-formula X 2 . 

proof. Sufficiency follows from Proposition 25.4 (a). Necessi¬ 
ty is obtained from Lemma 25.1 by taking as P a theory T. □ 
The requirement in Theorem 8 that 4> should be equivalent to 
some 3-formula X 2 may be omitted, of course, since this follows 
from the equivalence of iL to some V-formula. 

To work with formulas containing quantifiers is much more 
difficult than with quantifier-free formulas. Therefore theorems 
of model theory of the form: a given theory T is a theory with 
elimination of quantifiers (is model-complete), are very impor¬ 
tant. We shall now present a certain construction, first proposed 
by Skolem, that allows any theory to be extended to an V-axioma- 
tizable model-complete theory. 

definition. If E is a signature, then a signature E s is obtained 
from E by adding new n-place function symbols f for every for¬ 
mula 4> - 3xy of E that begins with an existential quantifier and 
has n free variables. By S we denote a set of sentences 

Vx, ... Vx n (4>(x,, ..., x n ) - *(4(x,, •••, x n )> x i> *„)) 

for all formulas 4>(x,, ..., x n ) = 3jc^(jc, x,, ..., x n ) of E with free 
variables x,. x n written out in the order of their first free oc¬ 

currences in the formula 4>. If T is a theory of E, then by T s we 
denote a theory 

($ 14> is a sentence of a signature E s and T U S t> 4>). 

The signature E 5 (the theory T s ) is a skolemization of the 
signature E (of the theory T). A model 21 5 of the theory (Th(2l) s ) 
having a signature E s is called a skolemization of a system 21 of E 
if 21 s 1 E = 21. 
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Unlike E s and T s a skolemization 21 s is not uniquely defined 
by 21, two skolemizations of 21 may not even be elementarily 
, equivalent (see Exercise 1). Moreover, it follows from Exercise 1 
that T s is almost always incomplete. 

proposition l. (a) Let T be a theory of a signature E, S3 be a 
model of the theory T s and 21 £ S3. Then 21 1 E < S3 1 E. 

(b) Any algebraic system 21 has some skolemization 21 s . 
proof, (a) Follows immediately from Proposition 24.1. We 

prove (b). If $ = ax'klx, x,. x n ), then for a,, ..., a n e A we 

take as a value of C4)(a,. a n ) an element a 0 e A for which 

21 f= ^(a 0 , a ,, ..., a n ), if there is such an element a 0 e A, and an 
arbitrary element a e A, if there is no such element a 0 . □ 

From Proposition 1 we at once obtain Theorem 2 of Sec. 24. 
In that theorem as S3 it is sufficient to take S3j 1 E, where S3, is a 
subsystem of 21 s generated by the set X. 

Skolemization allows one to “remove” quantifiers from the 
formulas of an old signature E. They “remain”, however, in the 
formulas of the new signature, E s . To avoid, this inconvenience we 
“close” the skolemization process. 

definition. Let E be a signature and let Tbe a theory of E. We 
define signatures E" s and theories T ns , n e u, by induction: E^ = 
= E ,T 0s =T, E<" + = (E ns y, r< n + = ( T ns y . A signature 

E“ = |J E“ (a theory T cs = (J T ns ) is called the complete 

n 6 u fl 6(ii 

skolemization of the signature E (the theory T ). An algebraic 
system 21“ of the signature E“ is said to be a complete skolemiza¬ 
tion of a system 21 of E if 21“ 1 E = 21 and 21“ is a model of 
(Th(2l))“. 

proposition 2 . (a) Any algebraic system 21 has some complete 
skolemization 21“’. 

(b) Let T be a consistent theory of a signature E. Then a theory 
T cs is a universally axiomatizable model-complete extension of T 
and for any model 21 of T there is a model 21, of T cs such that 
21 1 E = 21. 

proof, (a) By Proposition 1 (b) there are systems 21'“, n e to, 
such that 2I & = 21 and 2l (n + ^ is a skolemization of 21 ni . Let 
21“ = (A, p a “> be a system of the signature E“ where p a " coin- 
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cides with v %ns on the symbols of E ns . It is clear that 21“ is a com¬ 
plete skolemization of 21. 

(b) Let 21 be a model of T cs of a signature L cs and 23 c 21. 
From Proposition 1 (a) we get 23 f E ns < 21 1 E ns for any new. 
Since E cs = U E ns , we get 23 < 21. Hence T cs is model-complete 

n € oi 

and by Theorem 5 the class ’K Lcs {T cs ) is V-axiomatizable, i. e. 
K Vcs (T cs ) = K lcs (Z), where Z is a set of V-sentences of E a . Then 
Z is an axiom system for T cs . The second statement in (b) follows 
from (a). □ 


Exercise 

1. Show that for all skolemizations of a system St to be elementarily 
equivalent it is necessary and sufficient that A be one-element. (Hint. Consider dif¬ 
ferent values of for $ = 3v 0 (u 0 ® v 0 A v, = Uj).) 


27. MECHANISM OF COMPATIBILITY 

The mechanism of compatibility is mainly of methodical im¬ 
portance. It allows us to recognize a common part in many 
theorems proving which involves construction of models. In this 
section we prove several such theorems. It is assumed throughout 
that the signature E has a finite or countable power. 

definition. For a formula $ of E we define a formula $-i as 
follows: 

(a) if $ is an atomic formula, then <F~i = -i$. 

(b) (-.¥)i = 

(c) (*, - ¥ 2 )i = ¥, a -i¥ 2 , 

(d) OF, A ^ 2 )-i = -r'F, V 1*2, 

(e) (*, V fj )" 1 = -’’F, A -i^ 2 , 

(f) (axr’F)-! = Vx-'-’F, 

(g) (Vx'F)-i = 3x-i^. 

It is seen from the definition of that $-i = ->$. We 
denote by E c a signature obtained from a signature E = < R, F, /r> 
by adding to it a countable set C of new constants. A constant of 
E c and a term of the form/(c,, c n ), where c,, c n e C and 
f e F, will be called a basis term of the signature E c . 
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definition. A set S of finite or countable sets of sentences of £ c 
is said to be the mechanism of compatibility of a signature E if for 
each s e S the following conditions hold: 

(Cl) the inclusion {$, ->$} c s holds for no sentence 
(C2) il>ess(jU ($ -i J c Sj for some 5, 6 S); 

(C3) es=s (sU {'k) c s, or 5 U { -i $) c for some 

■s’, 6 S); 

(C4) $ A e s a (s U {$) c s, and 5 U { 'ft ) c s 2 for some 
s v s 2 eS); 

(C5) <i> V 4 a e s’ => (s U {$ J c s, or 5 U {¥ | c s, for some 
■s, e S); 

(C6) Vx4> e s => (for any c e C there is s, 6 S such that s U 
U 1(4-)?! c 5,); 

(C7) 3x<E> e s =» (s U ((<f>)* ) c s, for some c e C and some 5, e 
£ S); 

(C8) (c,, c 2 e C and c, * c 2 e s) =» (s U {c 2 = c, j c s, for 
some 5, e S); 

(C9) if c 6 C and t is a basis term of E c , then two conditions 
hold: 

(a) s U ( d = t ) c Sj for some d e C and some s, e S, 

(b) J c * t, ($)* ) c j a (s U | ($>)£ ) c 5, for some 5, e S). 
A set S is said to be a mechanism of compatibility if it is the 

mechanism of compatibility of some signature E. 

proposition i. Let T be a theory of a signature E. Then a set S 
of finite sets s of sentences of a signature E c such that T U s is 
compatible is a mechanism of compatibility. 

proof. We verify condition (C7). Checking the remaining con¬ 
ditions will be left as an easy exercise to the reader. Let a set T U 
U s U {($)* j be incompatible for a constant c e C not occurring 
in the elements of 5 U [ $) and let D be a proof of a sequent 
'k,, V n , ($)* H , where j'k,, 'ft n ) c HJ s. We employ the 
usual device: by replacing the constant c in all the sequents of D 
by a variable y not occurring in the elements of D we obtain a 
proof £>, of the sequent ($)* t- . Applying Rule 16 we 

obtain the provability of 'k,, 4 , n , 3y($)*\~. Since 3x$ and 

By($)* are congruent, the set T U s is incompatible if 3 jc$ es. □ 
proposition 2 . Let S be a mechanism of compatibility and seS. 
(a) {$, 4> — ¥) c s =» (s U j Sk) c s’, for some s, e S). 
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(b) For any c e C there is s l e S such that jU (c = c j c s,. 

(c) (c, d,ee C and (c ® d, d = ej [s)=>(sU j c « e) c s, 
for some s, e S). 

(d) S' = ( 5 ' Is' c 5 e S ) is a mechanism of compatibility. 
proof, (d) Is obvious, (a) follows from (C3) and (Cl), (c) 

follows from (C9) (b) if we take x ~ e as $ and a constant d as t. 
We prove (b). By (C9) (a) we have 5 U [d = cj c Sj for some 
constant d e C and s, e S. From (C8) we get s U \d = c, c = 
=* d] Q 5 , for some s, e S. Now we apply (c) and get ^ U (d ~ c, 
c = d, c c | c 5 , for some 5, e S. □ 

An algebraic system 21 of E c is said to be canonical if f 9 (C) = 
= A, i. e. any element a e A is the value of some constant c e C. 

theorem 9 . If S is a mechanism of compatibility of a signature 
£ and s* e S, then s* has a canonical model 21 of a signature E c . 

proof. Consider a class S' = { 5 ' c slseS), which is by 
Proposition 2 (d) a mechanism of compatibility. Let 

$ 0 > 4>, («ew) 

be an enumeration of all sentences of £ c and let 
t 0 , ■■■, t n , ■■■ («ew) 

be an enumeration of all basis terms of EC By induction on«ec 
we construct a sequence 

■^O £ 5, C ... C C ... 

of the elements of S'. We sets 0 = s*. If n — 3k, then by (C9) (a) 
we find a constant c e C such that s n U [c ~ t k ] e S' and set 

S n + 1 = S n U ! C ® h 1 ■ For n = 3k + 1 we set S n + , = s n U 

U {$ k j, if s n U ) e S' and s n + , = s n otherwise. Let n = 

= 3k + 2. If $ k = 3jc^ and $ k e s n , then we set s n + i - s n U 

U () 6 S' for some c e C. Otherwise we set s n + , = s n . Con¬ 

sider a set s u — U s n . The construction of s u implies the follow- 

/jew 

ing fact: 

(*) a one-element set (5 U ) is a mechanism of compatibility. 
On the set C we define the relation - : 

c~d&c^des . 

0 ) 
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By (C8) and Proposition 2 (b), (c) the relation ~ is an equivalence 
on the set C. On the set A = (c I c is a ~ -equivalence class con¬ 
taining c e C j we define an interpretation v % of a signature E c - 
= < R , F c , n c ) as follows: 

V l[ <j)(c ,, ...,c n ) = c# c »f(c lt ...,c n )es a , 

(c,, ...,c n ) ev n (r) » r(c 1 , ...,c„)es a , 

where f e F c , r e R, n c (f) = ^ c (r ) = n. It follows from (*) and 
(C9) (b) that these definitions are correct. Suppose, for example, 
that c, « f{c 2 , c 3 ), c 4 * f(c s , c 6 ), c 2 = c 5 and c 3 « c 6 are in s a . 
Applying (*) and (C9) (b) yields c 4 ~ f(c 2 ,c 6 )es u . Applying two 
more times (*)>and (C9) (b) yields c 4 « f(c 2 , c 3 ) e s a and c 4 = 

Since u % (c) = c for c e C, we set that SI = (A, v® > is a 
canonical system. We now show that for any sentence $ of 

=> SI 1= $. (1) 

It follows that SI is a model of s*. If $ = c = t for a basis term t, 
c e C, $ = r(c,, ..., c n ) for r e R, c,, ..., c n e C, or $ is the nega¬ 
tion of such formulas, then (1) follows from the definition of v % , 
(*) and (Cl). If t = c e s a , where t is a basis term, c e C, then 
from (*) and (C9) (b) we get d ~ t e s u for some d e C. Therefore 
by (*) and (C9) (b) we have d * c e s a . Hence SI t= t ~ c. Let 
-i t = ce s u , where t is a basis term, c e C. If -i t = c is false in 81, 
^hen by the definition of SI c ~ t e s a . From (*) and (C9) (b) we 
get -ic = c e s u . By virtue of (*) and Proposition 2 (b) this 
contradicts (Cl). We have thus shown that (1) is true if is an 
atomic sentence or the negation of an atomic sentence and the 
number «($) of the symbols of E occurring in $ is not greater 
than 1. Let $ 6 s a be an atomic sentence or the negation of an 
atomic sentence and «($) > 1. Then there is a basis term t £ 
£ C occurring in $. By properties (*) and (C9) (a) we have d ~ t e 
e s u for some d eC.lt follows from (*) and (C9) (b) that the for¬ 
mula $>, obtained from $ by replacing t by d is in s a . Since 
/!($j) < /)($), by the induction hypothesis 4> is true in 31. For the 
remaining sentences $ of E c statement (1) is obtained immediately 
from (*) and (C2) to (C7) by induction on the length of 4>. □ 
definition. A set S of finite or countable sets of sentences of a 
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signature E c is said to be a mechanism of compatibility of a 
signature E without equality if S satisfies conditions (Cl) to (C7) 
and the sentences occurring in the elements of S do not contain an 
equality. 

theorem 9'. If a signature E contains no function and constant 
symbols and S is a mechanism of compatibility of E without 
equality, then any s* e S has a canonical model of a signature E c . 

proof. Consider a set .A' = (c « clc e C} and a class S' = 
= (5 U X\s e S). It is obvious that S' is a mechanism of com¬ 
patibility of E. By Theorem 9 s* U X has a canonical model of 
E c . □ 

The following theorem is a generalization of Theorem 9 which 
we shall need in what follows. 

theorem 10 . Let S be a mechanism of compatibility of a 
signature E, X- , / e to, be finite or countable sets of sentences of a 
signature E c and let T be a consistent theory of E. Suppose that 
for any s e S, $ e T and i e w there are ^ e X t and s, e S such that 
s U {T, 'b 1 c s,. Then for any s* e S there is a set X of sentences 
of E such that 5 * U X U T has a canonical model 21 and X Cl 
H X; & 0 for any i e w. 

proof. Consider a class S' = fsU Tls e S). It is easily 
verified that S' is a mechanism of compatibility. For example, let 
3x$ e s U T and s e S. If 3x4> e s, then by (Cl) s U 1 (4>)£ ) U T Q 
c s, U T for some S[ e S. If Sx# e T, then under the hypothesis 
of the theorem there is s, e S such that s U {3x$ J c 5 ,. Again by 
(Cl) we have 5, U (J c s 2 for some c e C and s 2 e S. Hence 
s U T U {($)*) c s 2 U T. Let %, ..., ... (n e co) and 

t 0 , t l , ..., t n , ... (n e w) be enumerations of all sentences of the 
signature E c and of all basis terms of E c . 

From S' we construct a set = u s n as follows. The set s 0 is 

n e u 

equal to s* U T, and we determine s n + , for n equal to 4k, 4k + 1 
or 4k + 2 from S' in the same way as s n + , for n equal to 3k, 
3 k + 1 or 3k + 2 respectively are constructed from S in Theo¬ 
rem 9. For n — 4k + 3 we proceed as follows: if s n = s n ' U T, s e 
e S, then under the hypothesis of the theorem there are ^ e X k 
and s' 6 S such that s„ U j ¥) c s '; we set s n + , = 5 ' U T. The 
construction of the model 21 is the same as in Theorem 9. As X we 
take the set s . □ 

OJ 
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From Theorem 9 it is possible to obtain as a corollary Section 
22’s theorem on the existence of a model. 

theorem 22 . 5 . If a set T of formulas of a signature £ is consis¬ 
tent, then T has a model. 

proof. By virtue of the compactness theorem it suffices to 
prove the theorem for a finite set T = }. If T is 

satisfiable and compatible, then so is respectively the sentence 
^ = 3x, ... 3x n ($j A ... A $(.), where x, , ..., x n are all free 
variables occurring in , .... tf> k . If {^) is compatible, then it 
follows from Proposition 1 that there is a mechanism of com¬ 
patibility S for which j ^) e S. Now we apply Theorem 9 for 
x* = {¥). □ 

definition. A set Z of formulas of a signature £ whose free 
variables are contained in a set {u, , ..., v n } is an n-type of £. If T 
is a consistent theory of £, then an n-type Z of £ is said to be a 
principal-in-T n -type if there is a formula ^(u [ , ..., v n ) of £ such 
that T U {3 u, ... 3 u n $ j is compatible and T > $ — T' for any ^ e 
e Z. We shall say that an n-type Z of £ is realizable in an algebraic 
system 21 of £ if there are elements a x , ..., a n e A such that 
21 t= 't'fa,, ..., a n ) for any formula 'J'fu,, ..., u n )e Z. If an n-type 
Z of £ is not realizable in a system 21 of £, then we say that Z is 
omitted at 21. 

The following theorem is called the theorem on the omission 
of types. 

theorem li. If T is a consistent theory o/E and Z i , i e «, are 
nonprincipal-in-T n i -types of £, then there is a model T of £ 
omitting all types Z., i e u. 

proof. Consider a collection S of finite sets 5 of sentences of £ c 
such that s U Tis compatible. By Proposition 1 S is a mechanism 
of compatibility. Let f, i e w, be distinct-valued mappings of « 
onto C n < and let g be a distinct-valued mapping of w onto w 2 . We 
define a set X k , k e «, as follows: if g(k) = </, j > and f(J) = 
= (c,, ..., c ni >, then we set X k = ( -■($)"]; e Z ( . j. Sup¬ 

pose that the hypothesis of Theorem 10 does not hold. Then there 
are s 0 e S and k 0 e w such that s 0 U T U {^ j is incompatible for 
any T e X ko . Let g(k 0 ) = <(,, />,/„(/) = <c,, .... c n/Q > and let <f> 0 

be the conjunction of all elements s 0 . Then [ $ 0 ) U T is compati¬ 
ble and T > % - ($)"]; for all <E>(uj, ..., u niQ ) e Z, 0 . Let 
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c njQ + i, .... C m be all elements of C distinct from c,, c njQ and 
contained in 3> 0 . Let <£, be a sentence congruent to the sentence $ 0 
and containing no variables a, , u m and let $ 2 be a formula of E 
for which ($ 2 )"[■"■■- $1 • We show that T o 3u„ io + , ... 

... 3u m 4 > 2 — $ for all $ e Z io . Indeed, let 21 t= <f > 2 [ 7 ] for some 
model 21 of a theory T, having a signature E, and some interpreta¬ 
tion 7 : {Uj, ..., v m ) — A . Consider an expansion 21' of a system 21 
to a signature E c such that ' (c,) = y(u l ),..., (c m ) = y(v m ). 
Then 21' t= <1?, and from the equivalence = 4 > 0 we get 21' t= $ 0 . 
Since 21' is a model of T and T > 4> n — ($)"'., we have 21 t= 

u ci, c n ,Q 

l= $ [ 7 ]. Thus 21 i= (3 % 0 + 1 ... 3 v m $2 — <f>) [ 7 ] for any model 21 of 
T, any formula $ e Z ig and any interpretation 7 : { y, , y„ ) — 
— A. Then it follows from Corollary 22.4 that T > 3u „ (0 + , ... 
... 3e m 4 > 2 — $ for any <i> e Z io . Since s 0 U Tis compatible, T U 
U {3l>j ... 3e m 4> 2 1 * s a ^ s0 compatible. This contradicts the fact 
that Z io is nonprincipal /t, 0 -type. Thus the hypotheses of Theorem 
■10 hold and hence there is a set X of sentences of E c such that X D 
fl Xj =£ 0,ie«, and there is a system 21 of E c which is a model of 
T U X in which any element a e A is the value of some constant 
c e C. Since for any i e w and any suite <c,, ..., c„ ( > e C n > there is 
Lew such that X k ( -1 ($)"[• "" ^ I4> e Z i ), 21 1 E omits all types 
Z ; , i e w. □ 

The omission of types theorem is a very important method of 
constructing models. It supplements the compactness theorem 
which is mostly used when it is necessary to realize compatible 
types. Applications of Theorem 11 are given in Sec. 29. 

An occurrence of a symbol q in a formula 4> not containing the 
connective — is said to be positive ( negative ) if the number of dif¬ 
ferent subformulas of of the form -if containing that occur¬ 
rence is even (odd). We denote by E + (4>) and E~ ($) sets of rela¬ 
tion symbols of E having respectively positive and negative occur¬ 
rences in 4>. For example, if 

$ = Vo ,(-1 (3u 2 r(f,, v 2 ) V — 1 s(e 2 » A -i(-ir(u 3 , t 2 ) A u, * f,)), 

where t 2 are terms, then E + ($) = {r, s),E“(<£)= {/•). 

The following theorem is called the Craig-Lyndon interpola¬ 
tion theorem. 
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theorem 12 . Let 4>, T be sentences of a signature E not con¬ 
taining the connective — and let $ > ty. Then 

(a) there is a sentence X of E not containing — such that <J> > 
o X, X t> E + (X) C E + (4>) n E + (*) and E~ (X) C E~ ($) fl 

n £-(¥); 

(b) if E contains no function and constant symbols, $ and 'b 
are without equality and -> $ and 'ft are both unprovable, then it is 
possible to require in (a) that X should be without equality. 

proof. A sentence X satisfying the conditions of statement (a) 
will be called an interpolating sentence for a pair <$, 'k). 

(a) Let 5 be a set of finite sets s of sentences of E c containing 
no implication symbol which satisfy the following condition: 
there are 5, ^ & and s 2 =£ 0 such that s = 5, U s 2 and there is no 
interpolating sentence for the pair (As,, -i(a,s 2 )>. (By t\s we 
denote a conjunction of the elements of s.) A set s, is called the 
beginning and s 2 the end of s*. We check conditions (Cl) to (C9) 
of the mechanism of compatibility. Since implication does not oc¬ 
cur in the elements of 5 e S, (C3) trivially holds. If a sentence 9j of 
E c is equivalent to a sentence 0 2 eseS and E T (9,) = E r (9 2 ), r e 
e ( +, - ); then it is obvious that s U {9j } e S. From this we ob¬ 
tain conditions (C2) and (C8). Let se5. Let s t be the beginning of 
5 and s 2 the end of s. 

(Cl) Let (9, -i9)’C s. If {9, —>9] is contained in the 
beginning (the end) of s, then the sentence Vu, -iu, ~ u, (the 
sentence Va, u, = Uj) will be an interpolating sentence for (As,, 
-i(As 2 )), which contradicts the condition. If 9 e s, and i9e 
e 5, (- 1 9 e s, and 9 e s 2 ), then an interpolating sentence for <As,, 
-i(as 2 )> will be a sentence 9 (a sentence -i9). 

(C4) Let 9, A 9 2 e and suppose that there is an interpolating 
sentence X for <(ASj) A 9,, ->(As 2 )> or for <(As,) A 9 2 , 
-i(A5 2 )>. Then it follows from ASj > 9, and As 1 , > 9 2 that X is 
an interpolating sentence for <A v,, -i (As 2 )>, which is impossible. 
If 9, A 9 2 € s 2 and X is an interpolating sentence for <A5j, 
-i((as 2 ) a 9j)> or for <As,, ->((As 2 ) A 9 2 )>, then by virtue of 
—i (as 2 a 9j) > -I (A 5 2 ) and -i (As 2 A 9 2 ) > -> (As 2 ) X is an inter - 


ly. 


Note that the beginning and the end of s are not determined from 5 unique- 
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polating sentence for (As,, -i(As 2 )>. The results obtained con¬ 
tradict the condition, which shows that s U [9, ) € 5 and s U 
U (0 2 )eS. 

(C5) Let 9, V 0 2 e s, and X,, X 2 are interpolating sentences 
for <(As,) A 9,, -i(as 2 )>, ((as,) a 9 2 , -i(As 2 )> respectively. 
Then X, V X 2 will be an interpolating sentence for (As,, -> (as 2 )>. 
If 9] V 9 2 e s 2 and X,, X 2 are interpolating sentences for <A5,, 
-i((A5 2 ) a 9,)>, (As,, 1 ((As 2 ) A 0 2 )> respectively, then X, A X 2 
is an interpolating sentence for (As,, -i(As 2 )>. 

(C6) Let vx0 6s 2 ,ceC and suppose that X is an interpolating 
sentence for <As,, —' ((A^ 2 ) A (0)J)>. Since -'((As 2 ) A 

A (0)£) t> -i (As 2 ), X is interpolating sentence for (As,, ->(As 2 )>, 
which is impossible. For Vx9 e s, it similarly follows that 5, U 
U ((0)* ) may be taken as the beginning and s 2 as the end of 

5 u {( 0 )-}. 

(C7) Suppose c 0 e C is not contained in the elements of s. If 
3x0 e S’, and X is an interpolating sentence for ((As,) A (0)£, 
-i (As 2 ) >, then it follows from Axiom 12 and Rule 3 of CPf c that 
3/X, is an interpolating sentence for <as,, ->(as 2 )>, where X, 
contains no constant c 0 , (X, )£ = X and y is a variable not occurr¬ 
ing in the elements of s U {X). In the case where 3x9 e s 2 and X 
is an interpolating sentence for (As,, -i((as 2 ) a (9)£ 0 )> the 
sentence VjX, is an interpolating sentence for (As,, -i (as 2 )>. In¬ 
deed, As, > VyX, follows from As, > X, since c floes not occur in 
ASj. From X > ->((As 2 ) A (9)£) we get V_yX, > —> (A s 2 ) V 
V V_y-i(9)*. If V/X, > -i (as 2 ) does not hold, then there is a 
model 21 of the set {Vj’X,, As 2 }. It follows from the foregoing 
that Vj -i (9)* is true in 21. This contradicts 21 f= As 2 and 3x0 e s 2 . 

(C9) Suppose that c' e C does not occur in the elements of s. If 
X is an interpolating sentence for ((As,) A c' = /(c,, ..., c n ), 
-i(A 5 2 )>, then X is an interpolating sentence for (As, , -i(As 2 )>. 

Let ( Cq * /(c,. c„), (Q) x m . Cn) ! c 5 . If Qj- (c .. Cn) e s, and 

X is an interpolating sentence for ((As,) A (0)J Q , ->(As 2 )>, then 
an interpolating sentence for ((As,), ->(As 2 )> is X in case c 0 = 
= /(c,, ..., c n ) e s, and the sentence ic 0 = f(c ,, ..., c n ) V X in 
case c 0 » /(c,, ..., c n ) e s 2 . If (©)/ (c , Cn) e s 2 and X is an inter¬ 
polating sentence for (As,, -> ((As^) A (9)J 0 )>, then an inter- 
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polating sentence for (As,, -ifA^)) is X in case c 0 = f(c x , ... 

c n ) e s 2 and the sentence c 0 ~ /(c,, ..., c n ) A X in case c 0 * 
® /(c,, •••. c„) es r 

So we have shown that S is a mechanism of compatibility. If 
(a) did not hold, the set [$, would be in S. By Theorem 9 
the set j <i>, -> 'k } would have a model, which would contradict the 
condition $ > 'k by virtue of Corollary 22.4. 

To prove (b) it is necessary to replace in the definition of S the 
words “sentence” by “sentence without equality” and require 
that neither > _ >(AS' ] ) nor > -i(As 2 ) should hold. Then the cases 
[9, -i0) c s, and [0, —> ©} c s 2 are found to be impossible in 
checking (Cl). For the rest checking conditions (Cl) to (C7) is the 
same as in (a). Hence S is a mechanism of compatibility without 
equality. We then apply Theorem 9' instead of Theorem 9. □ 

If equality occurs in $ or in ’k, then it is impossible to require 
in Theorem 12(b) that equality should occur in X only when it 
does in $ and 'k (see Exercise 1). In the remainder of this section 
we apply Theorem 12 to characterize sentences remaining true 
when passing to homomorphic images. 

definition. If SI is an algebraic system of E, then the relation E 
on a set A is said to be a congruence on SI if it is an equivalence on 
A and for any a,, ...» a n , by , ..., b n e A, r e R, f e F, n(r) = 
= u(f) = n, <«!, b ] > eE, ..., < a n ,b n > eE, <u,, .... a n > e v n (r) 
implies (b l . b n > e y H (r)and {a x , b l > e E, (a n , b n > eE im¬ 
plies <i. a n ), v u (J){b y . b„)) e E. If E is a con¬ 

gruence on the system SI of E, then we define a new system 3l/£’ of 
E which we call a factor system of the system SI with respect to E. 
The carrier SI /E consists of equivalence classes aE = \b\ (b, a) e 
e E J. The interpretation v %/E is defined as follows: 

(OyE, ..., a n E ) e v %,E {r) « <o,, ..., a n > e v % {r) ( r e R ) 

v *' E (f){ayE, .... a n E) = »«(/)(«,, a n )E (fe E). 

Verification of the correctness of this definition, as well as the 
proof of the following simple proposition, will be left as an exer¬ 
cise to the reader. 

proposition 3 . (a) Let $ be a sentence of E and let <$' be ob¬ 
tained from T by replacing subformulas t { ~ t 2 by E (/,, t 2 ), where 


12—191 
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E is a relation symbol not occurring in R. If % is a system ofL' 2 
2 E, E e R' and v n ( E) is a congruence wiSI f E, then 

2{ (= <f>' <=> 21 /r^(E) t= 4>. 

(b) If E is a congruence on a system 21, then the mapping 
assigning to an element a e A an element aE is a homomorphism 
of 21 onto 21/E. □ 

A formula <t> is said to be positive if it contains no implication 
and all the occurrences in 3> of relation and equality symbols are 
positive. We shall say that a sentence $ of E is preserved under 
homomorphisms with respect to a sentence 'E of E if the truth of 
$ A f on a system 21 of E implies the truth of $ A 'b on any of 
its homomorphic images. 

theorem B. Let $ and 'b be sentences of E and let the sentence 
'b — -of 'be unprovable. For $ to be preserved under homomor¬ 
phisms with respect to ^ it is necessary and sufficient that $ be 
equivalent to a positive sentence X with respect to ib (i. e. 'b > 
> (<£ — X) A (X — <f>)). 

proof. Necessity. Since $ and 'f r contain a finite number of 
symbols, the signature E = {R, F, p) may be assumed finite. Sup¬ 
pose first F — 0. Denote by 8 a conjunction of sentences 

Vi>, ... . v n ) V r'(y l . v n )), r e R, n(r) = n, 

and a sentence 

Vu, Vv 2 (~’E(u 1 , v 2 ) V E'{ u,, u 2 », 

where r'(r e R), E and E' are pairwise distinct symbols not in R. 
Denote by A a signature sentence containing only symbols of R U 
U [E ) and no implication symbol whose truth on a system 21 is 
equivalent to the fact that v % (E) is a congruence on 21 1 E. Let <i> 0 
and 'bg be obtained from $ and 'b respectively by replacing all for¬ 
mulas of the form x ~ y by E(x, y). Let €> 0 ', 'bj and A' be obtain¬ 
ed from <f> 0 , SE 0 and A respectively by replacing all predicate sym¬ 
bols by primed symbols. If a sentence 0 A A A A' is true on 21, 
then v n (r) c r^(r') for r e R and v*(E) c v n (E') and so the 
mapping assigning to an element aE an element aE’ is a 
homomorphism of (21 1 E)/p a (Zi) onto 21,/>' a (£") where 21, = 
= {A, > is a system of E for which p a ‘ (r) = p a (r ')(r e R). 
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From this, via Corollary 22.4, Proposition 3(a) and the 
hypothesis of the theorem we get 

A A A > -i 'kg' V -i 0 V -i A' V $ 0 '. 

Suppose that >->t 0 'v ->9 V ->A' V <i> 0 '. On replacing in the 
proof the symbols r' by r for r e R and E’ by E we get 
> 2kg V -i 0j V -i A V 4> 0 , 

where 9, is obtained from 0 by replacing r' by r for r e R and E' 
by E. It is clear that > 0j and hence -i 'kg V -i A V 4> 0 is an iden¬ 
tically true sentence. From this, using the fact that A is true on 
systems 21 in which the relation (E ) is an equality, we conclude 

that 'k — $ is also identically true. We may take as X therefore a 
sentence Vu, Uj « e,. Now let -iSk 0 ' V -i0 v -tA' V 4> 0 ' be un- 
provable. The sentence -i (^ 0 A $ 0 A A) is also unprovable, since 
otherwise by virtue of the fact that A is true on systems 21 in which 
v 81 (£) is an equality, the sentence 'k — -> $ would also be iden¬ 
tically true, which contradicts the condition that it is unprovable. 
Then by Theorem 12(b) there is an interpolating sentence Xq con¬ 
taining no equality for which the following conditions hold: 'kg A 
A 4> 0 A A> X 0 , Xq > -1 Tq V - 1 9 V -lA' V $ 0 ', E + (X 0 ) C R U 
U [E 1 and E“ (Xq) c E~ (¥ A 4> 0 A A) D E" (-. ¥ 0 ' V 0 V 
V -i A' V $ 0 ') = 0. Hence Xq is a positive sentence of a signature 
E, which contains only the symbol E in addition to those of E. 
Replacing in the derivation the symbols r ' by r for r e R and E' by 
E yields Xq > 'kg V -> 9, V A V <f> 0 . Since > 9,, we have Xq t> 
> 'kg v -i A V 4^ . We have thus obtained 'kg, A > (<k 0 — Xq ) A 
A (Xq — 4> 0 ). Since A is true on systems 21 in which the relation 
(E) is an equality, 'k > (4> — X) A (X — $) for the positive 
sentence X obtained from X 0 by replacing subformulas of the 
form E(x, y) by x = y. 

Now let E = < R , [f x , p)- Consider a signature E' = 

= (R U (Fj, .... F m ], 0, n'}, where F x . F m are pairwise 

distinct symbols not in R, p'(r) = p(r) (r e R) and p'iF^ = 
= p(fi) + 1, / e (1, ..., m ). Let >k 0 be a sentence expressing in the 
systems of E' that the relations F x , ..., F m are functions *. Let , 

* That is, y 0 is a conjunction of the sentences Vx x ... Vx n/ VyVz((F i (x 1 , ... 
... ,x nl ,y)AF,ix i ,... ,x ni ,z)) - y = z) A vx, ... vx„ f 3 yFj(Xi, . *«,•> y), i e 
e 11, ... , rn\, n ,■ = n(/ f ). 
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''I'j be sentences of £, in reduced nf equivalent to the sentences <f> 
and 'L respectively. Let $ 2 , t> e obtained from respective¬ 
ly by replacing atomical subformulas of the form y ~ f i (x l , ... 

x n ), x x , ..., x n ) * y by F j (x l . x n , y). Clearly if $ is 

preserved under homomorphisms with respect to 'f', then <t> 2 is 
preserved under homomorphisms with respect to A ^ 2 . Since 
£' contains no function symbols, it follows from the foregoing 
that there is a sentence X! of L' for which 

%a* 2 > (* 2 - X,)A(X, - * 2 ). 

Using Corollary 22.4 we then get 

* > (4> - X) A (X - 4>), 

where X is a positive sentence of E obtained from X, by replacing 
F i( x i> + i)by^ n + , * f(x, , -,x n ). 

The sufficiency of the hypothesis of the theorem is obtained 
from the following two facts which are verified directly by induc¬ 
tion on the length of X. (a) If h is a homomorphism of 21 onto 93 
and X(r,, ..., x n ) is a formula containing no negation, then 

21 i= X(a,. a n ) =» ® t= X(ha { . ha n ). 

(b) A positive formula X is equivalent to formula X, contain¬ 
ing no negation. □ 

corollary i. If K is an axiomatizable class, then K is closed 
under Homomorphic images if and only if K has a system of axi¬ 
oms consisting of positive sentences. □ ' 

Exercises 

1. Using Theorem 11 prove that for any countable linear ordering 8 without 
the last element there is a proper elementary extension of® (i. e. 8 < 50 and A st 

B) such that 21 is the initial segment of® (i. e. it follows from (b, a > e 
and a € A that b e A). (Hint. Add to the signature the constants Sc] U f c Q la e 
e A |, consider a theory T with a set of axioms £>*(?!) U \ ->c » c a \ae A \ and the 
types Z b = ( u, ^ c b ) U ( -i v t » c a i a e A ) and use the theorem on the omission 
of types.) 

2. Show that if an equality occurs in 4 or in if, then one cannot require in 
Theorem 12(b) that an equality should occur in X only when it occurs in $ and 4. 
(Hint. Consider the examples c, = c 2 > r(q ) V -ir(c 2 ), r(c,) A -ir(c 2 ) > t, * 
= c 2 .) 
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3. A formula ¥ is said to be negative if in the formula 'f, obtained from V by 
replacing ail its subformulas of the form 'J', — ¥2 by -i %[ V V 2 each occurrence of 
a relation symbol and of the equality is negative. Show that provable formulas 
cannot be negative. (Hint. A negative formula is false in E E .) 

4. Deduce from Exercise 3 that in Theorem 13 the condition that ¥ — -i<t> is 
unprovable cannot be omitted. 


28. COUNTABLE HOMOGENEITY 
AND UNIVERSALITY 

Let T be a theory of a signature E. We denote by F n (E) a set of 
formulas of £ with free variables of a set {u,, ..., v n }. If $ e 
e F n (E), then by ll$ll r or simply by ll$ll we denote a set ($ e 
e F n (E) I T > ($ - $) A ($-$)}. We denote by 99 n (T) a 
Boolean algebra with a carrier B n (T) = (Ill'll I $ e /^(E)) and 
the following operations: 

(a) II $11 U II $11 = 11$ V $11; 

(b) ll$ll Pi ll$ll = 11$ A $11; 

(c) II$H = II m$|| . 

Checking the correctness of the definition of the operations, as 
well as verification of axioms (1) to (10) of Boolean algebras will 
be left as an exercise to the reader. 

Let us suppose that in this section all algebraic systems and 
theories to be considered have a signature E, unless otherwise 
stated, and that the power of E is finite or countable. By a model 
of a theory T we shall mean a model T of a signature E. Let 21 be 
an algebraic system of E and a,, ..., a n e A. The type of the col¬ 
lection <a,, .... a n > in 21 is the following a-type: 

T( 21, a,, ..., a n ) = 

= {$(u, , .... u„) I 21 t= $(a,, ..., a n ), $eF„(E)|. 

If 21, 99 are systems of E, a,, .... a n e A, b { , ..., b n 6 B, then the 
equation 7X21, a,, ..., a n ) = T(iQ, b x , .... b n ) will also be denoted 
by 

<21, a,, ..., a n > = <93, b x , ..., b n >. 

definition. A countable algebraic system 21 is said to be 
homogeneous if for any a . . a n , b lt ..., b n eA and any element 
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a e A 

<21,fl,, 

-,o n > - <21,6,, 

..., 6 n > 

(1) 

implies 

<2I,o,,.. 

■, o„, o > = <21,6,, 

■:,b n ,b) 

(2) 


for some b e A. 

It is clear that if 21 is a homogeneous system and X c A is a 
finite set, then the system 21 ^- is also homogeneous. 

proposition l. For any countable system 21 there is a countable 
elementary homogeneous extension 93 > 21. 

proof. We first show that for any countable system there is a 
countable elementary extension 21 (1) > 21 such that for any a,, ... 
.... a n , b x , b n , a e A (1) implies 

<21 ( 1 ) ,o,.o n ,o> s < 8 ( 1 ) ,V -,b n ,b) (3) 

for some b e A^. For every X= [a, ,...,a n ) £ A we define a set 

R(X) = {y'.X - A I <21, a,. a n > = < 21 , 70 ,, ..., 7 o„>). 

We denote by F the union of all R ( X ), where A' is a finite subset 
of A. It is clear that R has a countable power. We extend the 
signature E^ to E, by adding new symbols of one-place operations 
f for each y e R. Consider the following set of sentences of E,: 

Z = ZJ*(21)U (vx($(x,c 0 ,. c a J - 

~^ (Jy (X) > Cya i > • • • i Cya n ^ 

\yeR,a x , .... a n e dom 7 , 4>(x, y x , ...,y n )e F(E)). 

It follows from the definition of the set F that every finite set Z, c 
£ Z holds in some expansion of 21. Let 21, be a countable model of 
Z and let 2I (1) = 21, 1 E. Since 21 is a model of £>*(21), it may be 
assumed by Proposition 24.4(a) that 21 < 21 (1) . If (1) holds, then 
the truth on 21, of the sentences of Z implies that (3) holds for b = 
= /?'(</), where 7 ( 0 ,) = b x , ..., y(a„) = b n . 

We define a sequence of systems (21/1/ e w) as follows: 21 0 = 
= 21, 21/ + , = 2l{ 1) , / e oj. By Proposition 24.3 we get 21*. < 93 = 
= U 21/, k e w and, in particular, 21 <93. Since© = U 21/, we see 

/ € U) 

that © is a countable system. If a,, ..., a n , b x , ..., b n , a e B and 
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<93, a,, a n ) = <93, b x , ..., b n >, 

then a,, , b x , , a eA t for some i e u. Since 21,- < 93 we 

have 

<21,, Op • ••, o«> = <21,, 6j, b„>. 

From the definition of 21,1b = 2I, + , we get 

< 21 / 4 . p' op • • •, a n , a") = <2f,- + |, ..., b n , b 
for some b e >1 ( . + ,. Since 21,. + j < 58, we have 

<58, Op ..., a n , a> = <93, b x , ..., b„, 6>. 

Thus 93 > 21 is a countable homogeneous system. □ 

proposition 2 . Let 21,58 be countable homogeneous systems of 
a signature £. Then the following conditions are equivalent-. 

(a) 21 = 93, 

(b) the same n-types ofL,ne w, are realized in 21 and 93 . 
proof, (a) => (b) is obvious. Let (b) hold. We number A and 

B: A = |a ; l/eu),fi= {I/e o>J. By induction on n e w we con¬ 
struct finite mappings f n : A n — B, A n c A, with the following 
properties: 

(1„) if n * 0, then/„ _ , c /„; 

(2 n ) if n = 2k + 1, then a k e A n ; 

(3„) if n = 2(* + 1), then b k ef n {A n )-, 

( 4 n)' fA n = i e >- then 

<21, e x , ..., e m ) = <33 > f n e \ * ■ ■■ < f„ e m ) ■ 

For f 0 = 0 conditions (1 0 ) to (3 0 ) trivially hold. Condition (4 0 ) 
follows from (b), since Th(21) is a 0-type. Let n = 2k + 1 and 
A n _ , = (e,, ..., j. By the induction hypothesis 

<21, e,, ..., e m > = <58 ,/„ _ ,<?p x e m ). (1) 

It follows from condition (b) that the type 7X21, e,, ..., e m , a k ) 
is realizable in 58 and therefore 

<21, e, i ...» e m , a k ) = <93, dy —, d m + ,) 
for some cf,, ..., d m + , 6 B. From (1) and (2) we get 

<93, d x , ..., d m ) = <93, f n _ x e x , ...,f n _ x e m ). 


(2) 
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therefore by virtue of the homogeneity of S3 there is b e B such 
that 


<S3, d l , d m + j ) — (S3, f n _ ] e, . f n _ j e m , b). 

By virtue of (2) we then have 

<21, e,, e m , a k ) - <93,/„_ x e x , ie w ,6> 

and consequently the mapping/ n = / n _ , U { (a*, h > ) will satisfy 
conditions (l n ) to (4 n ). The case n = 2(£ + 1) is treated similarly. 
It follows from conditions (l n ) to (4 n ), new, that / = U /„ will 


be an isomorphism of 21 onto S3. □ 

definition. A countable algebraic system 21 of E is said to be 
universal if for any n e w all /7-types of E compatible with Th(2I) 
are realized in it. A countable algebraic system 21 of E is said to be 
saturated if for any finite A" c A all 1-types of E^ compatible with 
Th (21^) are realized in 21^. 

It is clear that the compatibility of the /7-type of Z with Th(21) 
is equivalent to the local satisfiability of Z in 21. It is obvious that a 
countable elementary extension of a universal system is a univer¬ 
sal system. It is also clear that if a system 21 is saturated, then the 
system 21^, is also saturated for any finite X c A. 

proposition 3. For a countable algebraic system 21 the follow¬ 
ing conditions are equivalent : 

(1) 21 is saturated, , 

(2) 21 is universal and homogeneous. 

proof. (1) => (2). Let 21 be saturated. We show by induction on 
new that any /7-type Z 0 of E compatible with Th(21) is satisfiable 
in 21. If n — 1, the satisfiability of Z 0 in 21 follows from the defini¬ 
tion of saturation. Let n > 1. Consider the ( n - l)-type Z, = 
= {3 v n (4>j A ... A ) I 4>,, ..., $ k e Z 0 ). Since Z, is locally 
satisfiable in 21, by the induction hypothesis the type Z, is realized 
in 21 by the elements a,, .... a n _ ,. It will be assumed that v x does 
not occur bound in the elements of Z 0 . By virtue of Proposition 
19.4(b) it suffices to consider only such n-types Z 0 . Consider the 
1-type 


Z 2 = (<*) 


VI. 

Ca\ 
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It is clear that the 1-type Z 2 is locally satisfiable in 21 ( Bn j . 
By the saturation of 21 there is an element a e A realizing in 
21, „ „ ,, the type Z,. Hence the /7-type Z„ is realized in 21 by 

the elements a,, a n _ ,, a. 

We show that 21 is homogeneous. Let a x , ...,a n ,b x , ...,b n ,ae 
e A and 

<21, a,.a n > = <21,6,, b n >. (*) 

Consider a 1-type 

z o = . fln) t=*(a),*eF,(E (Bl . an] )). 

It follows from (*) that a 1-type 

z . = Z 0 ,$ 1 (x 1 ,...,x n ,u 1 )e^(E)] 

is locally satisfiable in 2t (ftj frn| . Since 21 is saturated, Z, is 
realized in bn ( by an element b e A. It is clear that we then 

have 

<21, a,. a n ,a) = <21, 

(2) =» (1). Let 21 be universal and homogeneous, a,, .... a n eA 
andZ 0 bea l-typeof21j fll a , locally satisfiable in E (fl , .It 
may be assumed without loss of generality that all bound’variables 

in the elements of Z 0 are different from v,. v n + t . Consider an 

n-type Z, = 7(21, a x , ..., a n ) and an (n + l)-type 

z, = z, u '« Z 0 , #(»,.mj. 

If Z 0 is locally satisfiable in 21 ]I7| anj , then Z 2 is locally 
satisfiable in 21. Since 21 is universal, Z 2 is satisfiable in 21 by some 
b ,, ..., b n + | 6 A . Since Z, £ Z 2 , we have 

<21, a,, ...,a„> = <21,6,, 

From the homogeneity of 21 we get 

<21, a,, .... a n , a) = <21,6,, •••,6 n+ ,> 

for some a € A. It is obvious that a realizes Z n in 21,„ „ ,. □ 

u \a\> a n \ 
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proposition 4 . 7/21 and S3 are countable saturated elementarily 
equivalent systems, then 21 — 23. 

proof . Immediate from Propositions 3 and 2, since all n-types 
compatible with Th(2l) = Th (S3) are realized in 21 and S3. □ 

Thus there is a one-to-one correspondence to within isomor¬ 
phism between complete theories T with countable saturated 
models and countable saturated models of T. By Proposition 1 
any theory T has a countable homogeneous model. Not all 
theories T, however, have a countable saturated model (see Exer¬ 
cise 2). The following proposition characterizes complete theories 
T possessing saturated models. 

proposition 5 . For a complete theory T possessing infinite 
models the following conditions are equivalent : 

( 1 ) T has a countable universal model', 

(2) T has a countable saturated model', 

(3) for any n e w a Boolean algebra S3 n (T) has a countable 
number of ultrafilters. 

proof. (1) => (2). Let 21 be a countable universal model of T. 
By Proposition 1 there is a countable homogeneous model S3 > 21. 
It follows from Proposition 3 that S3 is a saturated model of T. 

(2) =» (3). Suppose 21 is a countable saturated model of T, n e 
e co and U is an ultrafilter of an algebra 39„ (/). Consider an n-type 

T(U) = [$ I »$ll e (/,$eF„(£)l. 

It is clear that T(U) is an /z-type compatible with T. Since 21 is 
universal, there is a collection a(U) = {a x , .... a n > realizing the 
type T(U ) in 21. If U l , U 2 are two distinct ultrafilters of $3 n (T), 
then for some $ e F n (E) we have II $11 e U i and II $11 e U 2 . Hence 
a (C/,) ^ a ( U 2 ). Thus there is a distinct-valued mapping of the set 
of all ultrafilters of an algebra S3 n ( T ) into a countable set A". This 
yields condition (3). 

(3) =» (1). Let ( U" I / e co) be the set of all ultrafilters of 33„ ( T ) 
and suppose that a signature E, is obtained from E by adding to it 
new pairwise distinct constants (cj 1 -' I n, i e co, 1 ^ j < n ). Then a 
countable set of sentences of E 


X = 


T u ' e " ; $ 6 T(c/ i>} 
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is compatible. Let 21 be a countable model of X. Then 21 1 E is a 
universal model of T. Indeed, let Z 0 be an n -type of E compatible 
with T. Then a set Y = (II $11 I T e Z Q ) is a family of sets with the 
finite intersection property of S3„ (T). By Proposition 12.1 there is 
an ultrafilter UO 2 Y of S3„(F). Since Z 0 £ T{Uf), Z 0 is realized 
in 21 1 E by the elements v a (cy> ')»•••> V a (<£• ')• □ 

The concepts of a homogeneous, a universal and a saturated 
countable system easily carry over to other powers. In particular, 
an algebraic system 21 of E is said to be x-saturated, where x is a 
cardinal, if for any setX Q A of power <x any 1-type of E x com¬ 
patible with ThfSljj.) is realized in 2I X . To conclude this section, 
consider a theorem independently proved by Yu. L. Ershov and 
H. J. Keisler. * 

A filter Bona set I is said to be countably complete if for any 
set {X t I / e «) £ D we have p| X. e D. We denote by o>[ the first 

/ 6 u> 

uncountable cardinal. 

proposition 6. IfHj ,iel, are algebraic systems of I, and D is an 
ultrafilter on 1 not countably complete, then the system ZTprod 21, 
is oij -saturated. • 

proof. Let [Xj I / e u ) £ D and O d D. Consider a family 

IW.Uea), where W 0 = I \ U W { = f| X ( and W t = 

= (X 0 n ... n X, _ 2 ) \ (X Q n .Tn X t _ j) for7% 2. It is clear 
that W/&D for / e w, U W { = I and W, fl Wj = 0 fori * j. Let 

/ eat 

21,, i e I be algebraic systems of E, let X £ D -prod A jt \X\ ^ u 
and suppose that Z = {$ { (u,) I / e co} is a 1 -type of L x compatible 
with Th((D-prod 21,)^) and $ 0 is an identically true formula. 

Let S3 = (Z?-prod 2I,) X and X = [Df k \k e w). Consider ex¬ 
pansions S3, of systems 21,. of E^ for which c®^ = f k (i). Clearly 
S3 = D-prod S3, and for all k e u 

[16/183, t= ... A^)) eD. (1) 

We choose f e I -prod 2?,. so that for any k, n e u, k 6 W n there is 
S3* t= %(fk ) A ... A $ m(k) (fk), where m(k) is the greatest number 
in the set (0, !,...,«) for which S3* i= 3u, (<l> 0 A ... A 4?^). Since 





188 


Model Theory 


fV. fl Wj = 0 for i sfc j and <t> 0 is identically true, we can choose 
such /. 

We show that for any k 0 e k 0 > 1 

{/e/193, t= $ ko (fi)eD (2) 

and thus prove the proposition. Consider the set 
G = (/e/193,. t= 3u,(<J», A ... /\%)} \ ( W 0 U ... U W ko _ ,). 

From (1) and from the fact that W 0 £D,... y W k _ ,gZ>wegetGe 
e D. Since m(i) > k Q for any / e G, it follows from the construc¬ 
tion of/ that G Q {/ e /193, t= $ k (Ji)\ and from this we obtain 
(?)• □ 


Exercises 

1. Show that the axioms of Boolean algebras are true in 58„(r). 

2. Suppose a signature E 0 consists of a countable set (r,-1/ e w) of one-place 
predicates and a theory T 0 is defined by a set of axioms 

|3u,(S|(e|) A ... Alpine o), s t e (r,, ), .... s„ e \r n , r n }). 

Show that T 0 is a complete theory without a universal countable model. (Hint. The 
completeness of T 0 follows from the fact that 21 1 E, = 33 t H, for any finite E! Q 
c £ 0 and any countable models 21,58 of a theory T\ that Thas no universal model 
follows from the fact that all 1-types (j,(u,)I/ e a, j ; e [r h -i/j ) j are compatible 
with T 0 .) 


29. CATEGORICITY 

Theorem 24.3 shows that for an infinite system SI, Th(S() does 
not define SI (to within an isomorphism). There is, however, an in¬ 
teresting class of systems SI whose theory defines SI to within an 
isomorphism among systems of the same power. In this section we 
shall discuss some properties of theories of such systems. The 
signatures in this section have a countable or finite power. 

definition. A class K of algebraic systems of a signature £ is 
said to be categorical in a power x or x-categorical if all systems in 
K of power x are isomorphic. A theory T of £ is said to be 
categorical in x if the class K L (T) is x-categorical. 

If a class K has no systems of power x, then by definition it is 
categorical in x. If AT is a class of algebraic systems [T is a theory) 
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of E, then by K x (by T x ) we denote the class of infinite algebraic 
systems of K (the theory T U (3u, ... 3u n ( -ie, = t i.)\n e 

6«l). it is clear that K Z (T X ) = (K t (T))„. ' < ” 

proposition \ . If a theory T of a signature E /s categorical in 
some infinite power x, then T x is complete. 

proof. Let 21 and 93 be two infinite models of T. It suffices to 
show that 21 = 93. By Theorem 24.2 there are countable elemen¬ 
tary subsystems 21, < SI and S3, < S3. By Theorem 24.3 there are 
elementary extensions 21 2 > 21, and 93 2 > S3, of power x. Since 2I 2 
is isomorphic to 33 2 , we have 2I 2 = 33 2 . Hence 21 = S3. □ 

If T is complete and has finite models, then by Corollary 24.2 
all models of T are isomorphic to some finite system. Up to the 
end of this section we let T denote a complete theory of E having 
infinite models. Notice that if T is a complete theory, then any 
principal compatible rt-type is satisfiable in any model of T. 

theorem 14 (Ryll-Nardzewski). For a theory T to be categorical 
in a countable power it is necessary and sufficient that for any n e 
e oj algebras 93 n ( T) be finite. 

proof. Necessity. Let S \ 0 {T) be an infinite Boolean algebra. 
Since T is complete, we have 1S3 0 (7') 1 = 2 and hence n 0 > 0. By 
Proposition 12.3 there is a nonprincipal ultrafilter U on b no (T). It 
is clear that the n 0 -type Z - {4>eF n (E)l II$ II e U J is a nonprin¬ 
cipal /? 0 -type in T. By Theorem 11 there is a countable model 21 of 
T in which Z is omitted. Since T U Z is compatible, by the 
theorem on the existence of a model there is a model 93 in which Z 
is realized. Since 93 may be assumed countable, Tis not countably 
categorical. 

Sufficiency. Let 93„(7’) be finite for all new. Then any n-type 
Z is principal in T. By Proposition 28.4 it suffices to show that 
any countable model 21 of Tis saturated, to do this it is in turn suf¬ 
ficient to show that any 1-type of the signature E |a| , where 
a,, ..., a n e A, is principal in T ] — Th(2l f0] This follows 

from the fact that the mapping h transforming $(i>,, ..., v n + ,) 
into 4>(u,, c a ,, ..., c an ) preserves the relation II4>II < ll'kll (i. e. T> 
>$ — >M>~ h'ft) and any (n + l)-type of E is prin¬ 

cipal in T. □ 

The following proposition has been proved by P. Lindstrom. 
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proposition 2 . If an 13-axiomatizable consistent theory T of E 
is categorical in a countable power, then T is model-complete. 

proof. We shall say that a formula $(x t , x n ) of E is 
preserved in going to submodels (supermodels) of T if for any 
models 21 £ 23 of T and any a,, a n e A the truth of 4>(a,, 

..., a n ) in S3 (in 21) implies the truth of $( 0 ,, ..., a n ) in 21 (in S3). 
Consider a set G of formulas of E in prenex nf not preserved in 
going to submodels of T. It is clear that T is model-complete if 
and only if G = 0. Suppose that T is not model-complete. We 
choose $0 (x,, ..., x n ) e G whose quantifier prefix has a least 
length r 0 . It is obvious that r 0 > 0. Let <h 0 = Qy^^ly, x l , ..., x n ). 
It follows from the minimality of r Q that is preserved in going 
to subsystems and hence Q - 3. Since -> is equivalent to a for¬ 
mula with a quantifier prefix of length r 0 — 1, it follows from the 
minimality of r Q that Sk 0 is preserved in going to supersystems. 

We choose <p: w — of such that for any a e of the set {n I <pn - 
= a j is infinite. We construct a sequence 21 m , m e w of countable 
models of T with the following properties: 

(1) A m c w and the set w \ A k is infinite; 

(2) 21 m £ 21 5 for m < s; 

(3) if <pm e ( A m ) n and there is a countable model S3 2 2I m of T 
for which 58 f= l l , 0 (7r| ! (yw), ..., 7r”(y im)), then as 21 m + , we take a 
model of T satisfying condition (1) for k = m + 1 such that 2I m £ 
£ 21« + i and 2l m + , t= $ 0 « (<pm), ..., ir"(<pm)). 

Consider a system 2I W = U 2I m w hich is by the V3-axioma- 

meu 

tizability of T a model of T (Proposition 25.4(b)). Since $ 0 e G, 

there are models 21 £ S3 and a,. a n e A, S3 i= $ 0 ( 01 . a n ) 

and 21 t= -1 ^(a,, .... a n ). By taking corresponding countable 
elementary subsystems it may be assumed that 21 and 58 are coun¬ 
table, and it may be assumed by the categoricity of T in a coun¬ 
table power that 21 = 2I U . Since A u c o>, it follows from the condi¬ 
tion on that <pm Q = <a,, ..., a n > 6 ( A mo ) n for some m 0 e w. Since 

2I mo £ 2I U £ S3, from property (3) we get 2I mo + , t= # 0 (or,. a„) 

and so we have 2I mo + , t= Sk 0 (i», a,, ..., a n ) for some be w. This 
contradicts the fact that 2I U t= 1 By'f'giy, o,, ■ ■■, a n ) and that T 0 is 
preserved in going to supersystems. □ 
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Notice that the condition that a theory T should be V3-axi- 
omatizable is also necessary in the preceding proposition for T to 
be model-complete. Namely, we can prove the converse of Pro¬ 
position 25.4(b): if an axiomatizable class K is closed under 
unions of systems, then K is V3-axiomatizable. Any model- 
complete theory therefore is V3-axiomatizable. 

The theory of densely ordered sets without the first and the 
last element is categorical in a countable power (Proposition 15.4) 
and noncategorical in no infinite uncountable power (Exercise 1). 
The theory of algebraically closed fields of characteristic 0 is 
categorical in all infinite uncountable powers and noncategorical 
in a countable power. It is easy to construct examples of complete 
theories categorical in all infinite powers and theories non¬ 
categorical in all infinite powers. As was shown by M. Morley, 
there are no other cases of categoricity “distinction” for complete 
theories of a countable signature with infinite models. 

The remainder of this section will be devoted to the following 
theorem proved by F. A. Palyutin. Its proof uses many of the 
results of the present chapter and illustrates an important method 
of model theory, the method of minimal sets. 

theorem is. If a quasi-variety K is categorical in a countable 
power, then it is categorical in all non-unit powers. 

A class of non-one-element systems of K is denoted by K + . In 
what follows we let K be a countably categorical quasi-variety of £ 
for which K + is not empty. Elements of classes K, K + and K x will 
be called Af-systems, A' + -systems and K x -systems respectively. 
Unless otherwise stated, by a formula we shall mean a formula of 
£. In what follows, unless otherwise stated, the letters 21, S3 will 
denote Ai-systems. By w we denote an_ordered set <w,, ..., w n >, 
writing w e A if w,,..., w n e A and 4>(w) instead of $(w,, ..., w n ). 
If 4>(y, x) is a formula, a e A, then 4>(2l, a) denotes a set \ b e 
e A 121 i= ${b,a)].\ft(y l ,...,y m ,x)\s a_term, a e A and X ] c 
c A, ..., X m c A, then t % (A,, ..., X m , a) denotes a set 

\b 0 e A I there are b { e X .. b m e X m such that 

b 0 = t n {b x , ..., b m , a)}. 
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If X x = ... =_X m = X, then we write t n (X, a) instead of 
t^(Xy, ■■■,X n , a). To abbreviate the notation we shall often leave 
out universal quantifiers in writing quasi-identities, i. e. denote a 
quasi-identity Vx, ... Vx n $(x,, ..., x„) by $(x,, ..., x n ). For nota- 
tional simplicity we shall also identify “diagonal” elements^ e A' 
identically a e A on / with an element a e A. A system SI will 
therefore be assumed to be a subsystem of its Cartesian power 21 
This is possible because the mapping assigning to an element a e A 
an element^, e A 1 is an isomorphism of 21 onto a subsystem of 
diagonal elements of 21 l . 

By Propositions 1 and 2 a theory Thf/sT^) is complete and 
model-complete. It follows from Propositions 25.4 (a) and 
25.5 (a) that a class K is closed under subsystems and Cartesian 
products. In particular, K + & 0 implies & 0. 

lemma l. (a) If a sentence conditionally filters together with its 
negation -i $ and is true on some K + -system 21, then it is true on 
any K + -system. Filtering sentences and quasi-identities condi¬ 
tionally filter together with their negations. 

(b) For any K-system 21 and any finite set X c A the system 
21 (X) is finite. 

proof, (a) If a sentence $ is false in a X + -system 93, then it 
follows from the conditional filtration of $ and -i $ that $ is true 
in 21“ and false in 93“. This contradicts the fact that Thf/f^) is 
complete. If $ is a filtering formula, then it is obvious that -i$ 
conditionally filters. The conditional filtration of a quasi-identity 
is shown in the proof of Proposition 25.5(a). The negation of a 
quasi-identity 4> is equivalent to a sentence 3x, ... 3x n ($, A 
where ^, $ 2 are filtering formulas. By Lemma 17.2 -i$ condi¬ 
tionally filters. 

(b) Let 21 (a,, ..., a n ) be infinite. For every a e A (a,, ..., a n ) 
there is a term t a (v t , ..., v n ) such that tf(a t , ..., a n ) = a. Then 
formulas v n + ( ~ t a (v l , ..., v n ), a e A (a, a n ) are pairwise 
nonequivalent in Th(2I(fl], .... a n )) = Th(AT,*,). Since ThfX^) is 
w-categorical, this contradicts Theorem 14. □ 

lemma 2 . If $(y, x)isa filtering formula, 21 e K + ,a = (a { , ... 
..., a n > 6 A and $(21, a)_contains at least two elem ents, then 
(a) there is a term tty, x) such that t % ($(2I, a), a) = A; 
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(b) for any 23 € K + and b = < 6 ,, .... b n ) e B a set $(23, b) 
contains at least two elements or is empty. 

proof, (a) We first prove that if $(21, a) is infinite, then the set 
X = $(21, a) U (a,, ..., a n j generates 21. Let (((u,, ..., u,)I/ e wj 
be the enumeration of all terms. For each i e «, / ^ n, consider a 
formula 

0- "|. •••> u n) = 3v n + l 3 ^ + 2 ••• 

... 3 u,( v I'o = tjh A u„)) 

j $ i n < k / 

whose truth on a system 23 for an interpretation 7 : (i> 0 , 17 , ) — 

— B is equivalent to the fact that 7 (u 0 ) is the value of a term 
ffCyOb). •••> y(v„), b n+ ,, ..., bj), where y ^ i and b n + ,, ..., 6 ,e 
e $(58, y(u,), ..., 7 (u rt )). It is clear that for any b e A(X ) there is 
i e oj, / ^ n, for which 21 (X) t= ^,( 6 , a). By Theorem 14 there is a 
finite set (/,, ..., i k J such that for any i e 01 Th (/(„,) > T, —■ 

- ($,, V ... V %). Hence Vu 0 (^, (u 0 , a) V ... V %(v 0 , a)) is true 
in 21 (X). Since 21 (X) < 21, that formula is true in 21 from which it 
follows that 21 is generated by the set X. Suppose that (a) is false. 
Then there are 6 ,. e A, n ^ lew such that tf{a,a nJr ,, ..., c,.)j£ 6 , 
for any a n + ,, ..., <z,e $(21, a). Then the set Y - $(2l", a) = 
= ($( 21 , a ))" is infinite and g^d“(FU (a,, .... a n j), where gi — 
= b jt i e oi. This contradicts the foregoing. 

(b) Suppose that there are 23 6 K + and b e B such that 
$(23, b) = {d Q }. Since $ is a filtering formula, the set 
$( 2 l x 23, a x b) is equal to $( 21 , a) x \d 0 j, where 0 x 6 = 
= <<a,, 6, >, ..., (a n , b n >>. Let a 0 eA; d { , d 2 eB, d x + d 2 . Then 
by (a) we have 

t((c x ,d 0 ), .... < c m ,d 0 ), a x b) = (a 0 , d t > and 
t«c;, d a ), .... < c ' m , d 0 ), a x b) = (a Q , d 2 ) 

for some term rO,, .... y m , x) and some c,, ..., c m , c{, ..., e 
6 $(21, a). From the definition of the operations on 21 x 58 we get 
t(d 0 , ...,d 0 ,b) = 6 , from the first equation and t(d 0 , ...,d 0 ,b) = 
= d 2 from the second, which contradicts the condition d { s* d 2 . □ 


13—191 
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Consider the maximal Thi/Q-compatible set 

** = » v 2 ] U u^l/e to), 

where <F ; (u,, v 2 ), i e u, are atomic formulas. Let a signature E* be 
obtained from E by adding two new constants, c, and c 2 . Con¬ 
sider the quasi-variety K* of E* whose set of axioms consists of 
the axioms of K as well as of quasi-identities u, « u, — $( 0 ,, c 2 ) 
for atomic formulas 4>(u, , u 2 ) e X* and of quasi-identities <J>(c, , 
c 2 ) — v, = u 2 for atomic $((;,, v 2 ) £ X*. 

lemma 3 . (a) For any K + -system 21 there is a K*-system 21* such 
that 21* f E = 21. 

(b) The quasi-variety K* is categorical in a countable power. 
proof. Since X* is maximal, it suffices to show that X* is 
satisfiable in any A^-system 21. It follows from Theorem 14 that 
there is e w such that ThlA^) t> ($ 0 A ... A <f> no ) — for all i e 
e a 1 . Since K x + 0, by Lemma 1 (a) 21 t= (<J? 0 A ... A 4>„ 0 ) — 4> for 
all i e a). Therefore it suffices to show that the sentence 
3uj 3v 2 'f '(uj , v 2 ), where , v 2 ) is equal to -iu, = v 2 A 4> 0 A ... 
... A $„ 0 , is true in 21. Let X* be satisfiable in a A'-system 23. Then 
\B\ > 1 and 3 i>,3u 2 'F(v 1 , v 2 ), is true in a A^-system S3". Since 
ThlA^) is complete, we have 21" t= ^(/j ,f 2 ) for some^j ,f 2 e A". 
Since 21" 1 = = f 2 , we have,/| ^ & f 2 i^ for some ^ e co. From 

the filtration of $ 0 A ... A $„ 0 we get 21 \= ^ C/j <o > .^ (;)■ 

(b) As was shown in the proof of Theorem 14, every countable 
/^-system is saturated. Since any A"*-system 21* is an expansion 
of some A^-system 21 by two constants, 21* is saturated. By Prop¬ 
osition 28.4 therefore it suffices to show that any A"*-systems 21, S3 
are elementarily equivalent. Let (c,) = a, , (c 2 ) = a 2 , f® (c, ) 

= 6, and f® (c 2 ) = b 2 . Since quasi-identities 4>(c,, c 2 ) — 
— i>, * v 2 are equivalent to the sentence , c^) in Th(AT*), it 

follows from the axioms of K* that a mapping assigning to 
elements cr, , a 2 elements 6,, b 2 respectively is extended to an 
isomorphism /: 2^ =» , where 21 q = 21 (c,, Oj ) I E and 23 0 = 

= S3 (&,, b 2 ) f E. Then / is extended to an isomorphism of 
K x -systems 21^ c 21" I E and S3g c 58" f E. Hence <2$, a,, 
a 2 > 3 <S3q , b^ , b 2 ) and from the model completeness of ThlAi^) 
we get <21" f E, a, , a 2 > = <S3" f E, b x , b 2 ). The model com¬ 
pleteness of ThlAT^) also implies that <21 f E, a { , a 2 > = 
= <23 f E, b { , b 2 > and hence 21 = S3. □ 
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In what follows it is assumed that the signature £ con ains the 
constants c,, c 2 and that the sentence —i c, ~ c 2 is true in any 
K + -system. Such an assumption for the proof of Theorem 15 may 
be made by Lemma 3. In this way we define for any K + -system a 
K + -system 21(0) whose carrier consists of the values in 21 of the 
constant terms. It follows from Lemma 1(a) that 21(0) — ©(0) 
for any K + -systems 21 and 93. A set A c A is said to be atomically 
minimal in a A-system 21 if I A"! > 1 ajid for any atomic formula 
$0, x), any a e A the set A ft $(21, a) is empty, one-element or 
equal to X. 

lemma 4 . There is a filtering formula $*(e,) such that for any 
K t -system 21 the set $*(21) is atomically minimal in 21. 

proof. Let 58 e K + . By Lemma 1 (b) a K + -system 93 0 - 93(0) 
is finite. Consider a conjunction $*(e,) of atomic formulas such 
that l$*(93 0 )l > 1 and for any atomic formula $(e,) the set 
$*(93 Q J H $(93( ) ) is empty, one-element or equal to $*(93 0 ). Let 
$(y, x) be an atomic formula. Since any element b e B 0 is the 
value in 93 0 of a constant term, the set $*(93^) fl $(93 0 , b) is emp¬ 
ty, one-element or equal to $*(93 0 ) for any be B 0 . By Lemma2(b) 
there are no a, b e B 0 such that $*(23 0 ) C $(93 0 , b ) and $*(93 0 ) D 
D $(93^, a) is one-element. Thus one of the following quasi¬ 
identities is true in 58 0 : 

(a) ($*(i>,) A $(l, , x) A $*(d 2 ) a $(p 2 , x))_— u, ~ v 2 ; 

(b) ($*(u,) A $(e,, x) A $*(t; 2 )) - $(u 2 , x). 

By Lemma 1 (a) one of these is true in any K + -system 21. Since 
$*(2I) 2 $*(21(0)) and 21(0) = 99^, we have I $*(21) I > 1. Hence 
$*(21) is atomically minimal in 21. □ 

Let 21 e K + . A set X c $*(21) is said to be a basis for 21 if the 
following conditions hold: 

(1) 21(A) = 21; 

(2) if c,, ..., a n are pairwise distinct elements of A and 21 t= 

$(a,, ..., a n ) for some atomic formula $(e,, ..., v n ), then the 

quasi-identity ($*(u,) A ... A $*(e„)) — $(e, , ..., v n ) is true in any 
K + -system. 

lemma 5 . (a) If $(y, x) is a filtering formula and $(21, a) = 
= ( b 1 for a K + -system 21 and a e A, then t % (a) = b for some 
term t(x). 

(b) Every K + -system 21 has a basis. 
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proof. Let SIq = 21(a). If (a) does not hold, then the sentence 
3 y$(y, a) is false in the /^-system 2$ and true in SI" 2 2$. This 
contradicts the model completeness of ThfX^). 

(b) Let X c $*(21) be a maximal set satisfying condition (2). 
By Lemma 2(a) it suffices to show that 2((X) contains <£*(21). Sup¬ 
pose that there is a 0 e <£*(21) \ A(X). Let 21 f= $(a 0 , a 1 , ..., a n ) 

for an atomic $(v 0 , u,. v n ) and pairwise distinct a { , ..., a n eX. 

By (a) and the atomical minimality of <£*(21) we have <£*(21) c 
c $(21, a,, ..., a n ). Since $*(21(0)) * 0,we have 21 l= $*((,) A 
A $((,, a,, ..., a n ) for some constant term t 0 . Since X satisfies con¬ 
dition (2) and $*(f 0 ) e Th(X + ) (Lemma 1 (a)), the set $*(23) A 
A $(23, b 1 , ..., b n ) is not empty for any K + -system 23 and any 
b { , ..., b n e $*(23). It follows from Lemma 2(b) therefore that if 
l$(21, a { , ..., a n ) H $*(21)1 > 1 and $*(23) is atomically minimal, 
then $(& 0 , bj, ...,£>„) is true in any K + -system 23 for any b 0 , b { , ... 
..., b n e $*(23). Hence X U (a 0 ) satisfies condition (2), which 
contradicts the minimality of X. □ 

proof of theorem 15. Let 21, 23 be two K + -systems of the same 
power x and let X, Y be their bases. It follows from the definition 
of a basis that any distinct-valued mapping/: X — 7is extended 
in a natural way to an isomorphism of 21 onto 23(/ (X)). By prop¬ 
erty (1) of a basis therefore it suffices to notice that I X\ = I FI. If 
x ^ «, then from Lemma 1 (b) we get IXI = I FI = x. If x < co 
and IXI ^ I FI, then 21 is isomorphic to a subsystem 23, c 23. 
Since IBj I = \A I = Ifil, we have 23! = 23. □ f 

Exercises 

1. Show that a theory T 0 of dense linear orderings without the first and the 
last element is categorical in no infinite uncountable power. (Hint. Suppose SI is a 
model of T 0 of power x > o> and SIq is a countable model of T 0 for which A 0 fl 
0/1 = 0; consider a model SI) with carrier A 2 and relation (a, b) <c, d) » 
» (a < a c or (a = c and b d )) and a model SI 2 with carrier A U A 0 and rela¬ 
tion 

a b « ((a e A and b e A 0 ) or (a, b e A and 

a b) or (a, b e A 0 and a ^ ?, ° £>)); 

then SIi and SI 2 are nonisomorphic.) 

2. Show that a variety of Boolean algebras is categorical in all finite powers 
and noncategorical in all infinite powers. 
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3. Prove that a variety M with the axioms (universal quantifiers omitted) 

(1) /fei (*), ftM) * *. 

(2) f(x, y) a /(g,(x), g 2 (y)), 

(3) g| (/tei (x), g, (y))) a g, (x), 

(4) ft (/(ft M, g, (y))) « ft O'), 

(5) ft (ft M) * ft(x), /, Ate (1,2) 

is categorical in all powers, (///nr. Show that »< a if) for any SI 6 M is a distinct¬ 
valued mapping of (g? Mi) 2 onto A 2 and that any distinct-valued mapping h\ 
gf [A] — gf [5] for any SI, 33 s A/is extended to an isomorphism of a system 31 on¬ 
to 93(/t(gf [A])) transforming a into/®(/tg® (a), hgf ia)).) 

4. Construct an example showing that one cannot state in Theorem 15 that A" 
is also categorical in power 1. 

5. Generalize Proposition 2 to theories categorical in an infinite power x and 
thus obtain the Lindstrom theorem in full extent. iHint. Use the method of Pro¬ 
position 2, with ui replaced by x, and show that if the formula 4> is not preserved in 
going to the submodels of a theory T, then 4> is not preserved in going to sub¬ 
models of a power x.) 
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30. THE GENTZEN SYSTEM G 

The calculi studied earlier are natural formalizations of the 
rules of logic. For a deeper study of the very concept of proof 
other forms of calculi are more convenient. In this section we shall 
study one of such calculi, G, similar to the calculus proposed by 
Gentzen. 

The alphabet of the calculus G differs from that of the 
calculus of predicates of Chapter 4 in that it has no implication 
sign and no equality sign. It is assumed in this and further sections 
(up to Sec. 33) that the signature of G is arbitrary but fixed. In 
Sec. 33 the signature of G will be extended by adding some new 
function symbols. Bearing this in mind, no references will be 
made to the signature of G. The definition of the notion of a for¬ 
mula of G differs from the definition of a formula in Sec. 16 in 
that (1) point 2 of that definition is missing (it concerns the equali¬ 
ty sign =), (2) in point 3 of the definition of a formula the case 
(<F — ’F) is left out and (3) it is required of a formula that it should 
have the property that its variables are unmixed. This last proper¬ 
ty is defined as follows: a formula of the calculus of predicates 
satisfies the condition that it should have unmixed variables if any 
variable of a formula 4> has either only free or only bound occur¬ 
rences in 4>. Sequents of G are expressions of the form f H 9, 
where T and 9 are arbitrary finite sequences of formulas of G and 
for the sequence F, 0 the condition that the variables should be 
unmixed, formulated similarly to the condition that the variables 
of formulas should be unmixed, holds. The conventions about ab¬ 
breviating the notation of formulas and some of the symbols used 
below have the same meaning as in Chapter 4. 

definition. Axioms of G are sequents of the form <3?, T f- 9, 4>, 
where 4> is an atomic formula, T and 9 are sequences (possibly 
empty) of atomic formulas. 

definition. Rules of inference of G are the following: 
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3. 


5. 


r i— e, $ r H e, ¥ 
r h 0, # a t 

rhe^.t 


r t- e, * v * 

<t>, r i- e 
r i- e, ’ 


2 . 


4. 


6. 


j, $, r h 9 
iAt.r h 0 

$, r h e *, r t- e 
4> v r i- © 

r h e, $ 


rt-9, ($)f 

7.-—-i-, 

r i- 9,3x$ 


-i4,r h 0’ 

e 




where y does not occur free in 


r h e,[4>]^ 
r i- 6, vx$ 


3x4>, r t- 0 

the formulas of T, 0; 

, where/ does not occur free in the formulas of f, 0; 


10 . 


12 . 


14. 


($)?, r h 0 
vx4>, r i- 0 ’ 

r,»,», a i- 0 
r, t, 4 h 9 1 

4>,4>, r i- 0 

f,fh9 


n. 


13. 


r i- a, t, 'f, 0 
r h a, 0 1 

r h 0 , $ 
r h ©, $ ’ 


Rules 1 to 10 are called basic and Rules 11 to 14 are structural. 
The notion of (linear and tree form) proof ( derivation , quasi¬ 
derivation) is defined as for the calculus of predicates. 

Note some features of this calculus. One is a large symmetry of 
right and left hand sides of the sequent T I- 0 (called the conclu¬ 
sion or succeedent (0) and a hypothesis or antecedent (T) respective¬ 
ly). Second, (unlike the structural rules) each basic rule contains 
below the line a more complicated formula obtained from the for¬ 
mulas of the hypothesis (this formula will be called the principal 
formula of the rule). The third property, that of being a subfor¬ 
mula, involves new concepts. 

We define an operation / on occurrences / of sequents in a tree 
of sequents D as follows: if 7 is a final occurrence in D, then 
1(1) = 7; if 7is contained in a passage P above the line, then /(7) is 
an occurrence of a sequent in the passage P below the line (1(1) is 
the lower sequent of the passage P). If D is a tree form proof, 
then we define an operation s on occurrences 7 of formulas in D as 
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follows: if 7 is contained in an occurrence / of sequents in D, then 
s(J) occurs in a sequent 1(1); if 7 occurs in a sequence T or 9 (or 
A) of a sequent /, then 5(7) is equal to the same occurrence of a 
formula in T or 9 (or A), but this time in the sequent 1(1); for the 
basic rules, if 7does not occur in T or 9, then s(7) is the principal 
formula of the corresponding passage; for the structural rules, if 7 
does not occur in T (9 or A), then in the symbols of Rules 11 to 14 
we have 5($) = <i>, s(^) = St'. If for some positive n we have 
/"(/,) = /(.../(/,)...) = I 2 , then we say that the occurrence 7, in a 


n times 

tree D is above the occurrence ^ (and I 2 is below I x ). If for occur¬ 
rences 7, and J 2 of formulas in a proof and a positive n we have 
s n (7 ,) — J 2 , then we say that f is the ancestor of J 2 and that J 2 is a 
descendant of J x . 

If $ is a formula of the calculus G, x is a variable, t is a term, 
then we shall say that the term t is free for the variable x in the for¬ 
mula 4> if $ has no free occurrences of the variable x or if no 
variable of the term t has bound occurrences in 4>. If / is free for x 
in $, then the condition on the notation ($)* holds and the for¬ 
mula ($)* is a formula of G. 

We introduce the notion of generalized subformula by defin¬ 
ing inductively for every formula 4> of G a set GS(4>) of generaliz¬ 
ed subformulas of the formula $ as follows: 

(1) if $ is an atomic formula, then GS(3>) = 

(2) if # = ->¥, then GS(4>) = {$) U GS(¥); 

(3) if $ = 4> 0 t4>j (r £ (V, A)), then GS($) = {$) U 
U GS($ 0 ) U GS(*,); 

(4) if $ = Qx*(Q £ (V, 3)), then GS($) = ($) U U 
U (GS (('f')f) 1 1 is free for x in 'ft ). 

Remark. If is a generalized subformula of a formula $ (i. e. 
^ e GS(4>)) and a variable v has a bound occurrence in 'ft, then it 
has a bound occurrence in 4> too. 

The following property of being a subformula is true’. 

lemma l. The ancestor-descendant relation satisfies the 
following conditions : if an occurrence Iq of a sequent is above an 
occurrence /, in a proof D, then for any occurrence of a formula 
in I Q there is its only descendant in /,; for any occurrence of a for- 
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mula in /, there is at least one of its ancestors in f. Any ancestor is 
a generalized subformula of the descendant. 

proof. The validity of the lemma is easy to prove by induc¬ 
tion. □ 

Although in the definition of the concepts of formula and se¬ 
quent of G it was required that the variables should be unmixed, 
this was not required in the definition of a (tree form) proof. 
Nevertheless it may be assumed without loss of generality that this 
condition holds in proofs. We may go even further. We shall say 
that a (tree form) proof D possesses the property of the purity of 
variables if the condition that the variables should be unmixed 
holds for the tree D and if for any passage in D corresponding to 
Rule 8 or 9 the corresponding variable y occurs only in the 
sequents above the lower sequent of that passage. 

lemma 2 . For any provable sequent of G there is a proof of that 
sequent with the property of the purity of variables. 

The proof makes use of a “rearrangement” of a given proof 
of a sequent into a proof with the property of the purity of 
variables which consists in replacing the “subtrees” of the proof 
by other trees. The concept of subtree of a tree of sequents is 
defined inductively. If D consists of a single sequent, then D is 
itself its only subtree. If D has the form: 

D o . D n 

c 

then the subtrees of D are: the tree D itself and all the subtrees of 
the trees D 0 , ..., D n . The subtrees of the tree D are in a natural 
one-to-one correspondence with the occurrences of the sequents in 
the tree D. 

Notice that two different subtrees of a tree D may not differ as 
trees, which can be seen from the example of the tree 

4> h- $ 4> H $ 

$ l-<t’ A 4> 

Let us turn directly to the proof of Lemma 2. Let D be a proof of 
a sequent C in G. We shall say that a variable y vanishes in a 
passage P of D if y has at least one free occurrence in the sequent 
above the line and has no free occurrences in the sequent below 
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the line of that passage. Notice that a variable may vanish in a 
passage provided that passage corresponds to one of the rules, 7 
to 10. We shall say that a variable y vanishes properly if y vanishes 
in some passage and has occurrences in D only in the sequents 
above the lower sequent of that passage. Note that if a variable y 
vanishes properly, then it has only free occurrences in the tree D. 
If all vanishing variables in D vanish properly, then D possesses 
the property of the purity of variables. If D has improper 
vanishings of variables, then we consider a passage P in which 
some variable .y vanishes improperly; let D' be a subtree of D cor¬ 
responding to the lower sequent of that passage. We choose a 
variable z different from all the variables of D and replace in D 
the subtree D' by a subtree [ D ']£ which is obtained from D' by 
replacing each occurrence of a formula in the occurrence of the 
formula [^]^. It is easily checked that the resulting tree D* re¬ 
mains a proof and a proof such that the variable z vanishes in D* 
properly. Induction on the number of improper vanishings shows 
that in a finite number of such transformations we obtain a proof 
(of the very same final sequent) in which all the vanishings of 
variables are proper. □ 

The following lemma allows a useful admissible rule (the rule 
of revision) to be introduced in the calculus G. 

lemma 3. If r f- 0 is a provable sequent and $ is a formula 
such that $,F h Giya sequent of G, then the sequents f, f I— 0 
and r h 0, $ are provable in G. 

proof. Let Xq . X n be all free variables of the formula $. Let 

D be a proof of the sequent Ff 9 with the property of the purity 
of variables. As is seen from the proof of Lemma 2, it may be 
assumed that all the vanishing variables of D are different from 
Ab, 

We prove the lemma by induction on the construction of the 
formula $. If $ is an atomic formula and ( D , $) is a tree obtained 
by replacing each occurrence of a sequent A I- A by an occurrence 
of a sequent A, <3? h A, then (under the above assumptions about a 
proof D) the tree ( D , 4?) is a proof of the sequent T, 4> l- 0. Ap¬ 
plying the structural rule of interchange 12 several times we obtain 
a proof of the sequent T l- 0, 4>. Similarly defined is the tree (4>, 
D) (A f- A is replaced by A I- $, A) which is a proof of 
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the sequent r h $, 0; we use Rule 11 to complete it to the proof 
of the sequent T H 9, $. 

Let $ = <i> 0 V . By induction the provability of T t- 0 yields 
the provability of <f> 0 , T b- 0 and 4>,, T b- 9. Hence the following 
quasi-derivations: 

$ 0 , r i— o $i, r h g r h 9, $j 
$ 0 v i|, r b e r b e, t’o v 

justify the provability of # 0 V $[ , T I- 9 and T b 0, $ 0 V . The 
verification of the statement for $ = $ 0 A <3?, and $ = -i$ 0 is 
similar. For formulas of the form $ = 3x^(Vx^) we choose a 
variable y without occurrences in the formulas 3x^, T h 0 and 
apply the induction hypothesis to the formula [$]*. As illustra¬ 
tion, the provability of T I- 0 then implies the provability of [<£]*, 
T H 0 and the quasi-derivation 

[$]*, r h 8 

3X$, T b- 0 

shows that 3x#, T i~ 9 is also provable. □ 

In conclusion note a number of simple properties to be used 
implicitly in what follows. The formulations of the properties 
assume that all explicitly written out sequents are sequents of G. 

1. If - "j, ls a passage according to one of the rules of 

inference, then for any formula $ (such thatT b 0,$ and A b- <f>, 
A are sequents of the calculus G ) 

r b e a b- 4>, a r, $ h 0 a, $ i- a 

r' h- <t>, 9' r', $ b- ©' 

are passages corresponding to the same rule of inference. 

2, If —-— is a passage according to one of the rules of in¬ 

ference, $ is a formula such that I’, <f> (- 0 is a sequent of G and 
the passage under consideration is a passage according to Rule 8 
or 9, then the corresponding variables x and y are not free in 4>. 
Hence 

r b t>, @ , r, $ h- 0 

r- b- $, ©' r', 4> h 0' 

are passages corresponding to the same rule of inference. 



204 


Proof Theory 


3 jj r H ()(A^h- A) - s a p assa g e accor( ji n g to one of the rules of 
inference and $ occurs in I''(0'), then the passage 

r* h- e (A* b- a) /r (- 9 * (a i- a*) \ 

F'* h- 9' V V' h- o'* / 

where T*, A*(9*, A*) is obtained by eliminating from I\ A(9, A) 
the ancestors of the occurrence o/4> in F' (9') and F' *(9' *) is ob¬ 
tained from r'(9') by eliminating the occurrence of <£, is either a 
passage according to the same rule of inference or a trivial passage 
( i■ e. the sequents above the line coincide with the lower sequent 
of this passage ). 


Exercises 

1. Show that for any formula of CP E there is an equivalent formula V satis¬ 
fying the condition that the variables should be unmixed. 

2. Verify that a formula of CP E in prenex normal form satisfies the condition 
that it should have unmixed variables. 

3. Let us extend the language of the calculus G by permitting formulas and se¬ 
quents also without the condition that they should have unmixed variables. 
Establish that an identically true sequent P(x) I- 3 yVxPty) is not provable in the 
resulting calculus G*. 


31. THE INVERT1B1L1TY OF RULES 

Most rules of inference of the calculus G possess yet another 
remarkable property that can be used in searching for a derivation 
in the calculus. It is the property of invertibility consisting (in 
somewhat rough terms) in that the sequent below the line in a rule 
is provable if and only if so are the sequents (so is the sequent) 
above the line. 

We first formulate and prove this property for the proposi¬ 
tional rules. 

proposition 1 . (1) If a sequent F h 9, $ A ^ is provable, then 
so are sequents T t- 9, $ and T (- 9, (2) if a sequent <£ A 'k, 

T i- 9 is provable, then so is a sequent $, 'k, T i- 9; (3) if a se¬ 
quent r )- 9, $ V 'k is provable, then so is a sequent T t- 9, 'k; 

(4) if a sequent 4> V 'k, T I- 9 is provable, then so are sequents 4>, 
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r h 0 and T i- 0; (5) if a sequent T l- 0, -i $ is provable, 
then so is a sequent T h 0; (6) if a sequent -i$, T i- 0 is 
provable, then so is a sequent r H- 0, $. 

proof. Verification of all the statements of the proposition is 
tedious and monotonous. Therefore we prove some typical cases, 
statements (1) and (6), for example. We shall carry out verifica¬ 
tion by induction on the height of a proof (See also the proof of 
Lemma 9.2). 

Statement (1) will be proved in a slightly more general form 
and only for a formula if a sequent T t- 0, <f> A 'L, A is prov¬ 
able, then so is a sequent F h 0, <f>, A, there being a proof of the 
latter sequent with fewer passages than in the proof of the original 
sequent. 

Let the proof D of the sequent r i- 0, $ A 1 L, A be of the form 
A) A 
c 

If $ A ^ is a principal formula of the last passage, then D 0 is a 
proof of the sequent r h 0, $, A (in this case A is an empty se¬ 
quence of formulas) and D 0 has fewer passages than D. 

If $ A 'L is not the principal formula of the last passage, then 
the final sequents C 0 and Cj of the proofs D 0 and D, are of the 
form r 0 i- 0 O , $ A 'F, Aq and Tj K 0, $ A 'L, A, respectively, 
where the singled out occurrences of $ A 'ft in C 0 and C, are the 
ancestors of the given occurrence of the formula $ A 'F in the se¬ 
quent C. By the induction hypothesis there are proofs D 0 ' and £>,' 
of the sequents r o I- 0 O , <f>, Aq and T, t- 0,, $, A, respectively. 
Then the tree of sequents 

A)_A 

r h e, a 

is a proof. (Since $ A 'F was not the principal formula of the 
passage 

T) i- e 0 , » a A, r, h e,, $ a a, 
r h 9A a t, a 

the passage 

T 0 t— 0 q . Aq Tj h- 0j , A, 

I' h 0. <i>, A ’ 

is effected according to the same rule as the first passage.) 



206 


Proof Theory 


Let the proof of the sequent C be of the form 

A> 

c ' 

If the last passage is not effected by Rule 13 applied to $ A 'k 
and C 0 = T 0 l- 9 0 , <i> A Aq is the final sequent of D Q , then by 
the induction hypothesis there is a proof DJ of the sequent F 0 i- 
t- 9 0 , Aq and the tree 

_ Di_ _ 

r h e, a 


is the proof. 

Let the last passage in the tree D be 
r (- 0, <t> A $ A ¥ 

r h e, $ a * 

By the induction hypothesis there is a proof £> 0 ' of the sequent 
r I- 0, $ A the number of passages in ZJJ being less than 
that of passages in D 0 . Again by the induction hypothesis there is 
a proof D" of the sequent r H 0, $. .Then 

PI _ 

f i~ e, $ 


is the required proof. 

We now prove statement (6). Let D be a proof of a sequent 
C 0 = -i T i— 9; it may be assumed by Lemma 2 of the preceding 
section that the proof D possesses the property of the purity of the 
variables. Let us pass from the tree D to a tree D' by making the 
following transformations: we replace each occurrence of a se¬ 
quent C = A H A by an occurrence of a sequent C' = A' h- <L, 
A', where A' and A' are obtained from A and A by eliminating all 
the ancestors of the formula of the final occurrence of C 0 
which have the form $ or -i$. {Remark. It is easy to verify by in¬ 
duction that an ancestor of the formula of the form -i$ may 
be only on the left-hand side of the sequent and that an ancestor 
of the form $> may be only on the right-hand side.) We verify that 
D' is a quasi-derivation of the sequent T t— , 9. This is obviously 
sufficient for the seauent T l- 9, $ to be provable. If C — A f- A 
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is an axiom, then A' = A; if the last formula in A is an ancestor of 
- 1 $ of the form <f>, then A' (- <i>, A' is obtained from the axiom 
A t- A by applying only the interchange rules. If the last formula 
in A is not an ancestor of - 1 $ of the form $, then A' l- A' is an 
axiom and A' (- $, A' is obtained from it by the rule of revision 
(Lemma 3 of Sec. 30) and by interchanges. 

We now look at the passages of the tree D '. It is easily verified 
that if in a passage of the tree D no ancestor of the formula -1 $ of 
the form $ or - 1 $ is the principal formula, then the correspond¬ 
ing passage in D' is effected by the same rule of inference. Now 
consider cases where an ancestor of ->$ of the form $ or - 1 $ is 
the principal formula of a passage. Then that passage may be ef¬ 
fected only by Rules 1, 3, 5, 6, 7, 9 or by the structural rules 11 
to 14. 

An analysis of every case is not necessary. Let us consider the 
cases of applying Rules 1, 5, 6, 9, 13. 

Let a passage in D be of the form 

A t- A H A, X 

A h A, ^ A X 

and $ = t A X be an ancestor of —> 4», then the passage in D' is 

A' t- A', ¥ A' 1 - $, A', X 
A' t- $, A' 

and the lower sequent can be obtained from the upper ones by the 
rules of introducing a conjunction (1), of interchange (11) and of 
abbreviation (13). 

Let a passage in D be of the form 

A (- A 
A I- A, -i'J' 

and let $ = -1 'k be an ancestor of - 1 $, then the passage in D' is 

'L A' h- A' 

A' H A' 

but since $ = -i'k, the lower sequent is obtained from the upper 
one by applying the rule of introducing a negation (5), by the in¬ 
terchange rule (11) and the abbreviation rule (13). 
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Let a passage in D be of the form 

A I— A, $ 

- 1 $, A l- A 

and let $ and -i $ be ancestors of the formula -i $ (in the final se¬ 
quent), then the corresponding passage in D' is 

A' H 4>, A' 

A' t- A' 

i. e. is trivial. 

Let a passage in D be of the form 
aha, [*]* 

AHA, Vx’J' 

and let $ = Vx'L be an ancestor of -i$, then the corresponding 
passage in D' is 

A' h $, A', [¥] jf 
A' H <S>, A' 

and the lower sequent is obtained from the upper one by applying 
Rules 9 (this application is legitimate since A' and A' are parts of 
A and A and y is different from all free variables of the formula $ 
in that it has the property of the purity of variables in D), 11 
and 13. 

Finally, let a passage in D be < 

A h A, <t>, 4> 

A H A, $ 

and let be an ancestor of -i$, then in £>' the corresponding 
passage 

A' h $, A' 

A' H $, A' 

is trivial. □ 

Let us now turn to the quantifier rules. 

proposition 2 . (1) If a sequent 3x4>, T l- 0 is provable in G, 
then for any term t such that ($)*, L h 9 is a sequent of G that 
sequent is provable in G; (2) if a sequent r H- 0, Vx<f> is provable, 
then for any term t such that f H 9, ($)* is a sequent that sequent 
is provable in G. 
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The proofs of these statements are similar and therefore we 
shall give only a proof of statement (2). 

Let y 0 , .... y k be all free variables of a term t and let D be a 
proof of a sequent T t- 9, vx<i> that possesses the property of the 
purity of variables and is such that any variable vanishing in that 
proof is different from the variables^, y k . Let [$]£ 0 , [$]* 

be all ancestors of the form [$]* of the occurrence of the formula 
Vx4> in the final sequent. We construct a tree of sequents D' as 
follows. Each occurrence of a sequent C in D is replaced by an oc¬ 
currence of a sequent C' obtained from C by replacing all 
ancestors of the formula Vx$ of the form Vx<i> by (4?)* and by 
substituting a term t for all occurrences of the variables Zq, .... z s . 
It is easily verified that all initial sequents of the tree D' are axi¬ 
oms and that all the passages of D' are either performed by the 
same rules as those in the corresponding passage of D or are trivial 
passages. The latter happens when the corresponding passage in 
D is 

A H A, [$)* 

A f- A, Vx<f> 

and Vx$ is an ancestor of the formula Vx<f> in the final sequent. 
Thus D' is a quasi-derivation of the sequent T I- 9, ($)*. □ 
corollary. Let y have no occurrences in any of the formulas 
of a sequent T h 9, Vx<f>; that sequent (the sequent 3x<f>, T l- 9) 
is provable if and only if so is a sequent F i- 9, (a sequent 
[*];, r h- 9). □ 

For Rules 7 and 10 there is no good formulation of invertibili¬ 
ty (see Exercise 1) although this property is true in some form 
“distributed throughout a proof” (cf. the proof of theorem on 
the elimination of section in the next section). 


Exercises 

1. Prove that there are no terms r 0 , .... t k such that a sequent 3 xP l- C PY, 0 , ... 
.... (Pyf k is provable although the sequent 3xP i- 3xP is provable. 

2. Prove in G the sequent 3 zP(z) t— 3yVxP(y). 

3. Show that Proposition 2 is not true in the calculus G* (see Exercise 3 of 
Sec. 30). (Hint. Use Exercise 2 and Exercise 3 of Sec. 30.) 


14—191 
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32. COMPARISON 
OF THE CALCULI CP E AND G 

In this section we prove that a sequent of CP E which is a se¬ 
quent of G as well (i. e. does not contain the implication sign — 
and the equality sign ~ and satisfies the condition of the purity of 
the variables) is CP E -provable if and only if it is provable in G. 

The proof of this statement is based on the following impor¬ 
tant theorem of the calculus G. 

theorem i (Cut Elimination). Let F t- 9, $ and A f A be 
provable sequents of G. IfT, A I- A, 0 is a sequent of G, then it is 
provable. 

proof. We first prove this theorem for an atomic formula by 
induction on the number of essential passages in a proof of the se¬ 
quent r i- 0, understanding by essential passages those that are 
performed by rules other than the interchange rules 11 and 12. If 
r i— 0, 4? has a proof without essential passages, then F h 0,$ 
differs from an axiom only in the interchange of formulas. Con¬ 
sider two possible cases. 

1. $ e T; then the sequent F, A F A, 0 can be obtained from a 
(provable) sequent A F A by applying a derived rule of 
strengthening (Lemma 3 of Sec. 30) and the interchange rules. 

2. There is a formula 'P such that f eT and St' e 0. Then the 
sequent T e 0 is provable (interchange of an axiom) and the se¬ 
quent T, A l- A, 0 is obtained from it by strengthening and inter¬ 
changes. 

Suppose that for sequents F F 0, $ having a proof with less 
than n > 0 essential passages the theorem is true. Let D be a proof 
of a sequent T F- 0, having n essential passages; it will be as¬ 
sumed that the proof D has the property of the purity of variables. 

Let us consider the lowermost essential passage in D. There are 
two possibilities: 

1. The passage has the form 

£o f 8 0 ', $ , Op r, t- 8,', $, 8," 

r' i- e\.4>, 0 " 

Here T' is an interchange of T; 0', 0" is an interchange of 0; the 
indicated occurrences of the formula $ are ancestors of occur- 
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rence of <f> in the final sequent f H 9, The sequents T 0 i- 0 O ', 
0 O ", 4> and T, i- 0,', 0,", $ have a proof with a number of essen¬ 
tial passage <n (since they are obtained by interchange from the 
sequents T 0 H- 0 O ', 4>, 0 O " and T, t- 0,', 0"). Therefore se¬ 
quents r o , A h- A, 0 O ', 0 O " and Tj, A I- A, 0,', 0," are provable. 
The tree of sequents 

Fq , A i— A, 0g , Qq r,, A i— A, Gj*, 0j w 
F, A I— A, 0 

is a quasi-derivation, since the atomic formula <f> is not the prin¬ 
cipal formula of the passage (*). 

2. The passage has the form 

F' i- 0', 4> 

r' i- e', <*> ’ 

T' is an interchange of T, 0' is an interchange of 0 and the in¬ 
dicated occurrences of 4> are ancestors of the occurrence of 4? in 
the final sequent. If D' is a subtree of the tree D defined by the oc¬ 
currence in D of a sequent T' l- 0', 4>, 4>, then we let D" be ob¬ 
tained from D' by eliminating in each sequent all ancestors of the 
right-hand occurrence of a formula 4> in the final sequent T' \- 
l- 0', 4>, <f>. At the tops of D" are sequents that differ from ax¬ 
ioms only in interchange. The passages are either trivial or corre¬ 
spond to the same rules as in D'. A simple rearrangement of D" 
yields a proof of the sequent T' t- 0', 4> (and hence a proof of the 
sequent T I- 0, 4>) with a number of essential passages equal to 
the number of essential passages in D'. Since there are fewer 
essential passages in D' than in D, by the induction hypothesis the 
sequent T, A H A, 9 is provable. 

3. The passage has the form 

r o *- Qp , Q p" . 

r' i- e\ e'" ’ 


T' is an interchange of F; 0', 0" is an interchange of 0; the in¬ 
dicated occurrences of $ are ancestors of 4> in the final sequent of 
the tree D and 4> is not the principal formula of the passage. 


14 
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The sequent T 0 f- 0 O ', 0 O ", <f> is obtained from T 0 h- 0J , 4>, 0 O " 
by interchange and therefore it has a proof with the number of 
essential passages n — 1. Then by the induction hypothesis the se¬ 
quent r o , A h A, 0 O ', 0 O " is provable. The tree of sequents 

r 0 , A I— A, 0 q , e 0 '' 
r\ A l- A, 9', 9" 
r, A h A, 9 


is a quasi-derivation. 

So for sequents T (- 0, i with an atomic formula $ the 
theorem is established. 

We proceed by induction on the construction of a formula $. 
Assuming that for the proper (i. e. not equal to $) generalized 
subformulas of a formula <f> and any T, A, 0, A the theorem is true 
we establish the validity of the theorem for $ as well. 

Let $ = t AX;T l- 0, 4> and <i>, A l- A be provable sequents 
and let T, A I- A, 0 be a sequent of G. Also provable, by inver- 
tibility (Proposition 1 of Sec. 31), are the sequents T f- 0^; T h 
i— 0, X; , t,X, A h A. It follows by the induction hypothesis that 
also provable are the sequents T, X, A (- A, 0; X, T, A I- A, 0; T, 
T, A h A, 0, 0 and, finally, the sequent T, A b A, 0. 

The cases $ = I' V X, $ = -i'I' are treated similarly. 

Now let $ = Vx^r, T t- 0, #; $, A t- A be provable sequents 
and let T, A A, 0 be a sequent of G. Let D bqa proof of the se¬ 
quent $,Ai-A. It is assumed that D has the property of the puri¬ 
ty of variables and that any variable y vanishing in D is different 
from all the variables of the formulas in the list T, 0. We establish 
by induction on the depth of an occurrence in the tree D that for 
any occurrence of a sequent A' i— A' in Z? the sequent A'*, T f- 
l- 0, A' is provable, where A'* is obtained from A' by 
eliminating all ancestors of a formula in the final sequent of the 
form 4>. 

It is clear that for the uppermost occurrences (A' h- A' is an 
axiom) the corresponding sequent (A', T f- 0, A') is provable (is 
obtained by applications of the rule of strengthening). Let us con¬ 
sider a passage in D 

A) I- Aq A 1 I- A, 


A' t- A' 
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and suppose that the sequents , T H 9, Ap; Aj*, T t- 9, Aj cor¬ 
responding to the upper occurrences are provable. Then 
Aj, r t- e, Ao a,* , r h e, a, 
a *, r t - o, a 

is easily seen to be a passage according to the same rule of in¬ 
ference and hence a quasi-derivation. The situation is similar for 
one-hypothesis passages, except for passages of the form 

(*)f, A) I- Aq 

vxt, A<, h- Ao 

where the occurrence of $ = Vx'F in the lower sequent is an 
ancestor of the formula 4> of the final sequent of the tree D. Cor¬ 
responding to the occurrences in that passage there are sequents 
(i')f, Aq , T i— 9, Aq and A^, T t- 9, \ . Suppose that the sequent 
(V)f, Aq* , T H 9, Aq is provable. Under the hypothesis of the 
theorem the sequent T f- 9, Vx^ is a provable sequent and 
therefore so is the sequent F f- 9, (T)* by Proposition 31.2. Since 
('f')f is a proper generalized subformula of the formula $ = Vx^, 
applying the induction hypothesis on the validity of the theorem 
for proper generalized subformulas of a formula $ to the prov¬ 
able sequents Wf, Aq* , T h- 9, Aq and T i- 9, (T)* we conclude 
that the sequent T, Aq* , T t- 9, Aq , 9 is provable. Using the rules 
of interchange and abbreviation we obtain from the provability of 
the last sequent the provability of the sequent A£, T t- 9, Aq . 

So for each occurrence of the sequent A' i- A' in D the cor¬ 
responding sequent A'*, T H 9, A' is provable. Corresponding to 
the final sequent of the tree D there is a provable sequent A, T t- 
i- 9, A. From this, using the interchange rule we obtain the prov¬ 
ability of the sequent T, A H A, 9. 

The case where $ is of the form is treated similarly. □ 

Remark. It may be assumed that Theorem 1 establishes that 
the following rule (the cut rule) is admissible 
r h 0, t <t>, A h- A 
r, a h a, e ‘ 

We now proceed to prove the main statement. If 9 = $,, ■■■ 
...,$„ is a list of formulas, then by ->9 we shall denote the list 
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proposition i. If a sequent C - P t- 9 is provable in G, then 
the sequent C' — T, ->9t- is provable in CP“. 

proof. By induction on the height of the proof in G. If <i>, T t— 
t— 9, $ is an axiom, then the sequent P, ->0 h $ is provable in 
CP E using the axiom $ h- $ and the rule of adding an extra 
hypothesis; finally 

r, -i0 i- $ i- 

4>, r, -i 0 , h- 

is a quasi-derivation in CP 5 - of the required sequent. 

Now it is necessary to verify for each rule of inference that if 
the sequents C 0 (and C,) above the line in the rule are such that C 0 ' 
(and C[) are provable in CP 1 -, then so is the sequent C' cor¬ 
responding to the sequent C below the line. Checking all the rules 
is rather tiresome and therefore we shall check only Rules 2, 3, 5, 
7, 8, 10. 

(2) Let a sequent 'P, T, —> 01— be provable in CP 1 -. Then the 
following tree of sequents is a quasi-derivation in CP 1 -: 

<J> A V K $ A $ 4>, t, r, — 101 — 

tAthi t.r, -i 0 h -i<s> 

$ A t h $ A t <t> A ¥, *, F, —101— 

if A t h- 4i tAt.P, 1 0 1- it 

$ a ♦, r, —101—. 

(3) Let a sequent T, -i0, - 1 $, -ifi- be provable in CP 5 -. 
Then the following tree of sequents is a quasi-derivation in CP 5 -: 

r, -i0, —i 4 >, -i^i- 

<t> 1 — «i> r, -i0, —■ 4> h ♦ 
l-4> V -i4> 4> I- V ♦ r, -10, -li h * V 4 

r, -10 l- —■ (<t> V 4 ') H —■ (<*> V 40 

r, -i 0 , —1 (<t> v 'k)i- 

(5) Let a sequent 4>, F, -i0h be provable in CP 1 -. Then 

<i>, r, -10 f- 

~i $ —1 —»1— 

r, ©, —«—1 1— 

is a quasi-derivation in CP 5 -. 




Comparison of the Calculi CP E and G 


215 


(7) Let a sequent T, -i0, -i(<i>)* h be provable in CP 1 -. Then 

r, 10, f 

r, i 0 h (4>)f 

r, “i 0 f— 3x4> -^3Ar^> I- -i 3 *$ 

T, "i0, “iSx^h- 

is a quasi-derivation in CP E . 

(8) Let a sequent [$]*, T, -i0h be provable in CP E and let 
have no free occurrences in T, ->0. Then 

mp, r, -net- _ 

3ym$, r, 101- 

) H 3 y[$]£ r, -10 h 

3*$, r, -10 k 

is a quasi-derivation in CP E . 

(10) Let a sequent ($)*, T, — 1 0 1 — be provable in CP E . Then 
($>),*, r, -101- 

vjr<i>, F, - 101 - 

is a quasi-derivation in CP 1 -. 

Verification of the remaining rules is quite similar. Induction 
on the height of a proof in G completes the proof of the proposi¬ 
tion. □ 

proposition 2 . If a sequent C of G is provable in CP L , then it is 
provable in G too. 

proof. We first establish the provability in G of axioms $ t- 4> 
of CP £ by induction on the construction of a formula 4>. If $ is an 
atomic formula, then $ h- <f> is an axiom of G. Let sequents $ i- $ 
and St' I- ^ be provable in G for formulas $ and Consider the 
following quasi-derivations in G: 


4> F $ 

¥ F ^ 

F $ 

t F t 

4> A '1' F if 

<l> A * F Hr 

$ A ¥ 

F ■}> V ^ 


4 > F * F 

$ |_ $ ) i{r ¥ F "41 

i f iv ♦ ^ h t v V 
♦ vt h 


$ f $ mi 1 - [»]j- mp 1 - mp 

n't 1 , -i<S> [$]* 1 - 3je<J> Vx3> t- [<J>]* 

F 1$, >i> 3x$ F 3X$ 

—1 4> F “1 4> 


VT<f F Vx 4 > . 
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In the last two quasi-derivations the variable y is chosen to have 
no occurrences in 3>. These quasi-derivations show that it is possi¬ 
ble to complete the inductive proof of the fact that all sequents of 
the form I— 4», with 4> a formula of G, are provable in G. 

Now it is necessary to verify for each rule of inference of CP E 
(except for the rules concerning implication) that if the sequents 
above the line are provable in G, then the sequent below the line is 
also provable in G. Rules 1, 11, 13 to 16 of CP E are instances of 
the rules of inference of G. For Rules 2 and 3 


r h $ a t r h <t> a * 

r h «> ~ r h * 

the required statement follows from the corresponding property 
of invertibility (Proposition 31.2). For Rule 4 (5) 

r h * / r i- ♦ \ 

rh$vf ATh-'tvsf'^ 


a quasi-derivation in G 


r h $ 

r i— * 
r t~ $ v 


Thf 


r i- $ 


-\ 


ri-Tf 


yf h $ V 


/ 


f 

establishes the required property. We now consider Rule 6 


r t- i’vf r,ti-x r, ♦ t- x 
r h x 


If the sequents above the line are provable in G, then the follow¬ 
ing tree which makes use of the admissible cut rule (see the remark 
following the proof of Theorem 1) is a quasi-derivation in G 


r, $ t- x r,t i-x 
r >• x r 1 - x 
r h $ v i> v t , r i- x 
F £ 
r h- x 

Corresponding to Rule 9 there is the statement about the inver¬ 
tibility of the rule of introducing a negation. 
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For Rule 10, if T h- $ and T t- -i <f> are provable in G, then so 
is (by invertibility) the sequent $, IV and (by Theorem 1) the se¬ 
quent T, IV and hence the sequent IV. The admissibility of Rule 
12 in G has been established earlier. 

Induction on the height of a proof of the sequent C in CP E 
completes the proof. □ 

A consequence of Propositions 1 and 2 is the main statement 
of this section. 

theorem 2. A sequent of CP E which is a sequent of G is pro¬ 
vable in CP'“ if and only if it is provable in G. □ 


Exercise 

1. Show that Theorem 1 is not true in the calculus G* (see Exercise 3 of 
Sec. 30). (Hint. Use the results of Exercise 2 of Sec. 31 and Exercise 3 of Sec. 30.) 


33. HERBRAND THEOREM 

In this section we shall establish a very important theorem of 
Herbrand which is, in particular, a theoretical basis of modern 
machine methods of searching for a proof in the calculus of 
predicates. One of such methods is based on the calculus of 
resolvents which is to be discussed in the next section. Herbrand’s 
theorem justifies finding by this method the provability of any 
provable formula of CP; the latter property is called the com¬ 
pleteness of the method. In addition this theorem gives certain 
constructive meaning to arbitrary sentences of the calculus of 
predicates. 

We begin this section by studying some syntactical relations. 

We associate with every term t and every variable x some set 
F x {t) of function symbols: 

(a) if x does not occur in t or t — x, then F x (t) — 0; 

(b) if a: occurs in t and / s* x, then t = h(t x , ..., t n ) for some 

function symbol h and some terms f,, we then set F x (t) = 


= [hi U U F x Uib 
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lemma i. If x =£ y and x does not occur in t' then for any term t 

F x m) = F x (n. 

proof. By induction on the construction of a term t. □ 

proposition 1 . If Qx'i' (Q e (V, 3)) is a generalized subformula 
of a formula <t>, then for any term t Q of a formula ¥ we can find a 
term /, of $ such that 

W = F x (t .) 

and t x is within the scope of the quantifier Qx. 

proof. Since Qx'Ir is a generalized subformula of a formula <t>, 
there is a sequence of formulas <f> 0 = = Qx 'k such 

that for any i < n one of the following conditions holds: 

(D*/= + 

(2) <i> ( . = + , t% + , ($, = % + , 7<f> ; + ,) for a suitable for¬ 

mula + , and re (v, A}; 

(3) = Q' X,., + , = (X ( )f for a suitable formula X ( and a 

suitable term t free for a variable y in X ( and Q ' e (V, 3 ). 

We now suppose that this proposition is true for n — 1. If we 
take as $ the formula 4>, of the sequence $ = 4> 0 , 4>,, •••,$„ = 
= Q x 'k, then by the induction hypothesis we can find for any 
term t 0 of the formula 'k a term t 2 in 4>, such that F x (t 0 ) = F x (t x ) 
and t x is within the scope of the quantifier Qx. If the passage from 
4> 0 to satisfies condition (1) or (2), then is a subformula (and 
not only a generalized subformula) of a formula $ = $ 0 , and 
therefore we must take as the desired r, the corresponding term t 2 . 
If condition (3) holds, then we consider three possible subcases. 

Subcase (3a): y = x. Then 4> = Q'xX, 4>j = (X)f for a 
suitable formula X. Since 4>, (and hence X) has (by the induction 
hypothesis) free occurrences of the variable x, by the property of 
the purity of variables x does not occur free in X and $, = X, $ = 
= Q’ ; <3>, is a subformula of 

Subcase (3b): y x and x occurs in t. Then $ = Q' y X, = 
= (X)f for some formula X. The formula $>, has bound occur¬ 
rences of the variable x; if X had free occurrences of y, then this 
would violate the condition that the term t should be free for the 
variable y in X. So y has no free occurrences in X and = 
= (X)jf' = X; $ = Qy ; $, is a subformula of 
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Subcase (3c): y sfc x and x does not occur in t. Let X be a for¬ 
mula such that = (X)/, $ = Q’ X. For any term t 2 of there 
is a corresponding term t, of X such that t 2 = (f,)f, and if t 2 is 
within the scope of some quantifier in <t>j, then t, is within the 
scope of the same quantifier for the same variable. By Lemma 1 
we have/^(f 2 ) = F x ((t l )J = F x (t l ); if a term t 2 is chosen in for 
t 0 in accordance with the conclusion of the proposition, then the 
corresponding term f, will satisfy the conclusion of the proposi¬ 
tion for the formula 4>. 

The proposition is thus proved. □ 

We shall say that a function symbol g has a bound occurrence 
in a formula <£ if 4> contains a subformula of the form Qx^f and ^ 
has an occurrence*of a term t such that g e F x (t). 

We give two corollaries of Proposition 1. 

corollary i. If is a generalized subformula of a formula $ 
and a function symbol g occurs bound in T, then g occurs bound 
in <i> as well. □ 

corollary 2. If D is a proof of a sequent C in G and a function 
symbol g does not occur bound in any of the formulas C, then g 
does not occur bound in any of the formulas of the tree D. 

proof. By the property of being a subformula and Co¬ 
rollary 1. □ 

We fix a term t Q , which begins with a function symbol g, and a 
variable x 0 . Now we define a transformation s (heavily relying on 
the choice of a pair </ 0 , x 0 )) of terms as follows: 

(a) if t is a variable or a constant (distinct from g), then 
s(t) = t; 

(b) if t = /(t,, t„) and t * t 0 , then s{r) =/(s(t,), -..,s(t n )); 

(c) if t = t 0 , then s(t) — x 0 . 

remark. If a term t has no occurrences of t 0 , then s(t) = t. 

The following lemma shows mutual relations of a transforma¬ 
tion s and a substitution. 

lemma 2. If x x 0 and g t F x (t), then for any term t' 

S((t)f.) = (S(t)% n . 

proof. We shall prove this equation by induction on the con¬ 
struction of the term t. If x does not occur in t, then neither does x 
occur in y( 0 and therefore s((i)f.) = s(0 = (s(t))Z (r) - Let x occur 
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in t. Then t * t 0 , since if / = t 0 = g(fj , t k ), then geF x (t). If 

t = x, then s((x)f.) = s(t') = (x% (r) . If t= h(t x . t n ), then 

ity r = h((t x Y r , .... (/„)?,) and s((ty,) = smw . (W) = 

= h{s<St x Y t ,, ..., s((t n )f,) since h e F x (t), g £ F x (t) and hence 
h((t x )*,, •••, (f„)* ) st t 0 . By the induction hypothesis /i(5((t,)f,, ... 
■ ■■,s((t n )f.) = h((s(t j)* (0 , .... (s(t„)) x s , n ) = (s(t)Y s , n . □ 

remark. Under the hypotheses of the lemma 5(0 = t according 
to the remark following the definition of a transformation s. 

A transformation of terms s can be extended in a natural way 
to formulas, sequents and trees of sequents by setting, for exam¬ 
ple for formulas, 

(a) 5(<h) = P(s(t x ), ..., 5(r„)) for an atomic formula $ = 

= P(tt ./„); 

(b) 5($) = is(t) for $ = -i 'k; 

(c) 5($) = 5(4> 0 )r5($j) for $ = re {V, A); 

(d) 5($) = Qxsf’k) for $ = Qx^t, Q e (v, 3). 

A consequence of the preceding lemma is 

proposition i. If a variable x 0 does not occur bound in $ and 
x st x 0 is a variable such that g £F x (t)for any term t of $, then for 
any term t' free for x in $ 


*((*)?.) = (5($))* 0 

(this relation also includes the statement that s(t') is free for x in 

s($)). □ ' 

Obviously we have also the following 

proposition 2'. If a variable x 0 does not occur bound in <1 and 
x l , ..., x n are variables distinct from x 0 and such that g £ F Xj (t), 
i = l, ..., n for any term t of 4>, then for any terms t{, ..., t' n free 
for x x , ..., x n in $ respectively 




s(lh ) ‘ 


□ 


We establish the following important property of a transforma¬ 
tion 5 operating on proofs. 

proposition 3. If D is a proof in G, a variable does not ap¬ 
pear in D and g does not occur bound in the final sequent of D, 
then the tree s(D) is a proof in G. 

proof. If C = <£, T i- 0, $ is an axiom, then s(C) = 5(4>), 
5(F) t- 5(0), 5($) is also an axiom. 
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For every passage corresponding to a propositional or struc¬ 
tural rule, it is easily verified that the corresponding 5-passage 
(i. e. the passage in s{D)) is performed according to the same rule 
of inference. For example, let a passage in D be as follows 
r h- e, $ r h e, t 
r f- 9, $ a t 

then the corresponding passage in 5(D) is 

5(T)_h s(8). sffl *(0 t- 5(0), s(*) 

■s(r) I- 5(0), 5(4> A %) 

But 5($ A 'F) = 5(<h) A 5 ('F). Hence this passage is effected 
according to the same rule (introduction of a conjunction into the 
conclusion). 

Now consider passages corresponding to the quantifier rules. 
Let a passage in D be as follows: 

r i- e.Wf 
r h- e, axi 

Then the corresponding passage in 5(D) is 

S(T) hj(0),5((t)') 

5(F) I- 5(0), 5(3x4>) 

According to Corollary 2 of Proposition 1 g does not occur 
bound in the formula 3x<i>; hence for any term t' of $ we have g £ 
£ F x (t'). By Proposition 2 therefore 5((<J?)*) = (5(<l>))£ (;) . So the 
passage in the tree 5(D) is 

5(P H 5(0), (5(»))* ( „ 

5(T) h- 5(0), 3X5(4>) ’ . 

but this is a passage effected according to the rule of introducing 
an existential quantifier into the conclusion. 

Now consider a passage in D according to Rule 8: 

JH), r i- 0 

ax4>, r i- 0 

where;' does not occur free in T, 0. The corresponding passage in 
5 (D) is 

s(i't-i;)A(n t— 5(0) 

5(3jr<*>), 5(T) H 5(0) 
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It is established as before that 5 ([$]*) = ( 5 (<I>))* 0 , ) = ($($))* = 
= [sf#)]* and that no variable y occurs free ins(r), 5(0). The last 
statement follows from the fact that for any formula $ a formula 
5 ($) may contain only one new free variable, namely x 0 , which 
does not appear in D, in particular x 0 * y. The passage in s(D) is 
then of the form 

[sW)*, S(D I- 5(6) 

SOO h- 5(0) ’ 

where y does not occur free in 5 ( 0 , 5 ( 0 ). Hence this is a passage 
effected according to Rule 8. 

Similarly treated are Rules 9 and 10. □ 

We now proceed to consider the main statement of this sec¬ 
tion. For brevity a sequence of terms , ..., t n will be denoted by t, 
3x will denote 3 x x ... 3x„; z is a sequence z,, ..., z k . 

theorem 3. Let a sequent C = T t- 0, $ be such that $ = 
= 3xV_y'L(x, y, z) and no n-place function symbolg occurs in C. 
The sequent C is provable in G if and only if so is a sequent 
C* = r h- 0, 3x^(x, g(x), z). 

Necessity. A marked formula is any formula <i> 0 of G of the 
form 

(3x 5 + , ... 3x n VyT(x, y, z))*'f - J, 0 ^ s ^ n, 

which is a generalized subformula of a formula If <i> 0 is a mark¬ 
ed formula, then denotes a formula 

(3x + , ... 3x„ T(x, g(x), z))%; 

Let D be a proof of the sequent C with the property of the 
purity of variables. Let a tree of sequents D* be obtained by 
replacing each occurrence of each marked formula 4> 0 which is an 
ancestor of the occurrence of $ in the final sequent C by a for¬ 
mula $ 0 *. Notice that the final sequent of the tree D* is C*. We 
show that D* is a quasi-derivation. 

At the tops of D* are the same axioms as in D, since marked 
formulas are not atomic (contain a quantifier Vy). All passsages 
in D have corresponding passages in D* performed according to 
the same rules of inference, except for passages of the form 
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A^A. pt£, y ,i)y-zx l : (<) 

A I- A, (V/Sk(x, y, z))* 

where the principal formula of the passage is a marked formula 
and ancestor of the formula $. 

The corresponding passage in D* is 

A' h A', \(^(x,y,z)) X j\ 

-f—=— J - . (* *) 

A' l- A', (¥(.*, gpc), z)) x ~ 

We use induction on the depth of a derivation and suppose 
that the sequent above the line in the passage (* *) is provable. 
Since u does not occur in A, A and A', A' have the same variables 
as A, A, u doesmot occur in A', A'; hence the sequent A' t- A', 
y, z)Y r is provable. Then so is (by Proposition 2 of 
Sec. 31) the sequent 

A' t— A', ((T(x, y, z)YjY g{l) , 

but ((*(*, T, z)Y~y g(T) ~ (¥(*. g(x), z))f 

and therefore the sequent below the line in the passage (* *) is 
provable. 

Necessity is thus established. 

sufficiency. A marked formula is any formula of the form 

(3x v . t . , ... ax„ T(x, g(x), z)yil ;o ^ s ^ n. 

Let D be a proof of the sequent C*. We construct a tree of se- 
quents D* by replacing each occurrence of a sequent C' = T'i- 
h 9' by a sequent C + = T ' t- 9 + , where the list of formulas 0 + 
is defined as follows. Let 9 0 be a list of all formulas of 0' not 
simultaneously marked formulas and ancestors of a formula 
3x^k(x, g(x), z) in the final sequent C*. Let P , ..., P, / ^ 0, be all 
n-collections of terms such that the terms g(t') do not occur in C' ; 
then weset0, = $(= 3 xvyty{x, y, z)), ^(P, g(P), z), .... ^(P, 
git 1 ), z) and 0+ = 0 O , 0,. 

We establish by induction on the depth of a derivation that all 
sequents of the tree D* are provable (notice that the final sequent 
of D* is the sequent C). 
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At the tops of D* are the sequents that can be obtained from 
the axioms by strengthenings and interchanges. 

If a passage is performed in D by one of the Rules 1 to 6, then 
the corresponding passage in D* can be obtained by several 
strengthenings, interchanges and by applying the same rule. This 
is an easy consequence of the fact that a marked formula which is 
an ancestor of the formula 3x^(x, g(x), z) of the final sequent 
may be the principal formula of the passage according to one of 
the Rules 1 to 6 only if 5 = n and then that formula must 
necessarily be in the list 0,. 

If a passage in D is performed according to a structural rule 
(11 to 14), then the corresponding passage in D* is obtained by ap¬ 
plying structural rules as well. 

Consider the case where a passage is performed in D according 
to Rule 8: 


PoHMo i- 9 0 , % . 1r k 

3M# 0 ,r 0 H e 0 , 


where ^ , ..., 'Sr k is a list of all marked formulas of these sequents 
that are ancestors of the formula 3x^(x, g(x), z ) of the final se¬ 
quent C*. 

The passage in D* is then 


[$„]“, roHe 0 ,$/Mr'',s(f'),z). 

- --— -— —__ t / ^ m (**) 

3«4 0 , Pq H 0q, 4>, *(/ g{t >), z), .... *(/', g(t'), z) 

f 

We show that a variable v does not occur in any of the terms 
g(t'), i=l, ..., m. Suppose the contrary. Let v occur in g(P)\ 
then g(t') must occur in one of the formulas of the sequent [$ 0 ]“, 
T 0 H 0 O , , .... 'f' k . If g(t‘) occurs in one of the formulas of a se¬ 

quent T 0 h- 0 O , Sk,, ..., then v occurs free in that sequent since 
otherwise g would occur bound in D, which contradicts Corollary 
2 of Proposition 1. But then the passage (*) according to Rule 8 is 
impossible. If, on the other hand, g(F‘) occurs in [4> 0 ]“, then the 
formula 3«4> 0 has a bound occurrence of a symbol g, which is im¬ 
possible. Hence v does not occur free in the sequent T 0 H 0 O , $, 
g(C), z), ..., g{t m ), z); in addition the sequents 

To h- 0 O , ¥, , ..., % and 3 u%, T 0 h- 0 £ , % , ..., % have 
the same occurrences of terms of the form g(t). But then l = m 
and the passage (* *) is performed according to Rule 8. 
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Similarly treated is the case of a passage according to Rule 9. 
Now consider the case of a passage according to Rule 7. Sup¬ 
pose D has a passage 

r 0 t- e 0 ,*i . 

r 0 1- e 0 . *.**. 

where ^ are marked formulas that are ancestors of the 

formula g(x), z) of the final sequent and the list 0 O con¬ 

tains no such formulas. 

Two cases are possible: (1) 3x<i> 0 is neither a marked formula 
nor an ancestor of the formula 3x^k(x), g(x), z)', (2) it is. Con¬ 
sider case (1). Any term of the form g(t) in the lower sequent of 
the passage (*) is simultaneously a term of the upper sequent. 
Therefore the corresponding passage in D* is 

r 0 1 - e 0 . (%)?< ♦R’.sP 1 ). z) .*(/*,«(/*),F) , 

---—- / < m. (* *) 

r 0 k e 0 ,3x4> 0 , <t>, *(f 1 , gp" 1 ). -),.... g(P), z) 

Let us consider the following tree of sequents instead of (* *): 

T 0 h- 9 0 , (<b Q )f, *(P,g(P), z) .*(P m , z) 

r 0 h- 0 O , z), ^(T m , g(T m ),z) , 

r 0 1- e 0 , 3jt$ 0 . *(P. g(P‘). z) . *{P, g(P), z) 

In this tree the upper passage corresponds (up to an interchange) 
to an application of Rule 7. Before considering the lower passage 
we prove the following lemma. 
lemma 3. If a sequent 

T t- 0, 3*Vy¥(.v ) y, z), *(t, g(t), z) 

is provable in G, the symbol g does not occur bound in that se¬ 
quent and g(t ) does not occur in T t- 0, 3xV_y'k(x, y, Z), then 
provable in G is a sequent 

T N 0, lxvy*(x, y, z). 

proof. Let D be a proof of the sequent T t- 0, 3x vy'i'iXyy, z), 
'f r (t, g(t), z ); let x 0 be a variable not appearing in D. If s is a syn¬ 
tactical transformation defined by a pair , g(t)), then by 
Proposition 3 the tree s(D ) is a proof (of the sequent F I- 0, 
3xv_yT(.K, y, z), T(r, x n , z) by Proposition 2). Hence the sequent 
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r H 9, 3xV}>t(x, y, z), W{x, Xq, z}j is provable. It is easy to 
verify that the following tree of sequents 

r H e, 3 x^yi'jx, y, z), [(»(*, y, z)f t g 0 
T h 6, 3xvyV(x, y, z), (v.y'iqT, y, z)*‘ .; r " 

_ ■ 1 ■ •••' <n 

r H 0, 3xVyV(x, y, z), (3x„Vyy(x, y, z))*}'"f,~ ' 


F h 6, 3xVyy(x, y, z), 3xVySF(x, y, z) 

F h 9, aTv.y'l'Cx, y, z) 
is a quasi-derivation. □ 

corollary. If a sequent F h 0, a y, z), ¥(/■, 
g(t ‘), z), 'i'iP, g(P), z) is provable in G, the symbol g does not 
occur bound in that sequent and g{T‘) does not occur in f I- 0, 
3 xvytylx, y, z), i = 1 then provable in G is a sequent 

r h- 0, 3xvy^(x, y, z). 

To prove this it is necessary to arrange the terms g(t'), ... 
..., g{P) in nondecreasing order of their length and apply the in¬ 
duction hypothesis on / and Lemma 3. □ 

_To return to the case under consideration, since the terms 
g(r‘), .... g(P) occur in the sequent T 0 i- 0 O , 3x>t> 0 and the terms 
g(P + '). •••> g(. [m ) do not, nor do the latter occur in the sequent 
T 0 i- 0 O , 3*<f> 0 , §, F), .... ^(t 1 , git 1 ), z). To establish 

that the last sequent is provable it is enough therefore to use the 
corollary of Lemma 3. 

_ Case (2), where 3x<i> 0 is a marked ancestor of a formula 
3x^(x, g(x), z), is treated similarly (even in a simpler way). 

The case where a passage in D is performed according to Rule 
10 is treated similarly to the case corresponding to Rule 7. □ 

Let us associate with every formula $ in prenex normal form 
some 3-formula $ H , called a Herbrand form of #, by the follow¬ 
ing rule. If $ is an 3-formula, then <f> H = <f>; if # is of the form 
3x, ... 3x fl VySk (x, y, z) and g is an replace function symbol not 
occurring in $, then $ H = (3x l ... 3x n T(x, g(x), z)) H . It is 
established by induction on the number of universal quantifiers 
that this definition is correct. 
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Theorem (Herbrand). Let $ be a formula in prenex normal 
form and lej $ H = ax, ... 3x n 't'(x, z) be a Herbrand form of T, 
where T is a quantifier-free formula. The formula $ is provable if 
and only if there are sequences of terms t 1 = tj, ..., t\ ; ...; t k = 
= t \, ..., t k n such that a formula 

T(r\ z) v... v tz) 

is provable. 

proof. By induction (on the number of universal quantifiers) 
and the preceding theorem $ is provable if and only if $ H is. To 
complete the proof we establish the following. 

proposition 4, A formula $ = 3*, ... 3 x n 'S'(x, z), where 'it is a 
quantifier-free formula, is provable if and only if there is a se¬ 
quence of n-dollections of terms t ..., t k such that a formula 
^(L 1 , z) V ... V 'it{t k z) is provable. 

_proof. By invertibility (Proposition 31.1) the formula 
^(P, z)_v ... v ^(r*, z ) is provable if and only if a sequent 
i— SP(T 1 , z), .... ^(P, z) is provable. 

Let that sequent be provable. Then a repeated application of 
the rule of introducing an existential quantifier yields a provable 
sequent t-3x^(x, z), .... 3 x"it[x, z). From this sequent via the 
rules of abbreviation we obtain a sequent h-3xr^(jr, z). This 
establishes sufficiency. 

necessity. Let D be a proof of a formula $ in G with the prop¬ 
erty of the purity of variables. Let t 1 , ..., P be all ^-collections 
of terms t such that there occurs a formula ^(?, z) in D. Notice 
that all formulas of D are ancestors of the formula $. Let a tree 
D* be obtained from D by replacing each occurrence of the se¬ 
quent T 0 h- A 0 by a sequent T 0 i- ^(i z), z), A,, where 

Aj is obtained from A 0 by eliminating all formulas of the form 
(3x s + , ... 3x„^(x, z))*} .0 ^ s ^ n. It can be verified 

without difficulty that the resulting tree D* is a quasi-derivation 
(of the sequent F-'L(i 1 , z), ..., 'ir(t k , z)). Indeed, there are se- 
quents at the tops obtained from the axioms by revisions. A 
passage corresponding to the propositional rules has correspond¬ 
ing passages according to the same rule (possibly with an ab¬ 
breviation and interchanges). No quantifier rules are used in the 
tree D, except for Rule 7; the passages according to Rule 7 have 
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corresponding trivial passages in D*. The passages according to 
the structural rules have corresponding passages obtained by ap¬ 
plying structural rules. So£>* is a quasi-derivation of the sequent 
i-'J'ff z), ..., 'f r (F k , z) and necessity is established. □ 

The strength of the Herbrand theorem is in that the question 
of provability of an arbitrary formula is reduced to the question 
of provability of some effectively generated sequence of 
quantifier-free formulas. And it requires only propositional (and 
structural) rules to show the provability of a quantifier-free for¬ 
mula. 

More precisely, let $ be a quantifier-free formula and let 
■^ 0 , ..., 'h n be all distinct atomic subformulas of $, then the pro- 
positional form of $ is the formula of the propositional 
calculus, which is obtained from $ by substituting everywhere a 
propositional variable P h i — 0, ..., n, for a subformula 'f r J . 

proposition 5. A quantifier-free formula $ is provable in G if 
and only if its propositional form 4> 0 is provable in the proposi¬ 
tional calculus. 

proof. Immediate from the property of being a subformula. □ 


34. THE CALCULI OF RESOLVENTS 

The calculi of resolvents are used to search fipr a derivation in 
the propositional calculus and in the calculus of predicates. We 
begin with the propositional variant. 

Formulas of propositional calculi of resolvents are proposi¬ 
tional variables or their negations. 

If $ is a formula, then 4>* is -i<I> when $ is a propositional 
variable and P when $ = -i P. 

The basic syntactical notion is that of a list of formulas. An 
empty list is denoted by 0. The calculi of resolvents have the 
same rules of inference and differ only in axioms. If T 0 ; ...; are 
lists of formulas, then R p (T 0 ; ...; T n ) denotes the (propositional ) 
calculus of resolvents whose axioms are the lists T 0 ; ...; T n . 

The rules of inference of the calculi of resolvents are: 

r, $ 6, 0 r, 4>, ♦, © r, $ 

r. o ' r. +, -i>. o ’ r, i 
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The notion of (tree form) proof is defined in the usual way. If 
T is a nonempty list of formulas, then AT denotes a conjunction 
of formulas of T. AT is a formula of the propositional calculus, 
but generally speaking it is not a formula of the calculus of 
resolvents. 

lemma i. If D is a proof of a list T in R p (T 0 \ ...;T n ) andT n oc¬ 
curs at the top of D, then for any list T' in R p (T 0 ; ...; T n _ ,; T', 
T n ) a list T', T is provable. 

proof. By induction on the number of lists of the tree D. If 
D = T n , then T = T n and F', T is a proof in R p (r o ; ...; T n _ ,; F', 

r J- 

Let D = ----- and suppose that the last passage is , 

then by the induction hypothesis there are proofs D 0 ', £>,' in 
Rp( r 0 ; ...;r',r n )oflistsr',r 0 ,$(orr°,$ifr n does 

not occur at the top of D 0 ) and T', T 1 , (or T 1 , if Y n does not 
occur in D,) respectively. Since T n occurs at the top of £> 0 or at the 
top of £>,, then at least one of the trees 

_ Dp D\ A) Dj A) A ' 
r', r°, r', r 1 ’ r-, r°, r 1 ’ rLT'.r 1 

is a proof in R p (T 0 4 , ...; r„ _ ,, F', r„). From the final list we easi¬ 
ly obtain F', F with the aid of the structural rules. 

If the last passage in the tree D is effected by Rules 2 and 3, the 
induction step is obvious. □ 

We now prove a statement relating the calculus of resolvents 
to provability in the propositional calculus. 

proposition l. If r o ; ...; are nonempty lists of formulas 

n 

(i of the calculus of resolvents ), then the formula V (Arv) is prov- 

i = 0 

able in the propositional calculus if and only if the empty list of 

formulas 0 is provable in the calculus R p ( r o ; ...; T n ). 

proof. Let D be a tree of lists of formulas such that its tops 
contain nonempty lists of formulas 0 O ; ...; 0^, each passage is a 
passage according to one of the rules of inference in the calculus 
of resolvents and 0 is the final (possibly empty) list of formulas. 
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k 

We prove that then a sequent 0 h V (A0 ( .) is provable in the 

/ = 0 

propositional calculus. We shall proceed by induction on the 
number of lists of formulas in the tree D. 

Let D consist of a single (nonempty) list 0, then the sequent 
0 H- A0 is obviously provable in the propositional calculus. 

Let the tree D be of the form D ° D ' ; 0$; ...; 0£ o be the lists at 

the tops of D 0 \ 0,5; ...; 0^ be the lists at the tops of D,. Let the 
final passage be 

e 0 ,<t> e,,** 


(then 0 = 0 O , 0,). By the induction hypothesis the sequents 0 O , 

k 

$ h- $° and 0,, <f>* t- <f>\ where $° = V (A0, 0 ) and = 


= V (A0/), are provable in the propositional calculus. Then 

i = o 

the tree 

e 0 , 4> h e,, »- 

f- v ** e 0 , 4>"h" V •!> 1 e,, ** H v 4> 1 

0| H $ o v 4>I 


is a quasi-derivation of the required sequent for the tree D. 

The case where the last passage in the tree D corresponds to 
the structural Rule 2 or 3 is obvious. It follows from the proved 
statement that if the empty list of formulas is provable in 

n 

R p (T 0 \ ...; T n ), then the formula V (AT ( .) is provable in the 

l = o 

propositional calculus. 

To prove the converse we shall use the propositional variant 
G p of the calculus G. We show by induction on the number of 
conjunctions in a sequent 

f- A0 O , ..., A©^ (*) 
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that if that sequent is provable in G p , then the empty list is 
provable in/? p (0 o ; Q k ). 

Let the sequent (*) contain no conjunction sign. Then it has 
the form i-<i> 0 , $ k , where <t>, are propositional variables or 

their negations. Such a sequent is provable in G p if and only if 
there are i, j ^ k such that and so 

* <j>* 

v J 

0 

is a proof in R p ($ 0 \ ...; $(.). 

Let the statement be true for sequents of the form (*) with the 
number of A signs less than n. Let a sequent (*) have n A signs 
and let 9^. = 9£, 0 A , where 9° and 0 A are nonempty lists of for¬ 
mulas. By inv^rtibility, if a sequent (*) is provable, then so are 
the sequents i- A0 O , ..., /\Q k _ ,, /\O k and \- A0 O , ..., t\Q k _ ,, 
A0 a . By the induction hypothesis the empty list 0 is provable in 
R P (O 0 ; ...;Q k _ ,; 0£) andR p (0 o ; ...; 0 A _ ,; 0/). Let£> 0 andZJ, 
be the corresponding proofs. If 0 A i does not occur at the tops of 
the tree/),, then Z), is a proof (of the list 0) in/? p (9 0 ; ...; 0 A _ ,) 
and all the more in R P (Q 0 -,...; Q k _ ,; Q k ). If 0 A ! does occur at the 
tops of D j, then by Lemma 1 there is a proof D{ of the list 6 k in 
R p ( 9 0 ; ...; Q k _ 6 k = 0^, 0^). Substituting a tree D 0 ' for all 
tops of the form 0° in D 0 yields a proof of the empty list in 
R P (G 0 -, ...; G k ). 

To return to the proof of the required statement. By inver- 

n 

tibility the formula V (AT ( ) is provable in G p if and only if so is 

i = o 

the sequent t-AF 0> ..., AT„. According to the statement just prov¬ 
ed, it fo.lows from the provability of the sequent t-AT 0 , ..., AP n 
that the empty list of formulas 0 is provable in Z?p(r 0 ; ...; r„). □ 

We now proceed to study the calculi of resolvents for the 
calculus of predicates. 

Formulas of a calculus of resolvents are atomic formulas of 
the calculus G or their negations. For a formula <£ we define $* as 
above. The rules of inference are Rules 1, 2, 3 and Rule 

4. - r - , 

in; 
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where x = x,, ..., x k is a list of distinct variables and t = t l , ..., t k 
is a list of terms. 

Calculi of resolvents differ in axioms. A calculus of resolvents 
with axioms (with lists) r o ; ...; is denoted by 7?(r o ; ...; T n ). The 
relation of a calculus of resolvents to provability in the calculus of 
predicates is established by the following statement. 

proposition 2 . Let 4> = 3x, ... 3x m ( V (AT,)) be a closed 

'; = o ' 

formula of the calculus of predicates and let IT, i = 0, n, be 
nonempty lists of atomic formulas or of their negations. A for¬ 
mula $ is provable in the calculus of predicates if and only if so is 
the empty list of formulas in the calculus of resolvents R (F 0 ; ... 

-;r„). 

proof. Let $ be a formula provable in G. Then by Proposition 
31.3' there are collections of terms t 1 — tj, ..., t l m ; ...; t k = 
= if, ..., f* such that the following sequent is provable 

b- ( V (AT,. )) * 

The provability of this sequent is equivalent to the provability of 
the formula 

$' = V (A T;)fj. f 

o $ i o 

1 4 j < * 

By Proposition 33.4 <i>' is provable if and only if so is the proposi¬ 
tional formula $' p . Using Proposition 1 we conclude from the 
provability of $' p in the propositional calculus that in the calculus 
of resolvents R(--.; (T, )fj', ...) the empty list is provable making 
use of Rules 1 to 3 only. (To do this it is necessary to replace the 
propositional variables by the corresponding elementary formulas 
in the proof of the empty list in the propositional calculus of 
resolvents associated with the formula $ p .) But since lists (T ; )fj 
are obtained from lists T ( by Rule 4, it follows that the empty list is 
provable in /?(T 0 ; ...; T ;I ). 

As in Proposition 1, to prove the converse we shall establish 
the following statement: if D is a proof of a list 0 in R (r o ; ...; T n ) 
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and x — Xj , ..., x m is a list of all variables in the formulas of lists 
r o ; , then there are collections of terms t' = t‘, = 


= 1, .... k, such that a sequent 9 i- 


k 

V 


= 1 



(A(I )>}i) 


^is prov¬ 


able in the calculus G. 

We proceed by induction on the number of lists in the proof 
D. When D is simply a list If, the following tree is a quasi¬ 
derivation of the required sequent: 


r, h at, 

k 

r, h V (at,) 

j = i 


Let the proof D be of the form 


D' 


0 


and let the last passage be 


— , where© = (0')" 
0 ' 


By the induction hypothesis a sequent 


C = 0' h- 


k 


V 

i = I 



(A(T,)fl) 


) 


is provable for some collections of terms t *, t k in the calculus 
of predicates. 

It is obvious that the provability of the sequent C implies that 
of a sequent C' = (C)“ (it is necessary to take a proof of the se¬ 
quent C in G and substitute (L>)f), but then a sequent C' = 

V (A(rV)f, j)\ , where t ,j = {t j )f, is provable. 

J = 0 ' 

The cases where the last passage in the proof D is perform¬ 
ed according to Rule 1, 2 or 3 are treated as in Proposition 1. 
So if the empty list 0 is provable in R(T 0 ; ...; r n ), then there 
are collections of terms / 1 ; ...; t k such that a sequent 

H V ( V (A(F.);/) 

/ = i A j = o 


) 



is provable. Then a sequent 
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" \ x / " \ jc 

V (AT-)) ,•••,( V (Ar )) is provable. It is easy to 

j .o /n V J = 0 ' r* 

derive from the provability of such a sequent that a sequent 

K 3*, ... 3* f V (Ar.) 

' i = o 

is provable too. □ 

We now show how to reduce the question of the provability in 
G of an arbitrary formula 4> of G to the question of the provabili¬ 
ty of the empty list in a suitable calculus of resolvents. 

If 4> contains free variables z 0 , ■■■, z n , then it is easy to verify 
using the corollary of Proposition 31.2 that $ is provable if and 
only if so is the universal closure 4>° = Vz 0 ... of the formula 
4 >. 

Let 4>° be a closed formula. Then we can find for it effectively 
an equivalent formula 4>' in prenex normal form. By the Her- 
brand theorem the provability of the formula <f> 1 (and hence of the 
formulas 4>° and 4>) is equivalent to the provability of the Her- 
brand form of The matrix of is in disjunctive normal 

n 

form, i. e. has the form V ( A L ( ), where F, are some lists of 

/ = o 

atomic formulas or of their negations. But then 4?^ is a closed 
3-formula and hence by Proposition 2 its provability is equivalent 
to the derivability of the empty list 0 in the calculus of resolvents 

From what we have just proved, from Theorem 23.11 and 
Theorem 32.2 we see that the question of provability of an ar¬ 
bitrary formula 4> in the calculus of predicates reduces to the ques¬ 
tion of provability of the empty list in a suitable calculus of 
resolvents. 

Machine realizations of a search for the provability of the 
empty list in a calculus of resolvents make use of various deter¬ 
ministic (and sometimes also nondeterministic) methods of suc¬ 
cessive transformation of lists so that all provable lists are obtain¬ 
ed in such transformations. Such methods are called strategies of 
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a search. Any discussion of strategies is beyond the scope of this 
textbook. 

To get at least a feeling of what problems may arise here the 
reader should prove the following statement. 

proposition 3. There is an algorithm which finds out from two 
formulas, $ and T, of a calculus of resolvents if there are collec¬ 
tions of terms t = /,, ..., t n such that formulas and ('}')/ 
coincide and if there are, then it finds such a universal collection t. 

Universality means that for any collection t ' such that ($)f = 
= (’iOp there is a collection of terms t " — ? 0 ", ..., tf correspond¬ 
ing to^a list u = u 0 , ..., u k of free variables of the terms of t such 
that P = (F)f„ . □ 



Chapter 7 


ALGORITHMS AND RECURSIVE FUNCTIONS 


35. NORMAL ALGORITHMS AND TURING MACHINES 

In the preceding chapters we have repeatedly referred to an 
algorithm 21 operating on some set of objects X, understanding by 
this an exact prescription determining from any object a e X some 
well-defined sequence of elementary operations performing which 
we either never terminate the process (of computation) or the pro¬ 
cess terminates and we obtain an object 21 (a) called the value of 21 
at a or the process terminates without yielding a value. If a process 
determined by an algorithm 21 from an element a does not ter¬ 
minate or terminates without yielding a value, then it is said that 21 
is not applicable to a. Examples of algorithms are the rules of ad¬ 
dition, multiplication and division operating on the set of pairs of 
natural numbers. Notice that the division algorithm is not ap¬ 
plicable to a pair of natural numbers <n, m), if n is not even 
divisible by m. Another example is the algorithm, described in 
Sec. 20, for finding from a formula of the calculus of predicates 
an equivalent formula in prenex normal forip. The number of 
elementary operations required for a value of an algorithm to be 
obtained may be very large. At this level of study, however, we 
shall abstract from practical possibilities of realizing algorithms 
and proceed from the assumption that we have an unlimited store 
of time and materials when realizing a process of computation. 
This assumption is called the principle of potential realizability. 

As a rule, an intuitive understanding is enough to establish 
whether or not a given prescription is an algorithm. One cannot 
do without a precise definition of an algorithm, however, if one 
attempts to prove that there is no single effective procedure (an 
algorithm) for solving a certain class of problems. But is it possi¬ 
ble to find such a mathematical definition for the notion of 
algorithm which would both embrace the various already existing 
algorithms and effective procedures accumulated by mathematical 
and computational practice and ensure that any future intuitively 
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acceptable algorithm does not demolish that definition? Posed so 
broadly, this question could hardly be given a positive answer. 
However, the actual development of mathematics has led to a 
satisfactory solution (it would be more precise to say settlement) 
of this problem. Namely, several formalizations of the notion of 
algorithm were proposed differing in their scope, collection of ad¬ 
missible elementary operations and possibilities of composing 
prescriptions (programs) for computation. The study of these for¬ 
malizations has shown that they possess the properties of being 
closed under all possible combinations (superpositions, iterations 
and so on), have a great power of reproducing to a reasonable 
degree of similarity (adequacy) all known algorithmic procedures 
and methods. The most essential to the justification of the defini¬ 
tions has turned out to be the coincidence of classes of com¬ 
putable functions for all these notions. Therefore at least the con¬ 
cept of (algorithmically) computable function (with natural 
arguments and values) has turned out to be invariantly defined 
and this is quite enough for theoretical purposes. The existence of 
a number of different definitions (strengthenings) of the notion of 
algorithm has its advantages as well, since it is convenient to use 
different ad hoc definitions in solving different problems. There is 
a similar phenomenon in programming: the existing multiplicity 
of programming languages is to a large extent due to the 
multiplicity of problems facing human computers and program¬ 
mers. In this section we shall give definitions for two different 
classes of algorithms, normal algorithms and Turing machines. 
No detailed study of these concepts is envisaged here. We restrict 
ourselves to precise definitions, examples and formulations of the 
main statement about the relation of these concepts. In the subse¬ 
quent sections we shall study in more detail a class of computable 
functions and give it yet another (already a third) definition. 

Before proceeding to precise definitions consider an example. 

example l. Construct an algorithm 21 operating on the set of 
the words of the alphabet of PC and computing the characteristic 
function of the set of formulas of PC, i. e. an algorithm 21 such 
that 21(a) = 1 if a is a formula of PC and 21(a) = 0 otherwise. 

Let (fi be a letter distinct from all the letters of the alphabet of 
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PC. The following transformations will be performed with each 
word a in the alphabet of PC: 

1. We replace every occurrence of a propositional variable in 
the word a by a letter p\ let the word obtained be a,. 

2. We construct a sequence of words a,, a 2 , ..., a n such that 
every word a. + ,, 0 < i < n, is obtained from a word a ,■ by 
replacing one subword of the form -i <p, (p A <p), (p V p) or 
(p <p) by p; and the word a n contains no subword of this form. 

3. If coincides with p, then we set21 (a) = 1. If is distinct 
from p, then we set 21 (a) = 0. 

Letting the reader see for himself that this algorithm is ap¬ 
plicable to any word and that it is correct, we note that the 
elementary operations in this algorithm are successive 
replacements of the occurrences of subwords of special form by 
other words. An important feature of the algorithm is a possible 
ambiguity (indeterminacy) in the process of computation, the se¬ 
quence of words a,, a 2 , ..., a n not being determined uniquely 
from a (although the number n is easily seen to be uniquely de¬ 
fined). The concepts of normal algorithm and Turing machine de¬ 
fined below also have replacements of subwords by words as ele¬ 
mentary operations, but the sequence of the operations is unique¬ 
ly defined. 

Each of the algorithms defined below operates on the set of all 
words of some alphabet B. A part of the letters of that alphabet 
plays an auxiliary technical role. To distinguish the essential part 
A of B(A c B), therefore, any algorithm 21 operating on the set 
of words of B is said to be an algorithm over A. 

Algorithms S3 and S over A are said to be equivalent with 
respect to A if for any word a of A two conditions hold: 

(a) if S3 is applicable to a word a of the alphabet A, then 6 is 
applicable to a and S3 (a) = S(a). 

(b) the condition obtained from (a) by interchanging S3 and 5. 

We proceed to formulate the concept of normal algorithm 

proposed by A. A. Markov. In what follows we let A be a finite 
alphabet. 

definition. A schema S in an alphabet A is an ordered collec¬ 
tion of triples 


<<«,, j3,, 6, >, ..., <a„, (3 n> b n >>, 
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in which the first two elements a j , j3 ( . are words of A and the third 
element, <5 ( ., is in the set {0, 1 j. A normal algorithm in A is a pair 
< A , S > consisting of the alphabet A and a schema S in the 
alphabet A. 

Let a be a word in ^4, let 2X = (A, S) be a normal algorithm 
and let S = <<a,, /3,, 6 , >, (a n , f3 n , 8 n ) >. If none of the words 
a,, . ct n is a subword of a, then we shall say that the word a 
does not lend itself to the algorithm 21. If / 0 is the least number for 
which a io is a subword of a and if /3 is the result of the replacement 
of the first occurrence of a , 0 in a by a word (3 io , then we shall say 
that 21 simply converts a into 13 if 5 , 0 = 0 (we write 21: a i- (3) and 
that 21 finally converts a into (3 if <5 /o = 1 (we write 2(: a I- ■ (3). Of 
course, it is assumed that the signs I- and • are exterior to the 
alphabet A. If 21 simply or finally converts a into /3, then we say 
that 21 converts a into /3. We shall say that 21 transforms a word a 
into a word(3 (we write 21(a) = /?) if there is a sequence y 0 , ..., y k 
of words of A such that the following conditions hold: 

(a) y 0 = a and y k = /3; 

(b) if k — 0 , then a does not lend itself to 2 (; 

(c) 21 simply converts 7 . into 7 . + , for i < k - 1 ; 

(d) if k >0 21 : y k _ , i— -y k does not hold, then 21 : y k _ , 1 -. y k 
and y k does not lend itself to 21 . 

If a sequence y 0 , ..., y k satisfies conditions (a) to (c), and the 
condition 21 : y k _ , 1 - y k ( 21 : y k _ , t- -y k ), then we shall write 
21: a l= (21: a I= ■ /3). 

It follows from the definition that if a normal algorithm con¬ 
verts a word a into a word (3, then (3 is uniquely determined from 
21 and a. If 21 finally converts a into /?, then 21 cannot simply con¬ 
vert a into f3. It is also clear that if a does not lend itself to 21, then 
21 does not convert a into any word. From these properties we see 
that if a normal algorithm 2( transforms a word a into a word (3, 
then (3 is uniquely determined from 21 and a (this justifies our 
writing 21(a) = (3). If a normal algorithm does not transform a in¬ 
to any word, then we say that the algorithm 21 is not applicable to 
the word a. Notice that if a normal algorithm 21 = (A, S> is not 
applicable to a word a of A, then there is an infinite sequence of 
words y 0 = a, 7 ,, y 2 , ..., y n , ... for which 21 : 7 ,- H 7 , + ,, / e 00 . 

In what follows the triple <a, /3, 5> of a schema S in A will be 
represented more graphically a -> (3 if 5 = 0 and a — • 0 if 8 = 1, 
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assuming, of course, that — and ■ are exterior to A. The schema S 
is given by enumerating such words. 

example 2. Let ,4 = (Q,, Qi , A, v, -i, (,), a\. Consider a nor¬ 
mal algorithm 21 = (A, S) with the following schema: 

(1) aQ* - Gb«> 

(2) aQ t - Q, a, 

(3) crA — A a, 

(4) av — Vff, 

(5) — -io, 

( 6 ) o( - (o, 

(7) o) - )o, 

( 8 ) o — • vQj), 

(9) A - (o. 

It will be left for the reader to verify that if 4? is a formula of 
PC in the alphabet A \ {o j, then 21 (4>) = (<J? V Q,). To illustrate 
how the algorithm works we write out a number of successive 
substitutions realized by the algorithm 21 beginning with the for¬ 
mula (Qq A -i Q 1 ). The part of the word to be replaced at a given 
stage is given in a bold type: 

(Go A -> Q,) - (a(Qo A Q \) ~ ((flfib A - 1 Qi ) - 

-* ((Qo a A ~ l (?i) ~* ((Qb A a ->0,) - ((Q, A -io0,) - 

- ((<2b A ~'Q l a) - ((Go A ~iGi)« - '((Gb A ->Qi) V Q,)- 

At first sight the definition of a normal Algorithm does not 
allow us to hope for any universality of that concept. A little ex¬ 
perience is enough, however, to see the really ample possibilities 
of normal algorithms. To illustrate, the class of normal 
algorithms is closed under a composition. 

Let2I 0 = (A, S 0 >, 21, = <M, S, > be two normal algorithms in 
an alphabet A. A normal algorithm 93 over A is said to be the 
composition of algorithms 2 ( 0 and^i l if for any word a In A 23 is 
applicable to a if and only if 2 I 0 is applicable to a and 21 , is ap¬ 
plicable to 2 I 0 (a), and then ©(a) = 21 , ( 2 l 0 (a)). 

proposition i. For any two normal algorithms 21 0 and 21, in an 
alphabet A there is a normal algorithm 58 over A which is the 
composition of 2 I 0 and 21, . 

proof. It is assumed that the alphabet A does not contain the 
letters 0, O', 1 and 1'. The algorithm 58 we are constructing is in 
the alphabet A U (0, 0', 1, 1' ]. For further purposes, it may be 
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assumed without loss of generality that the schemata S 0 and Sj of 
2I 0 and 21 1 respectively contain triples of the form <A, /3, 1>. In¬ 
deed, it is easy to verify that if we add another triple, <A, A, 1 >, as 
the last one in the schema A of the algorithm 2 f,, / — 0 , 1 , then the 
resulting algorithm 21/ will be equivalent to 21,- over A\ therefore 
the composition of the algorithms 2 I 0 ' and 21 / will be the composi¬ 
tion of the algorithms 2 I 0 and 21 , as well. 

Let S$ be an ordered sequence of triples obtained from the 
schema S 0 by replacing each triple (a, /3, 5> by a triple (a, /3, <5>°, 
where 


<«, (3, 5>° = 


(O' a, 0/3, 0> 
(O' a, 1/3, 0) 


if 8 = 0 
if 5=1. 


Let Sj be an ordered sequence of triples obtained from S, by 
replacing each triple (a, /3, 5) by a triple (a, /3, 5) 1 , where 


(a, (3, 5 ) 1 


O'a, 1/3, 0> if 5 = 0 
O'a, 13, 1) if 5 = 1. 


Let A = ( a Q , a,, ..., a k 1. Then a schema S of S3 is the follow¬ 
ing ordered sequence (with the external brackets < > omitted): 

<fl 0 0, Oo 0 , 0>, ..., (a k 0 , 0 a k , 0>, 

■Sg, <0'a 0 , a 0 0', 0>, ..., (O' a k , a k 0', 0), <0, O', 0>, 

<a 0 l, 1 a 0 , 0>, ..., (a k 1, 1 a k , 0>, Sj, <1 'a 0 , a 0 1', 0>, ... 

..., 0'a k ,a k V, 0>, <1, 1', 0>, <A,0',0>. 
To write this more graphically “in a column”, 


*0 

— 

0? 

? 

e A, 






O'? 

- 

?0', 

? 

e A, 

0 

- 

0' 



?1 

— 

l?, 


G A , 


S, 1 , 




1'? 

— 


* 

6 A, 

1 

- 

r, 



A 

<3 

0. 




16—191 
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The normal algorithm 58 = (A U {0, 0', 1, 1' ), S > is precise¬ 
ly the composition of the algorithms 21 0 and 21, . Leaving a com¬ 
plete check of the details to the reader, we list the main points in 
the work of the algorithm 33. 

Let a be a word in A. Then 

(1) S3: a I- 0a; 

(2) (L21 0 : a l— a ', then 58: 0'a t= 0'a'; 

(3) 58: 0a 1- 0'a; 

(4) if 21 0 : a h- ■ a', then 33: 0' a t= la'; 

(5) S3: 1 a 1' a; 

(6) if 21 j: a t— a ', then 58: 1' a t= 1 ' a '; 

(7) it/21,: a I— ■ a ', then 58: 1' a t= • a '. □ 

We now formulate the fundamental principle of the “univer¬ 
sality” of normal algorithms. 

normalization principle. Any algorithm over a finite alphabet 
A is equivalent with respect to A to some normal algorithm over 
A. 

The reasons for the validity of this principle, which is not a 
mathematical statement, were discussed from the very beginning 
of the section as the material was presented. 

It may seem that the requirement that the algorithm should be 
finite prevents us from treating normal algorithms as an adequate 
representation of the concept of algorithm in mathematics. This is 
not an important limitation, however. The thing is that if some 
algorithm 58 operates on a set M, then the elements of M and those 
of 58 (m) must be effectively defined, and hence the elements of M 
and 58 (m) have a finite number of integral invariants, it being 
possible to evaluate those invariants and reconstruct an object 
from them using some “coding” and “decoding” algorithms. It is 
thus enough to restrict oneself to algorithms operating on se¬ 
quences of natural numbers and producing as values also se¬ 
quences of natural numbers. And sequences of natural numbers 
can be coded in natural numbers themselves (for example, by 
assigning to the sequence n 0 , ..., n k a number 2"° + 1 x 
x 3"i + 1 ■... -p n k k + ! , where p 0 , p,, ..., p k are prime numbers 
written out in ascending order). Therefore the question of finding 
a more precise definition of the concept of algorithm reduces to 
the question of describing a class of functions /: X — w, where 
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X c for which there is a computing algorithm in the intuitive 
sense mentioned at the beginning of this section. 

Throughout the following, by a partial function we mean a 
mapping/: X — w, where X c of for some new. A partial func¬ 
tion /: X — co, X c o/ 7 , is said to be computable if there is an 
algorithm S3 operating on not applicable to n-tuples a£X, for 
which S3 (a ) = f(a ), a e X. To represent a natural number m we 
shall use not the ordinary decimal notation, but a simpler nota¬ 
tion, 11 ... 1, where the number of units is m + 1. Such a number 
will further be called the notation of a number m and denoted by 
m. A collection of numbers (m,, ..., m n > is represented by a word 
a = m l On^ 0, ..., 0 m n and called the notation of an n-tuple 
a = </72j, .... m n ). 

definition. A partial function /: X —■ c*>, X c of 1 , is said to be 
normally computable if there is a normal algorithm St — (A, S > 
such that 0, 1 e A for any «-tuple <m,, m n > e w <m,, ... 
..., m n > e X « SI is applicable to the notation <m,, ..., m n > and 
21(a) = /(a) for a e A. Such an algorithm St is called a normal 
algorithm computing a function f. 

The normalization principle for partial functions will now 
read: the class of computable partial functions coincides with the 
class of normally computable partial functions. 

example 3 . Construct a normal algorithm St computing the 
function x 2 . Let St = (A, S >, where A — {0, 1, a, b, c, d, e \ and 
the elements of S are arranged in 'the following order: 

(1) cl — Oac, (7) ad — d, 

(2) a 0 - Off, . ( 8 ) 0 d - d, 

(3) ea — ae, (9 ) be — • 1, 

(4) 0a — aeO, (lO)bd--l, 

(5) 0c - d, (11) 1 - be. 

( 6 ) ed - d 1 , 

To illustrate the work of this algorithm we write the number 2: 

111 — bc\\ — bOacl — bOaOac — bOOaac — bOaeOac — 

—• baeOeOac — baeOeaeOc — baeOaeeOc — baeaeOeeOc — 

— baaeeOeeOc — baaeeOeed — baaeeOedl — baaeeOdl 1 — 

— baaeedW — baaed 111 -> forat/llll — barfllll — 

- fonill - -11111. 


16* 
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We proceed to describe the class of algorithms introduced by 
A. M. Turing and E. L. Post in 1936. 

Let two finite sets A and Q be given containing no letters L 
and R. A set of quadruples P = {<x,, y i , u t , v t ) I / < m ) is said to 
be a program with an exterior alphabet A and an interior alphabet 
Q if Xj e Q, y f e A, u ( e Q and v t eA U {L, R ] for any / < m. In 
what follows the elements of a program {x, y, u, v) will be called 
instructions and denoted by xy — uv. 

definition. A Turing machine is a 6-tuple (A, Q, a 0 , q 0 , q x , P) 
satisfying the following conditions: 

(1) the sets A, Q are finite, do not intersect and do not contain 
the letters L, R; 

(2) a 0 e A; q 0 , <?, e Q; 

(3) P is a program with an exterior alphabet A and an iterior 
alphabet Q such that 

(a) there are no two distinct quadruples in P in which the first 
and respectively second terms coincide. 

(b) q 0 is. not the first term in any of the quadruples of P. 

A machine word with an exterior alphabet A and an interior 
alphabet Q (or simpply a machine word in (A, Q >) is a word in 
the alphabet A U Q such that a is a word in an alphabet A U { q } 
for some q e Q and a contains exactly one occurrence of the sym¬ 
bol q. f 

Suppose a is a word in an alphabet B and a e B. A word acta 
will be denoted by a a . If a = ba { c, where b, c e B, then a a will 
denote 

(a) a word a, if b — c = a; 

(b) a word a, c if b = a and c a; 

(c) a word ba t if c = a and b * a; 

(d) a word a if b =£ a and c A a. 

Let a and (3 be machine words in {A, Q) and let an element 
q e Q occur in a. We shall say that a Turing machine M = (A, Q, 

M 

a 0 , q 0 , q { , P) converts a word a into a word (3 (we write a — /3) if 
the following three conditions hold: 

(1) if ct ao = a, qaa 2 and qa - rb e P, b e A, then (3 = 
( tY i rb(x : ).,,,, 

(2) if a aa = a l aqba 2 and qb — rL e P, then (3 = (a , raba 2 ) ail ; 

(3) if a°° = a, qaa 2 and qa — rR eP, then /3 = (a,ara 2 ) D0 . 
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Note that a machine M can convert a word a only into one 
word. This follows from condition 3(a) of the definition of a Tur¬ 
ing machine. If a machine word a in (A, Q > is not converted by a 
Turing machine M = (A, Q, a 0 , q 0 , <?,, P) into any word /S, it is 
said that a is a no-go word for M. Notice that condition 3 (b) of 
the definition of a Turing machine implies that if a machine word 
a contains a symbol q 0 , then it is a no-go word for M. 

Let a be a machine word in an alphabet B. A word obtained 
from a by replacing all occurrences of a symbol b by the empty 
word is denoted by a/b. 

definition. Let M = (A, Q, Op, q 0 , q x , P) be a Turing 
machine and let a, (3 be words in an alphabet A \ (a 0 ). We shall 
say that the machine M transforms the word a into the word /3 (we 

write M(a) = /?) if there is a sequence y 0 . y n of machine words 

in (A, Q > satisfying the following conditions: 

(1) To = <7 1 a; 

(2) 13 = (y n /q 0 )/a 0 ; 

(3) 7/ - 7/ + i. ‘ < n. 

Notice that if conditions (1) to (3) hold for the sequence y 0 , ... 
..., y n , then y n contains an occurrence of q 0 since (3 is a word in 
A \{cr 0 ). 

It is clear that the machine M can transform a only into one 
word. If AT does not transform a into any word, then we shall say 
that Mis not applicable to a or that the value of M(a ) is not defin¬ 
ed. In this case either there is an infinite sequence y 0 , ..., y n , ... 

..., n e a), for some -y 0 = q x a and y t ~ y t + ,, i 6 u>, or there is a 
finite sequence y 0 , ..., y n satisfying conditions (1) and (3) and y n is 
a no-go word not containing q 0 . 

definition. A partial function /: X — to, X C u n , is said to be 
Turing computable if there is a Turing machine M = (A, Q, a 0 , 
q 0 , g,, P) for which the following conditions hold: 

(a) 0, 1 e A, a 0 =£ 0, a 0 + 1; 

(b) M is applicable to the notation of an n-tuple a a e X\ 

(c) M(a) = ffaf for a e X. 

Such a machine will be called a Turing machine computing the 
function f. 
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It is obvious that all Turing computable partial functions are com¬ 
putable. 

example 4. Construct a Turing machine M computing a func¬ 
tion f(n) — 2n. Let M = (A, Q, a, q Q , q x , P), where A = 
= f0, 1 , a), Q = ( q 0 , <7,, q 2 , <7 3 » <7 4 1 and P consists of the 
following quadruples: 

9 | l-*< 7 3 °, q 2 0 — g i R, q 2 1 — <? 2 0, 

q 2 0 ~ q 2 L, q 2 a - < 7 3 0, q 2 a - q 4 L, 

< 7 4 0 -< 7 4 l, < 7 4 l - q 4 L, q 4 a — q 0 a. 

Let the reader see for himself that this machine does in fact 
compute the function/(«) = In. To illustrate its work we write 
out the “process of computing”/(2): 

< 7,111 - < 7 3 011 - 0 < 7 3 11 - 0 < 7 2 01 - q 2 001 - 

- < 7 2 a 001 - < 7 3 0001 - 0 < 7 3 001 - 00 < 7 3 01 - 000<7 3 1 " 

- 000 q 2 0 - 00^ 2 00 - 0^2000 - <7 2 0000 ~ ? 2 «0000 - 

" < 7 3 00000 - 0 < 7 3 0000 - 00^000 - 000 r / 3 00 " 

- 0000^ 3 0 ~ 00000<7 3 - 0000 94 0 - 0000 < 7 4 1 - 

- 000<7 4 01 - 000<7 4 11 " 00<y 4 011 - 00<7 4 111 - 

M M M M M 

- 0<7 4 0111 — 0<7 4 1111 - <7 4 01111 - <y 4 11111 - 

- <7 4 <r 11111 - <? 0 al 1111. 

The following theorem holds. 

theorem l. The class of Turing-computable partial functions 
coincides with the class of normally computable partial functions. 

The proof that Turing-computable functions are normally 
computable will be left as an exercise to the reader. The proof of 
the other part of the theorem is rather cumbersome, consisting 
essentially of writing out a great number of programs, and so is 
omitted here. 

By virtue of Theorem 1 the following thesis is equivalent to the 
normalization principle for partial functions: any computable 
partial function is Turing-computable ( Turing's thesis). 
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Exercises 

1. Construct a normal algorithm equivalent with respect to the alphabet 
I Qo’ 81 • A > v > .-*,(,)! to the algorithm of Example 1. 

2. Construct a normal algorithm 21 over an alphabet A such that for any word 
a in A 21(a) = aa. 

3. Prove that the class of Turing computable functions is closed under a 
superposition. 


36. RECURSIVE FUNCTIONS 

This section presents a method for refining the concept of 
countable function, which may be called algebraic since the class 
of functions to be defined is generated from some elementary 
functions with the aid of some operations. 

Recall that by a partial function we mean here any mapping 
/: X — u>, where X Q u> n for some new. In this case n is called the 
number of places in a partial function / and denoted by v(f). If 
/: X — co is a partial function, then/is said to be nowhere defined 
when X = 0 and completely defined when X - In what 

follows the completely defined partial function is called simply a 
function. A partial function with a number of places n is an 
n-place partial function. The case n = 0 is possible. Then the 
0-place function/: w° — « consists of a single pair <0, n) for 
some new and is often identified with the number n. Throughout 
the following the letters m, k, i and j, possibly with indices, denote 
natural numbers. 

Let/: X — w be an n-place partial function. If (m x . m n > e 

e X, then f(m l , ..., m n ) is the value of / on an n-tuple (m,, ... 
..., m n >. If (m,, .... m n > & X, then we shall say that f(m 1 , ... 
..., m n ) is not defined or that / is not defined on an n-tuple 
(m,, ..., m n ). 

It is clear that to define an n-place partial function/it suffices, 
for any n-tuple ..., m n ), to say whether f(m x , ..., m n ) is 
defined and if it is, then to find the number k = /(m,, ..., m n ). If 


* Note that if/is a partial function, then n is defined for/uniquely when/is 
not a nowhere defined function. Nowhere defined functions with numbers of 
places n and m for any n, m e u are equal. 
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/ and g are partial functions, then we write 

f(m x , m n y= g(m l , ..., m n ) 

when both sides of the equation are defined and are equal or when 
both sides are not defined. 

Let be the family of all n-place partial functions and let 
T — be the family of all partial functions. 

n e to 

We define on the family if of all partial functions operators S, 
R, M which preserve the computability of functions. 

Suppose n, k e «, / is an (n + l)-place partial function and 
g 0 , .... g n are k -place partial functions. We define a k -place partial 
function h as follows: h(m x , ..., m k ) is not defined if at least one 
of the partial functions g 0 , ..., g n is not defined on (m x , ..., m k >, 
and if all g 0 , ..., g n are defined on (m,, ..., m k >, then 

h{m x , ..., m k ) = f(g Q (m x , ..., m k ), ...,g n (m x , ..., m k )). 

We shall say that h is obtained by regular superposition from f, 
g 0 , ..., g n and designate this as follows: h = S k - n (f, g 0 , ..., g n ). 
The operator (of regular superposition) S k ' " is a completely defin¬ 
ed mapping of + j x if J + 1 into 5 k and preserves computabili¬ 
ty, i. e. if partial functions / e + ,; g 0 ... g n e 5 k are com¬ 
putable, then so is the partial function S k ’ n (f, g 0 , ..., g n ). The 
superscripts of S will be omitted and as a rule we shall use the 
more customary but less precise notation f(g 0 , instead of 

S(f,g 0 , .... g„). 

Let n e «,/ef B ,g 6 + 2 - We define for/and g an (n + 1)- 

place partial function h so that for any m x , ..., m n e « 

h(m { , ..., m n , 0) = f(m x , ..., m n )\ 

h(m x , ..., m n , k + 1) is not defined if h(m x , ..., m n , k) is not 
defined and h(m x , ..., m n , m n , k + 1) = g(/n x , ..., w n , 

, ..., m n , A - )) if , ..., m n , k) is defined. It is obvious that 
h is uniquely defined for/ and g and is computable if / and g are 
computable. This definition of h from / and g gives an operator 
R n + 1 : x + 2 — + , called primitive recursion operator. 

The function = R n + 1 (f, g) is said to be obtained by primitive 
recursion from f and g. The superscript of the operator R n + 1 will 
be omitted. 
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Let n e us, f e JF n + t . We define for /an n-place partial func¬ 
tion g such that for any k, m x , ..., m n e « g(/w,, m n ) = k if 
and only if/ (w, , ..., m n , 0) = 0 and k = 0 or & > 0 and/(m, , ... 
..., m n , 0), ..., / (w,, ..., m n , k — 1) are defined and are not zero 
and/(m,, ..., , k) = 0. It is clear that such a function g exists 

and is uniquely defined for/; moreover, if/is a computable func¬ 
tion, then the computability of g is obvious from the definition of 
g. Thus we are given an operator M n , the minimization operator, 
from < S n + , into SF n ; if g = M n (/), then we shall say that g is ob¬ 
tained from f by minimization. 

Basis functions are o, s, I n m (1 ^ m ^ n), where o is a one-place 
function assuming a value 0 on any n, s is a one-place function 
assuming a value n + 1 on a number n and 7^ is an n-place func¬ 
tion assuming a value k m on a collection k n >. It is obvious 

that the basis functions are computable. 

definition. A partial function/is said to be partially recursive 

if there is a finite sequence of partial functions g 0 . g k such that 

g k = /and every g i , / ^ k, is either a basis function or is obtained 
from some previous functions by regular superposition, primitive 
recursion or minimization. The sequence g 0 , ..., g k is the deter¬ 
mining sequence for f. If for a completely defined partially recur¬ 
sive function /there is a determining sequence consisting only of 
completely defined functions, then /is said to be recursive. 

In the next section we shall prove that any completely defined 
partially recursive function is recursive. 

It readily follows from this definition and the above remarks 
on the preservation of computability by the operators S, R, M 
that any partially recursive function is computable. 

The converse statement is called Church’s thesis: 

Any computable partial function is partially recursive. 

Historically it is this assertion that was the earliest precise 
mathematical definition of an (algorithmically) computable func¬ 
tion. 

We have the following theorem whose proof is omitted 
because of its being too cumbersome. 

theorem 2. The class of partially recursive functions coincides 
with the class of Turing computable functions. 

Thus Turing’s thesis is equivalent to Church’s. 




250 


Algorithms and Recursive Functions 


Let k, n e to, let a be some mapping of a set j 1, k } into a 
set (1, .... n j and let / be a £-place partial function. An «-place 
partial function g is said to be obtained from f by substituting a if 
for any m,. m n e u 

8( m \ * •••> m H ) =f(m a] , m ak ). 

This will be denoted by g = f a . 

proposition l. If f is a partially recursive function and g is ob¬ 
tained from f by substituting a, then g is partially recursive. 

proof. It is easy to verify that if g = /“, then 

2 = S"’ k ~ '(/,/?,, □ 


proposition 2. The following functions are recursive: 

(1) zero-place functions n, n e o>; 

(2) the two-place addition function + ; 

(3) the two-place multiplication function ■; 

(4) the two-place truncated-difference function — defined as 
follows: 

C m — n if n ^ m 
m - n - \ 

L 0 otherwise', 


(5) one-place functions sg and sg defined as follows: 

0 if n = 0 


sg(n) = 


1 


sg(n) 


-a 


otherwise', 
if n = 0 
0 otherwise', 

(6) the two-place identification function <5 defined as follows : 

0 if n = m 
1 otherwise. 


5(n, m) = 


proof. We show that the zero-place function (<0, n)) is 
recursive by induction on n. The function ( <0, 0> J is equal to 
M(o). If {(0, «>j is recursive, then the recursive function 
s({(0, //>))= {(0, n + 1>). Since n + 0 = n and n + (m + 
+ 1) = (« + m) + 1, then the function + equals R(I\, s(Jj)). It 
follows from n- 0=0 and n- (m + 1) = n ■ m + n that the func¬ 
tion • equals R(0,1} + 1 1). 
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To show that the truncated difference — is recursive, consider 
the one-piace function — 1 defined as follows: 


n — l = 



if n = 0 
if n F 0. 


It equals Rif), I]) and is therefore recursive. Since n — (m + 1) = 
= (n — m) — 1, the function — equals R(fj, / 3 3 - 1) and hence is 
also recursive. 

The recursiveness of functions (5) follows from the equations 
sg = R(0, s(o(If))) and "sg = R(l, o(If)). 

Let a: (1,2} — {1,2} be such that a(l) = 2, a(2) — 1 and let 
/ be a function obtained from the function — by substituting a. 
Then for the function 5 the equation 5 = 5 (sg, S(+, -,/)) is 
true. It follows from the recursiveness of the functions sg, — and 
Proposition 1 that the identification function 5 is recursive. □ 

To define recursive functions and study their properties it is 
convenient to use a special formal language R E similar to that 
described in Sec. 16. Let V = (u, ! / e w] be a set of variables 
whose elements are denoted by x, y, z, w, and u possibly with 
indices. 

Suppose E = (R, F, n) is some finite signature such that F D 
3 F 0 = {0, 5, + , • 1, where 0 is the symbol of a zero-place func¬ 
tion, 5 is the symbol of a one-place function, + and ■ are the sym¬ 
bols of two-place functions; R 3 R 0 = ( < }, where < is the sym¬ 
bol of a two-place predicate. 

Defining the expressions (the syntax) of the language R E will 
also depend on the semantics of this language. Therefore the syn¬ 
tax and semantics will be defined simultaneously; but first assume 
a fixed algebraic system of a signature E with basic set co and 
such that the values of the symbols of E 0 = (/? 0 , F 0 , /x 0 ) coincide 
with the functions and the predicate denoted by these symbols 
earlier (for example, to the symbol ■ there corresponds the opera¬ 
tion of multiplication of natural numbers). 

So by simultaneous induction we shall define the notion of 
1,-term, of 1,-formula (it would be more precise to speak of 
Oj.-terms and Oj.-formulas), sets of free variables FV(t) (FV((p)) 
of a E-term t of a E-formula tp, a natural number /[??] and a truth 
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value <p[r]] e [ T, F] for any interpretation 77 : X — w, where A c 
c V, FV(t) C Jf, FF(<p) C 

(a) the symbol 0 is a E-term, FV( 0) = 0 and 0[r?] = 0; 

(b) a variable x e V is a E-term, FV(x) = (xj, x[tj] = r?(x); 

(c) if/eFis an / 7 -place function symbol, t n are E-terms, 

then f(t x , ..., f n ) are E-terms; FK(/(i,, ..., t n )) = FV(t x ) U ... 

- U FV(t n );f(t .. t n )[ v ] =^(1,1,1, ..., t n [/?]), where/ 0 * is 

an n-place operation of Qj. corresponding to a signature symbol /; 

(d) if Q is an n -place predicate symbol in R and /, , ..., t n are 

E-terms, then Q(t. is a E-formula, FV(Q(t ., ..., M) = 

= FV (/,) U ... U FV(t n ); Q(/,, ..., = « » </, fo], ... 

t n e where is an /7-place predicate corresponding 
in Oj, to a predicate symbol Q ; 

(e) if t x , t 2 are E-terms, then t x = t 2 is a E-formula, FKfr, = 
~ t 2 ) = FV (/,) U FK(/ 2 ), (r, * / 2 )[r?] = u » f, [i?] = t 2 [ 77 ]; 

(f) if tp and \p are E-formulas, then -up, (tprp) for r 6 [A, V, 

- J are also E-formulas, FV( -.<») = FF(p), FF(<priA) = FF(<p) U 
U FV(f) and (~up)[ 77 ] = —' (<^[ 7 ?]), (^ri/Ofa] = [ 7 ?]rf [ 7 ?], where 
- 1 , A, V, — are defined on the set [ T, F) by table (1) of Sec. 6 , 
with “0” replaced by “F” and “1” replaced by “F”; 

(g) if <p is a E-formula, x e V and for any interpretation 
7 ?j: X —* 01 for which x£ X and FV (tp) Q X U \x] there is new 
such that <p [ 77 ] = F for 77 = t;, U (<x, n) j, then \xXtp is a E-term, 
FV(pXtp) = FV(tp)\ (x j and (^xp)[?j] is the least n 0 e o> for which 
<p[v'] = T, where 77 ' = ( 7 ? \ { <x, tjx) )) U {<x, n Q >). 

It is easily established by induction on the construction of a 
E-term (of a E-formula) 9 that for any interpretations t? 0 : X 0 — o>, 
7/,: X x — w swc/z that FF(9) c X 0 D X x and for all x e FF(9) 
%(x) = 7 ?, (x) we have 9[t ; 0 ] = 9 [ 77 , ]. 

As usual we shall write (t x + t 2 )((t ] -t 2 )) instead of + (t x , 
t 2 )(■ (t x , t 2 )) and (tj < t 2 ) instead of < (f,, t 2 ). In addition we shall 
use the usual abbreviations for terms and formulas accepted in 
arithmetic and the propositional calculus (for example, instead of 
(x + ((z ‘ Z) + (x ■ y ))) and (ftp A \p) — tp) we shall write respectively 
x + z 1 + xy and ((tp A f) — tp). 

For a E-formula tp and an interpretation 77 : X — co, FV (tp) c 
c A, we shall often write ‘Vfal is true” or simply “tp[rj]” instead 
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of “<p[tj] = T’ and ‘>[ 77 ] is false” or instead of 

‘VM = F”. 

Let 0 be a E-term or a E-formula. An occurrence of x in 0 is 
said to be free if it is not in a subword of the form ivop which is a 
term. If the occurrence of a variable in 0 is not free it is said to be 
bound. It is easy to verify that the set FV(Q) consists precisely of 
variables with free occurrences in 0. 

Suppose 0 is a E-term (a E-formula), x,, ..., x n e V are distinct 
variables, /,, ..., t n are E-terms such that for any / e (1, ..., n J and 
any x. e FV(tj) no free occurrence in 0 of a variable^ is contained 
in a term of the form ny<p which is a subword of 0. Then 
(0)”.denotes the result of replacing all free occurrences of 

variables x,, ..., x n by E-terms /, , ..., t n respectively. 

By induction on the construction of a E-term and a E-formula 
it is easy to establish the following 

proposition 3 . 7/0 is a E-term (a E-formula), x, , ..., x n e Vare 

distinct variables, t x . t n are E-terms such that for 0, x,, ■■■,x n , 

, ..., t n the above conditions hold, then 

(1) 0, = (0)* 1, "" x f ' s a E-term (a E -formula), FV(Q X ) c 

c (FV(Q) \ {x,, ..., x n j) U FV(t t ) U ... U FV(t n ); 

(2) for any interpretation 17 : X — w such that (FK(0) \ (x,,... 
..., x n j) U FV(t x ) U ... U FV(t n ) c X we have 0, [ij] = ©[ 77 '], 
where y]' = { (y, t](j)) \y e FV(G), y t {x, , ..., x n )) U {<x ; , 

= 1 . •••. n ). □ 

A E-term (a E-formula) 0, = (Of 1 . f" is said to be obtained 

from 0 by substituting E-terms /, , ..., t n for the variables x,, ... 

->V 

Unfortunately, the conditions for E-terms to be substituted for 
variables do not always hold. To be always able to substitute we 
introduce the following notions. A E-term (a E-formula) 0 is said 
to be obtained from a E-term (a E-formula) 0, by replacing a 
bound variable if 0 is obtained from 0 , by replacing the occur¬ 
rence of a E-term ux<p by v-y(<p) x y , where y t FV(<p). E-terms 
(E-formulas) 0 and 0' are said to be congruent if there is a 
sequence 0, , ..., 0 n such that 0 O = 0, 0 n = 0' and ©, + ,, 7 > n, 
is obtained from 0 ( . by replacing a bound variable. 
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It is obvious that the congruent relation is an equivalence on a 
set of E-terms and E-formulas. 

proposition 4. If 9 and 9' are congruent 'L-terms or 
1,-formulas, then FV(Q) — FV( 0') and for any interpretation 
t)\ FV( 9) — « we have 9[^] = 0'[ 17 ], 

proof. It is easy to show by induction on the length of 9 that if 
9' is obtained from 9 by replacing a bound variable, then the 
statement of the proposition is true. We then proceed by induc¬ 
tion on the length of the sequence 9 0 , .... 9 n of the preceding 
definition. □ 

Note that for any E-term (E-formula) 9, any collection of 
pairwise distinct variables x } , ... , x n and any E-terms t x , ..., t n 
there is a E-term (a E-formula) 9' such that 9' is congruent to 0 
and satisfies the conditions for the substitution (Q'Y, 1, "” f". Us- 

ing this property and Proposition 4 we shall henceforth employ 
the notation (9)^. *” without caring about satisfying the condi¬ 

tions on bound variables, assuming that if these conditions do not 
hold, then (9)^.is (9')*, 1 ' for a E-term (a E-formula) 

congruent to 9, with all conditions for the substitution already 
satisfied for 9 '. 

Recall that a subset X c A n is called an n-place predicate on 
A. In what follows by predicates we mean predicates on w. If Wis 
an n-place predicate, then an /7-place function 7 : x defined as 
follows: for any m i , ..., m n e co 


■K x (m x , ..., m n ) = 


'0 if <m,, ..., m n ) e X 
.1 otherwise, 


is said to be a representing function for X. 

Besides the representing function ir x of the predicate X one 
often uses the characteristic function Xx °f X which is related to 
it x by the equation = s 8 

A predicate X is said to be recursive if its representing function 
7 r x is recursive. 

An algebraic system Qj. is said to bp recursive if all functions 
and predicates corresponding to the symbols of E are recursive. 
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In what follows, speaking of E-formulas and E-terms (whose 
definition depends on a fixed algebraic system U E ) we shall always 
assume that S/ is a recursive algebraic system. 

Notice that the predicates =, < are recursive, since the 
representing function for * is the identification function 5 and 
the representing function for < is the recursive function 

sg(*(/?) ^ 1\). 

It is possible to associate with every E-term (E-formula) a 
family of functions (of predicates) which are realized by that 
E-term (by that E-formula). To denote these functions 
(predicates) we shall use an extension of R z , adding another pair 
of symbols, the square brackets [,]. 

We proceed to precise definitions. 

If t is a if-term and FV(t) c {x,, ..., x n } c V, x ; =£ Xj , for 
i =£ j then t [x,, ..., x n ] will denote an n-place function assuming 
on an n-tuple (m x , ..., m n > 6 cf a value t[rj], where tj = 
= (<x ( -, m t )\i = 1, ..., n). If tp is a E-formula and FV{<p ) c 
C (x,, ..., x n ] C V, x i Xj for i sfc j, then <p[x,, ..., x n ] will 
denote a predicate \{m x , ..., m n > I ^[ 17 ] = f for i) — {<x ( , 
m t > I/ = 1 , ..., n ]). 

Notice that the same E-term t realizes many functions; for ex¬ 
ample, if FV(t) c (x, y), thent[x, y], t\y, x] and r[x, y, z] are in 
general different functions. The symbol [x, , ..., x n ] plays a role 
similar to that of quantifiers, it relates the variables x,, ..., x n ; 

thus if FV(t) c {X[. x n ) and y x , ..., y n are pairwise distinct 

variables, then we have 

t[x x , ...,xj = (o;j;.... y„\- 

propositions. Any function and any predicate realized by a 
1,-term and a 1,-formula respectively are recursive. 

proof. Let 0 be a E-term or a E-formula and let FF(0) C 

c [x,, ..., x k ); by induction on the construction of 0 we shall 

prove that 0 [x,, ..., x k ] is recursive. 

(a) If 0 = 0, then 0[Xj, ..., x^.] = M{o(I \)). 

(b) If 0 = x 6 V, then x = x ,- 0 for some i Q e {1, ..., k} \ so 

0 [x,, ...,xj = /*. > 

(c) Let 0 — f(t x , ..., t n ), where /is an «-place function sym¬ 
bol, ?j, ..., t n are E-terms; we have FV{Q) = FV(t x ) U ... U 
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U FV(t n ) c (x, , x k ); by the induction hypothesis Ar-place 
functions g, = /, [x,, x k ], ..., g n = t n [x,, x k ] are recursive. 
If/ 01 is an n-place recursive function corresponding in a model flj. 
to the function symbol/, then obviously 0[x,, x n ] = 

^. g„) - fei. • ••, £„)• 

(d) Let© = Qffj t n ), where Q is an /7-place predicate sym¬ 
bol and t x , t n are E-terms. We have FV{Q) = FV(t l ) U ... U 
U FV(t n ) c jx,, ..., x k }; by the induction hypothesis £-place 
functions g, = t, [x,, ..., x k ], ..., g„ = t n [x,, ..., x k ) are recursive. 
If Q az is an /7-place predicate corresponding in fij. to the predicate 
symbol Q, then according to our convention Q° L is a recursive 
predicate; therefore tt q , the representing function of Q az , is 
recursive. It is easy to verify that the k -place recursive function 
S(ttq, g,, ..., g n ) is the representing function for the predicate 
9[Xj, ..., x*J; hence this predicate is recursive. 

(e) Let © = t x ~ t 2 , where f,, t 2 are E-terms; the representing 
function for the predicate 9 [Xj, ..., x k ] is a recursive function S(S, 
t, [x,, ....x*], t 2 [x,, ...,x k ]). 

(f) The case where 0 is of the form -up or (<pr\J/) for r e [ A, V, 
— j and for E-formulas <p and t p is quite obvious and will be left to 
the reader. 

(g) Let 9 = px<p, where <p is a E-formula and conditions (g) of 
the definition of E-terms and E-formulas hold. Then FV(ip) c 
C [Xj, .... x k , x). It is assumed that x is distinct from all the 
variables x, , ..., x k ; if this is not the case, then we choosey e V to 
be distinct from x,, ..., x k and to have no occurrences in <p and 
consider a E-term 0' = py(<p)* instead of 9. By the induction 
hypothesis it may be assumed that the (k + l)-place function g 
representing the predicate ^[x,, ..., x k , x] is recursive. Then it is 
easy to see that 9[x,, ..., xj = M(g). Hence ©[Xp ..., x 1 ] is 
recursive. □ 

Our main task in the remainder of this section is to prove that 
any recursive function and any recursive predicate is realized by 
a L 0 -term and a E 0 -formula. Such terms and formulas will be 
called recursive. 

An important step in the proof of this statement is to consider 
the following situation: a signature E' is obtained from E by ad¬ 
ding one £-place function symbol /; an algebraic system fij. is a 



Recursive Functions 


257 


restriction of an algebraic system fij-,. Notice that in this case any 
E-term is simultaneously a E'-term. 

proposition 6 . If there is a 1,-term t Q such that a function f ‘ L ' 
corresponding in fL, to the symbol f is realized by a term t Q , then 
from any E '-term t’ and any I,'-formula p' we can effectively 
construct a 1,-term t and a 1,-formula p such that FV(t) — FV(t'), 
FV(<p) ~ FV(<p') and for any interpretation 77 : X — co, FV(t) C 
c X{FV(tp) c X) we have /' [ 77 ] = /[tj] or v?' [ 77 ] = ^[ 77 ] respec¬ 
tively. 

proof. Let f 0 ?' = t Q [x lt ..., x k ]. For any E'-term (any 
E'-formula) 0 we define inductively a word r(9) as follows: (a) if 
0 does not contain the symbol /, i. e. if 0 is a E-term or a 
E-formula, then r(0) = 0; 

(b) if g e F' is an n-place function symbol distinct from/and 
',>•••> t n are E'-terms, then r(g(t, , ..., t n )) = g(r(t { ), ..., r(t n )); 

(c) if t,, ..., t k are E'-terms, then r(/(t,, ..., t k )) — 

_ N7T1, Xk 

- Oo >r(n) . rUk) ’ 

(d) if Q is an n-place predicate symbol of/?' = R, t t , ..., t n are 
E'-terms, then/-(e(/,, .... t n )) = Q{r{t { ), .... r(t n )); 

(e) /•(/, ~ t 2 ) = (r(t ,) = r{t 2 )) if , t 2 are E'-terms; 

(f) r(-up) = -if(< 73 ), r(<prf) = (r(<^)-r/*(0» for r e ( A, V, — J if 
<p, f are E'-formulas; 

(g) r(nxtp) = ivcr(ip) for a E'-formula >p. 

By induction on the construction of E'-terms and E '-formulas, 
using Propositions 3 and 4 and the definition of E-terms it is not 
hard to prove simultaneously the following statements: 

(1) for any E'-term t r(t) is a E-term and FV(t) = FV(r(t))\ 

(2) for any E '-formula <p r(p) is a E-formula and FV(<p) = 
= FV(r(tp))\ 

(3) if 0 is a E'-term or a E-formula, FV(Q) C X, 77 : X — w is 
an interpretation, then ©[ 77 ] = /■( 0 )[t 7 ], 

It is clear that these statements imply the conclusion of the 
proposition as well. □ 

It is proved quite similarly that a predicate symbol of a 
signature can be eliminated from R'\R when there is a 
E-formula without that predicate symbol that realizes the cor¬ 
responding predicate in an algebraic system 0^.,. We shall 
therefore refer to Proposition 6 for the case of a predicate too. 


17—191 
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If a E-formula ip is given, then pxip is not always a E-term, and 
E-formulas with quantifiers 3x<p and Vx<? were never assumed by 
us. It is, therefore, convenient to use at least “limited” analogues 
of these operators. 

definition. Let <p be a E-formula, t be a E-term, x e V and x £ 
£ FV(t). We introduce the following notation: 

(a) nx < Up = px(<p V x * s(t )); 

(b) 3x ^ Up — (pa ^ t<p) < s(t ): 

(c) Vx ^ t<p — -i 3x t -i ip. 

It is obvious that px - tip, 3x ^ tip and Vx = Up are a E-term 
and E-formulas, FV(px < Up) = FV( 3x ^ tip) = FV(yx < Up) = 
= ( FV{ip ) U FV(t))\ (x), and for an interpretation 17 : (FV(t) U 
U FV(ip)) \ (xj — « we have 


(px 

(3x s$ 
(Vx < 


t?)[v] = { 


( the least n ^ t[rj] for which 
<p[r)'], where 77 ' = 77 U {<x, n > j, 
if there is such an n 
[ t [ 77 ] + 1 otherwise; 
bp) [ 17 ] = T (there is n ^ f [ 77 ] for which ^[ 77 '] = T, 

where 77 ' = ?) U (<x, n) J); 
Up) [ 77 ] = T » (for all /? ^ r [ 77 ] we have ip[ 7 ;'] = T, 

where 77 ' = 77 U {<x, /?>}). 


We introduce a number of recursive functions and predicates, 
adding corresponding symbols to E 0 . We add to E 0 the symbols 
for the functions defined in Proposition 2 and not contained in 

V' 

( 1 ) the two-place function symbol — coinciding with the nota¬ 
tion of the corresponding function on oj ; 

( 2 ) the two one-place function symbols sg and sg; 

(3) the two-place function symbol 8. 

In addition we shall use the abbreviation n for the E 0 -term 
s(...5(0)...), where s occurs n times, n e u>. 

An algebraic system of the signature obtained is defined in 
a natural way. Notice that each symbol we have introduced 
satisfies the conditions of Proposition 6 : 
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(1) nz((z ~ OaO « xvx <y))v (y < x/\y + z * x\)[x,y]\ 

(2) sg ~ (1 ~ x)[x]; sg = (1 - sg(x))[x]; 

(3) 6 = nz((x ~ y A z ~ 0)V(-ijr* jA -\z ~ 0))[x, y]. 
Notice that on the right-hand sides of these relations new func¬ 
tion symbols are also used for which a term expression has already 
been given. We introduce yet some more recursive functions and a 
recursive predicate, and the corresponding symbols, important 
for our further purposes: 

(4) ^ is a two-place predicate having its usual meaning on «; 
the signature symbol will coincide with this notation; 

(5) a two-place function [/] realized by a term as follows: 

[/] = mz((* < (Jfe)7)) v 0 * 0 A z = x))[x, y], 

the signature symbol will be the same; instead of writing [/] ( m , n) 
we shall write [m/n]\ the term [/](t,, t 2 ) will also be written as 

(6) a one-place function [V - ] realized by a term as follows 

[V”] = fiy(x < 50) 2 )[x], 

the signature symbol being the same; instead of [V - ](n) we write 
[V«] and instead of [V~](t) we write [V7]; 

(7) a two-place rest function realized by a term as follows: 

rest = (x - ([x/y]-y))[x, y], 

rest being the corresponding signature symbol; 

(8) a two-place c function realized by a term as follows: 

c = f((x + y) 2 + 3x + y)/2][x,y], 

c being the corresponding signature symbol; 

(9) a one-place function / realized by a term as follows: 

/ = (x - [([([V8x + 1 + l)/2]) x 

X ([([V87TT] - l)/2])/2])[x], 

/ being the corresponding signature symbol; 

(10) a one-place function r realized by a term as follows 

r - ([([V87TT] - l)/2] - /(x))[x), 
r being the corresponding signature symbol; 


17' 
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(11) a two-place function (3 defined by a term as follows: 

/3 = fxz < r(x)(3w s? /(x)((l + {c(z, y) + 1 )-r(x))-w = 

= l(x)))[x,y], 

(3 being the corresponding signature symbol. 

We denote by E, a signature {R l ,F l ,fj . l ), where F { = {0, 5, + , 
•, -S sg, sg, 5, [/], [V - ], rest, c, /, r, /?) and /?,= {<,<). 

Using Proposition 6, it is easy to show that from any E,-/or- 
mula yj, and any E, -term r, we can effectively construct a recur¬ 
sive formula <p 0 and a recursive term t 0 such that FV(<p 0 ) = 
= FV(tfij ), FV(t 0 ) = FV(t l ) and if FV& 0 ) Q [x,, ... 

•••> X n )i FV %) C (*l> •••> x n })» then = ^\i x \’ ■■■ 

..., X n ] and t () [x, , ..., xj = [t ] [x, , .... x n ] respectively. 

Now note some properties of the functions introduced above. 

For any m, n e w, [m/n] is the integral part of the fraction m 

n 

if n =£ 0 and [m/n] = m if n = 0. 

For any m, new, rest (m, n) is the remainder of a division of m 
by n if n =£ 0; rest (m, n) = m if n = 0. 

For any mew [\ r m ] is the integral part of the square root of m. 
We consider the functions c, l, r together. 
proposition 7. For the functions c, l, r and any m, n e w the 
following equations hold : . ’■ 

(1) c(l(n), r(n)) = n; 

(2) l(c(m, n)) = m\ 

(3) r(c(m, n)) = n. 

In particular, c maps w 2 onto w in a one-to-one manner. 
proof. The usual arithmetic notation will be used below to 
compute c, l, and r. 

It follows from the equation c(n, m) = (r + m ) + In + m t j iat 

8 c(n, m) = 4(n + m) 2 + 12« + 4m. 

The right-hand side of this equation permits the following two 
representations: (2 n + 2m -f l) 2 + 8n - 1 and (2 n + 2m + 
+ 3) 2 - 8m - 9. Hence we obtain the relations: 

(2« + 2m + l) 2 ^ 8c(n, m) + 1 < (2n + 2m + 3) 2 , 
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2n + 2m + l ^ fv/8c(«, m) + 1 ] <2 n + 2m + 3, 


2 n + 2m + 2 ^ [v8c(n, m) + 1 ] + 1 < 2 n + 2m + 4, 

1 < < n + m + 2. 


n + m + 
Therefore 


n + m + 1 = 


[V8c(/t, m) + 1 ] + 1 


]’ 


r ['/8c(/!, m) + 1 

+ 

L 2 

J 


- [V8c(n7mr+T] 1 


]• 


Since 


c ( n m) - (n + m ~> 2 + 3n + m - (n + m)(n + m + 1) + ^ 


we have 


n = c(n, m) — - —- 


, 1 r[V8c{/i, m) + 1 ] + 1 ] r[V8c(r!, m) + 1 ] — 1 


]xf 


r [VTc(r!, m) + 1 ] — 1 n . 

m = [ l - ■- 2 \ n - 

Hence we get l(c(n, m )) = n, r(c(n, m)) — m. 

If n = c(i, j) for some j e w, then from l(c(i, j )) = i and 
r(c{i,j)) = j we get c(I(n), r(n)) = n. Hence to prove the equa¬ 
tion c(l(n ), r(n)) = n for any n e w it suffices to show that for any 
new there are i,j e w for which n — c(i,j). From the definition of 
c we get c(0, 0) = 0. If c(i, j) = m and j > 0, then it is easy to 
verify that c(i + 1 ,j — 1) = m + 1. If c(i,j) — m and j = 0, then 
c(0 , / + 1 ) — m + 1. □ 

We now turn to the (technically) very important function /3. 
proposition 8 . For any k e w and any n 0 , n k e w there is a 
number mew such that 

/ 3(m, i ) = Uj for all i ^ k. 

proof. Suppose c = max [c(n /t /) + 11/ ^ k j and a = c\. We 
show that for 0 < j < l < c the numbers 1 + ja and 1 + la are 
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coprime. Suppose the contrary and let a prime number p divide 
1 + ja and 1 + la. Then p divides their difference (1 + la) — 
- (1 + ja) = (/ - jja; then p divides l — j or a, but since / — j < 

< c, l - j divides a = cl , so that in any case p divides a. But then 
a = pa' and 1 + ja = (Ja')p + 1, and this number cannot be 
divided by p, a contradiction. 

Supposes = (1 + (c(« 0 , 0) + l)a)-(l + (<:(«,, 1) + 1 )a)- ... 
... -(1 + (c(n k , k) + 1 )a) = Jj (1 + (c(n ; , i ) + l)-a) and 

i i k 

m = c(s, a). 

We show that it is this m that satisfies the conclusion of the 
proposition. Let / ^ k. Then (1 + (c(n n i ) + l)c) divides s(a = 
= r{m), s - l(m)). Suppose that for some z ^ n t (1 + (c(z, i) + 
+ l)a) also divides s. Since z < n n we have c(z, i) < c(/7 ; , /) < c. 
From this and from the above fact that numbers of the form 
1 + ja and 1 + la, j ^ ^ c, are coprime it follows that c(z, I) + 

+ 1 must coincide with some c{n Jt j) + \,j ^ k. But if c(z, i) + 
+ 1 = c(rij,j) + 1, then c(z, i) - c(n Jy j), i = j andz = n r Thus 
rij is the least z such that (1 + (c(z, /) + l)a) divides s and n i ^ 

< c(n jy i ) < c(n jy i) + 1 < c ^ a = c\ = r(m ) and therefore 

i3(w, /) = «,..□ 

In what follows E 0 -terms and E 0 -formulas will be called recur¬ 
sive terms and formulas. The following theorem provides the 
characterization of recursive functions that was pointed out 
earlier. 

theorem 3. For a function /: of — w to be recursive it 
is necessary and sufficient that f be realized by some recursive 
term t f . 

proof. Sufficiency was established earlier (Proposition 5). To 
prove necessity we proceed by induction on the minimum length 
of the determining sequence of recursive functions for /. In view 
of the foregoing it is only necessary to prove the existence of 
E, -terms that realize functions. The basis functions o, s and /^are 
realized by the E 0 -terms py (x ~ x), 5(x) and x m as follows: 

o = py(x ~ x)[x), s = £(*)[*], = x m [x,, .... xj. 

Suppose/ = S(h,g 0 , and E, -terms t,q 0 , realize 

h, g 0 , .... g m respectively as follows; h = f[jr 0 , .... x m ], g 0 = 
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= d 0 fei > •••> •■•> S m = q m [z,, z*]- Then the E,-term t f = 

= M w3 -*o < <7 0 ••• 3* m <7 m (* 0 = <7 0 A ... Ax m « q m A w * /) ob¬ 
viously realizes /as follows:/ = /[z,, z k ]. 

If/ = M{g) and g = t [x Q , .... xj for E,-term f g , then it is 
easy to verify that for the E,-term t f = fcx n (t g ~ 0)/ = t f [x 0 , ... 

Suppose/ = R(g, h) and g = t g [x x , .... x„], h = t h [x { , ... 
..., + 2 ] for suitable E, -terms t g and t h . Consider a E, -formula 

<f> defined as follows: 

(/3(m, 0) * t g A Vw s$ x n + , 03(m, s(w)) * ( 4 )*” + ( '; + 2 )), 

where u =£ w are variables distinct from the variables in fx ,, ... 
x n + 2 ) anc * from all the variables occurring in t and t h . Since 

F V(tg) £ (*i. x n )> ^(4) £ f^i. •••. *„ + 2 )> we have 

FV((f) c {n, x,, ..., x n + , ). The preceding proposition shows 
that for any interpretation of variables ry. (x,,..., x n ) — w there is 
a value new of the variable u such that for / = rj U { <«, n> Mr?') 
is true. Consequently we can form a E, -term t x = /J’Kfr,) c 
£ {x x , ...,x n + , ). If we now set t f = (3(t l ,x n + ,), then FV(t f ) c 
c (x,, ..., x n + , ) and it can easily be established by induction on 
the value of the variable x n + , that / = /[x,, ..., x n + i1 • ^ 
corollary i. For any finite signature E and any recursive 
algebraic system there is an effective procedure of changing 
every L-term or Y-formula 0 into a recursive term or recursive 
formula 0 O so that FV( 9) = FK(0 o ), and if FV(Q) c (x,, ... 

•••>*„}, then 0[x,.x„] = 0 o [x,, ...,xj. 

This follows from Proposition 6 and Theorem 3. □ 


Exercises 

1. Prove the recursiveness of a two-place function ex such that for m, n e w, if 
n =£ o, then ex(m, n) = m" and tx(m, 0) = 1. 

2. Prove the recursiveness of a two-place function I — I such that for any n, 
m e a) \n — ml is the absolute value of a difference of these numbers. 

3. Prove that the one-place predicate 1 n I n e a, n is a prime number) is recur- 
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37. RECURSIVELY ENUMERABLE PREDICATES 

In the preceding section we defined a recursive predicate to be 
a predicate whose representing function is recursive. Thus recur¬ 
sive predicates are precisely such predicates R C w” for which we 
can effectively solve the problem of occurrence, i. e. the problem 
of determining from a given rt-tuple of numbers (m { , ..., m n > 
whether it is in the predicate R. 

However, algorithmic procedures can be used for the process 
of generating a predicate (a set) R Q u" itself as well as for 
recognizing the membership of the predicate. There are in general 
more such effectively generated predicates than recursive 
predicates. In this section we shall give a definition to the notion 
of recursively enumerable predicate which is an appropriate 
mathematical refinement of the concept of effectively generated 
predicate and study some basic properties of recursively 
enumerable predicates. 

In the next section we shall see that there are indeed more 
recursively enumerable predicates than recursive ones. 

We extend the class of recursive formulas to the class of 
recursively enumerable formulas using the following definition: 

1. If is a recursive formula, then is a recursively 
enumerable formula. 

2. If is a recursively enumerable formula and x e V, then 
3 x<p is a recursively enumerable formula and FV(3x<p) = 
= FV(fp)\{x\. 

In other words, recursively enumerable formulas are obtained 
from recursive formulas by quantification. For any recursively 
enumerable formula and interpretation rj: X — w, FV(<p) c 
c X c V there is a value ^[ 77 ] e { T, F j defined in a natural way; 
viz., if <p is representable as 3x 0 3x, ... 3 x n <p 0 , where >p 0 is a recur¬ 
sive formula, FF(^ 0 ) c FV(ip) U (xr 0 , ..., x n ), then y>[rj] = 7"if 
and only if there is an interpretation rj': FV(<p 0 ) — « such that 
rj'(v) = rj(v) for all v e FV(<p) and y> 0 [r?'] = T. 

Notice that according to Corollary 36.1 instead of recursive 
terms and formulas we may (and shall) use arbitrary -terms and 
Ej -formulas as well. 
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With any recursively enumerable formula <p and a sequence of 
pairwise distinct variables x x , x n such that FV(ip) c [x t , ... 
..., x n j we can associate an n-place predicate <p[x x , ..., x n ] as 
follows: 

f>lx x , •••,*„] = { (m x , .... > I so[» 7 ] = T 

for 77 = j <x p m i > I z = 1 , «) }. 

The predicate ip[x x , ..., x n ] is said to be realized by a recursive¬ 
ly enumerable formula <p. 

definition. A predicate R c a / 1 is said to be recursively 
enumerable if it is realized by some recursively enumerable for¬ 
mula. 

It can be seen from this definition and the results obtained 
earlier that any recursive predicate is recursively enumerable. 

The notion of partially recursive predicate can be used to 
characterize partially recursive functions via the notion of graph. 
The graph of an n-place partial function / is an (n + l)-place 
predicate redefined by the relation: for m x , ..., m n , k e w 

{m x , .... m n ,k) eY f <* f(m x , ..., m n ) = k. 

theorem 4 . (Graph). A partial function f is partially recursive if 
and only if its graph Ty is recursively enumerable. 

We begin our proof with an auxiliary statement. 

lemma. For any n-place partially recursive predicate R there is 
a recursive formula such that FV(p) C ( x 0 , x x , ..., x n J and 
R Xq <p)[x x , ... t x n ]. 

The lemma asserts that it may always be assumed that a recur¬ 
sively enumerable formula realizing a recursively enumerable 
predicate has only one existential quantifier. The proof of the 
lemma is obtained by induction on the number of existential 
quantifiers in a recursively enumerable formula using the follow¬ 
ing easily verifiable property: 

For any recursive formula <p, FV((p) £ \x, y, x x . x n }, 

(3x3y<p)[x t , ..., x„] = (3x(<p)f ( ’f r(x) )[x, , .... xj. 

Notice that (<pf ( 'f r(x) is a E, -formula. □ 

To prove necessity inductively we establish the following facts: 
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(1) The graphs of the basic functions are recursive: 

F 0 = {* ~ x&y = 0 )[x, y]; 

T s = (s(x) = y)[x, y]; 

I\„ = (x m = y)[x ,, x„,y]. 

' m 

(2) Suppose/ = S(h,g 0 , g„), the graphs L /; , r i>() , r ?;) of 

functions h, g 0 , ..., g n respectively are recursively enumerable and 
<p h , <p g0 , ..., <p gn are recursive formulas such that 

F* = (*z<p h )lu 0> 

r i0 — (^ fgo ) It i > • • • ’ /t > w o J ’ 

= ^ ) iTl > ■' • > A- > ’ 

with the variables z,z 0 , z„,y, y x , ...,y k ,u 0 , u n being pair¬ 

wise distinct. Consider a recursive formula <p: 

*> = ^ A <Pgo A A 
Then verification shows that 

I> = (3Z3Z 0 ... 3z„3« 0 ... 3 «„*>)[)',, 

Hence T^ is recursively enumerable. 

(3) Suppose/ = R(h, g) and the graphs 1/, T # of functions h, 
g respectively are recursively enumerable. Let <p h and <p. g be recur¬ 
sive formulas such that 

= (Sz 0 (p h )[x lt x n , y 0 ], 

Tg = (3 Z) ) [A|, • • ■ > x n + i > x n ^ 2 > y 11 

and let the variables z 0 , z x , x . . x n , x n + ,, x n + 2 , y 0 , y l be 

pairwise distinct. Let us form the following E, -formula y>: 

•p - vx ^ x n + , (((x = o a (ip h 0) B ° (Vi 0) ) v 

v (~>x ~ o a (< p g Y x "y h 0 ( U % 2 t A 

A y ~ 0(u, X n + ,)); 

here u, v, y are pairwise distinct and differ from all the variables 
of the formulas y o h , <p g and from Zq, Z,, x x , ..., x n + 2 . Then 
FV{p>) c [u, u,y,x l , ...,x„ + , j. 
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Let ??: ( u, v, y, x,, x n + , } — oj be such that <p[rj]. We show 

that then /Ope,, ., r\x n + ,) is defined and /(tjx,. rjx n + ,) = 

= /3(? ]U, T)X n + ,) = rjy. It will be shown by induction on l ^ 
^ + i that /(tjx,, r)X n , /) is defined and /(r?x p ... 

•••. 0 = 0O?m, /)• 

Let / = 0. Setting x equal to 0 we then see, since ip(rj) - T, that 
a formula (V 7 /, )^( W> o>, 0 ) t 1 ?] must be true. And this means that 
(v x i . •••> *?*„, P(yu, 0)> e r A . Hence ^(tjx,, ..., ijx n ) is defined 
and is equal to (3( v u , 0 ). But/fox,, .,.,^,0) = /ifax,, .... rjx n ) 
as well. Hence/fox,, ..., i)X n , 0 ) is defined and equals fi(r)U, 0 ). 

Suppose it has already been shown for / < rjx n + , that/( tjx, , ... 
..., r)X n , /) is defined and equals /3 (t?w, /). Setting x equal to / + 1 
(^« + 1 )we see that a formula i ’*),«*,' x) Iv'h 

where r\' = rj jJ ( (x, l + 1 >). In particular, 

< v x \, • ••> yx n , /, /3(j?w, /), (3(r]u, / + 1)> € r g , 

i. e. g(rjx x , ...,TjX n , l, p ( t)U,1)) is defined and equals (3(r]u, l + 1); 
but since by the induction hypothesis fi(rju, l ) = f(r)X t , ..., rjx n , /), 
it follows that/( tjx,, ..., v x n , l + 1 ) = g( v x l , ..., rjx^, /, 
/(i?x,, ..., ?jx n , /)), is defined and equals j3(j? u, l + 1 ). 

Thus /(rjx,, ..., T]X n , i]X n + ,) is defined and equals /3(rjw, 
T?x n + ,). But since (y ~ P(u, x n + , ))[rj] is also true, we have tjy — 

= /3(r7W, 7JX„ + ,). 

Using the properties of the function 0 noted in Proposition 
36.8 and the realizability of the graphs of the functions h and g by 
formulas 3 z 0 <p h and 3 z x <p g respectively it is easy to prove that if 
m,, ..., m n + , e cu are such that f(m x , ..., m n + ,) is defined and 
f(m x , ..., m n + i) = k, then there are /, s e w such that for an in¬ 
terpretation tj = { <x ( , /M.) 1/ = 1 , ..., n + 1) U {<j, /:>, <w, />, 
<y, 5)} v?[ 77 ] is true. 

Then from the above properties of a formula <p we see that the 
graph of /has a representation Y f - (3w3e^) [x,, ..., x„ + ,, y], 
i. e. the graph of /is recursively enumarable. 

(4) Suppose/ = M(g) and the graph of of a function g has a 
representation P ? = (3z<^)[x,. x n + ,, y], where <p is a recur¬ 

sive formula. 
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Let tp be a Ej-formula defined as follows: 

‘p - Vw ^ y((p g \ n , + *’ p(u‘u),p(w,u ) A 

A |8(w, y) * 0 A {u < y — -i j3(w, u) ~ 0)); 

here u, u, w are distinct variables not occurring in <p g . Proceeding 
as in the previous case it is not hard to verify that for the graph 
of a function / the following relation is true: 

I> = (31>3w*>)[jr,, ...,x n ,y], 

i. e. the graph of /is recursively enumerable. 

To complete the proof of necessity we proceed by induction on 
the length of the determining sequence, using facts (1) to (4) 
established above. 

Now we prove sufficiency. Suppose / is an n-place partial 
function and its graph ry is recursively enumerable. Let be a 
recursive formula such that 

I}= (3 z<p)[x x , ...,x n ,y]. 

Consider a recursive predicate ip[x x , ..., x n , y, z]- By Proposition 
36.5 this predicate is recursive, i. e. its representing function g is 
recursive. By the definition of a representing function: 

for any m { , ..., m n , k, l e « 

<m x , ..., m„, k, /> e <p[x x , ..., x„,y,z)*> i 

« g(m ,, ..., m n , k, l ) = 0. 

A recursive (n + l)-place function h = g(/f + *, ..., 7" + *, 
/(/" + {), r(I n n + {)) for any m x , ..., m n , k satisfies the relation 

h(m x . m n , k) = g(m 1 , ..., m n , l(k), r(k)). 

Let us consider a partially recursive function/, = l(M(h)) and 
show that it coincides with /. 

Let m,, ..., m n e w be arbitrary. If f(m 1 , ..., m n ) is defined: 
/(«,, ..., m„) = teu, then </w,, ..., m n , t) sT f . Consequently 
there is s e u> such that < m x , .... m n , t, s) e <p[x x , .... x n , y, z]. 
Then g{m x , ..., m n , t, s) - 0 and for k = c(t, s) 

h(m x , ..., m n ,k) = g(m x , ..., m n , l(k), r(k)) = 

= g(m x , ..., m n , t, s ) = 0. 
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Hence M(h)(m l , m n ) is defined. Let M(h)(m { , .... m n ) = k Q . 
Then h{m v .... m n , k 0 ) = 0 = g(m v ..., m n , l(k 0 ), r(k 0 )). 
Therefore <m p ..., m n , l(k 0 ), r(k 0 )> e<p[x v ...,x n ,y,z\, </w p ... 
..., m n , l(k 0 )> e (3zy>)[x p ..., x„, y] = T f and f(m v ..., m„) = 
= /(*„) = /o(w,, ..., m n ) since / 0 (m p ..., m n ) = l(M(h)(m ,, ... 
•••- m)) = l(k 0 ). So if/(w p ..., m n ) is defined, then/(/? 2 p ..., m n ) 
is defined and/(m p ..., m n ) = / 0 (m p .... m n ). Suppose m ]t ... 

m n e w and , .... w n ) is defined. Then , ..., m„) 

is also defined and/ 0 (m,, ..., m n ) = l{M(h){m x , ..., m n )). Let k e 

e co be such that M(h)(m { , ..., m n ) = k. Then h(m .. m n , k) = 

= 0 = g(m p ...,m n , l(k), r(k)). Hence <m p ..., m n , l(k), r(k)) e 
e y>[x p .... T, z]; <m p .... m n , l(k)) e (3x^)[x p .... x„, j] = 
= ry and so f(m l , ..., m„) = /(Ar). 

Therefore if f 0 (m x , ..., m n ) is defined, then so is f{m x , ... 
..., w„) and f 0 (m x , ..., m„) = l(M(h)(m l , ..., w„)) = l(k) = 
= /(/«,, ..., mj. Thus / = f 0 and hence /is a partially recursive 
function. □ 

corollary i. For any n-place partially recursive function f 
there is an (n + \)-place recursive function h such that given any 
m \, rn n 

f(m l , ..., m n ) = l(M(h)(m l . m n )). 

It is immediate from the proof of sufficiency in the theorem. □ 

corollary 2 . A partially recursive function is recursive if and 
only if it is completely defined. 

Necessity is obvious. Sufficiency follows immediately from the 
preceding corollary. □ 

We shall call one-place predicates simply sets. Accordingly 
recursive (recursively enumerable) one-place predicates are 
recursive (recursively enumerable) sets. 

We prove the basic structural properties of recursive and 
recursively enumerable sets. 

proposition l. (a) If a set X is recursive , then X is recursively 
enumerable. 

(b) A finite set is recursive. 

(c) If X, Y are recursive (recursively enumerable) sets, then 
XU Y and X fl Y are also recursive (recursively enumerable) 
sets. 
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(d) For a recursively enumerable set X o\X is a recursively 
enumerable set if and only if X is a recursive set. 

proof. Statement (a) was noted earlier for predicates with an 
arbitrary number of places. 

(b) If X — 0, then the representing function for A" is sg(s). If 
X = | n j, then the function 5(n, x)[x] is the representing function 
for X. If X = [n Q , n x , ..., n k ), k > 0, then the representing func¬ 
tion for X is a function 

(8(n 0 , x) • 8(n { , x) ■ ... • 5(n k , x))[x]. 

(c) If X and Y are recursive and g, h are the representing func¬ 
tions for X and Y respectively, then g- h is the representing func¬ 
tion for X U Y and sg (g + h) is the representing function for 
X n Y. 

Suppose X and Y are recursively enumerable sets and (p 0 , >p i 
are recursive formulas such that AT = (3z 0 <p 0 )[x], Y = (3 
and x, z 0 , z x are pairwise distinct variables. Then 

x u Y = (32 0 3z,(^ 0 V *,))[*]; 
x n Y = (3z 0 3 Zl (v^o A *,))[*], 

i. e. X U Y and X fl Tare realized by recursively enumerable for¬ 
mulas and so are recursively enumerable. 

(d) If X is a recursive set and g is the recursive representing 
function for X, then sg (g) is the recursive representing function 
for u \ X. 

Suppose now that X and « \ X are recursively enumerable 
sets. Let yj 0 , tp x be recursive formulas such that 

X - (3 z<p q )[x] and w \ X = (3z^,) [x]. 

It may be assumed without loss of generality that <p 0 and <p x con¬ 
tain no bound occurrences of x. Consider a recursive formula <p = 
— (>f 0 V ip x ); FV(<p) c [x, z). For any value n of a variable x 
there is a value m of a variable z such that given rj = {<x, n >, (z, 
m) J we have <p[rj] — T. Indeed, if n e X, then there is a value m 
for z such that <p 0 [ 77 ] = T. But if n e w \ X, then we can find a 
value m for z such that <p x [ 77 ] = T. Hence nz<p is a recursive term 
and (^ 0 )* is a recursive formula. We verify that X = (v? 0 )^ [x]. 
Let h = fxz<p [x] be a recursive function. Then by construction for 
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any n e oi, for r\ = j <x, n), < z , h)n ))) ip[r)] = T. Also note that 
for jj 0 = [<x, «>) = tP 0 M- \fneX, then y?, [ 17 ] cannot 

be true, since otherwise n e u \ A. Hence y> 0 [??] and (<p 0 )^f , 7o^ 
are true and n e If « e w \ A, then ^ 0 [r?] cannot be 

true. Hence (e> 0 )^h 0 ] = F and n £ (<p 0 ) z [x]. So the set A is 
realized by the recursive formula (<p 0 ) z Z¥ , ■ Hence A is recursive. □ 

We now give a characterization of recursively enumerable sets 
using recursive functions. 

proposition 2. A nonempty set X is recursively enumerable if 
and only if there is a one-place recursive function f such that X — 
= !/(«)!« e w). 

proof. Suppose X is recursively enumerable and n 0 e X. Let 
be a recursive formula such that X = )lycp)[x]. Then ,FK(<p) c \x, 
y ). Considef a Ej -formula \p: 

* = Kk rlx) A * - l(x)) V (-1 <f> x ,[ x)t r f x) A Z « «o); 


FV)\p) Q [x, z] and for any value k of x there is a value s’ of z 
such that given 7 / = { <x, k), <z, s) J ^[ 77 ] = T. Indeed, if given 
77 0 = [ <x, k) j ^(jc), r ^) [’to]* then as s we may take l{k). But if we 
have -1 ip*{ x) r ( x) [n 0 ], then as s we may take n Q . Hence \xz<p is a 
E,-term and the recursive function / = ixzf[x] it realizes satisfies 
the conclusion of the proposition. Indeed, if k e X, then there is 
sew such that for 7 ? = ( <x, k), (y, s>) ^[ 77 ]. Hence given t - 

= c(Ar, s), t ) 0 — ( <x, t) ) kf-), r(x) M = V’M = T and so/(/) = 
= /(/) = /(c(Ar, s)) = k. Thus X C [f{t)\t e w). Conversely, if 
f{t) = A:, then for 77 = [ <x, t >, <z, /:> j/fr] and therefore either 
Hit), r)t )> e yo[x, 7] and so k = If) e A or </(/), /•(?)> £ y>[x, y] 
and so k — n 0 e A. Thus {/(/)!/ e «) c A and A = {/(/) I ? e o> j. 

Sufficiency will follow from a more general statement. 

The range of any one-place partially recursive function f, i. e. 
the set Rj = f AI there is n e oj, fin) is defined and fin) = k], is 
recursively enumerable. 

Indeed, let y? be a recursively enumerable formula realizing the 
graph T, of a function/: T f = v\x, y]. Then obviously R f = 
= (3xy>)|>]. □ 
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Suppose given an w-place partial function / Aj denotes the do¬ 
main of /, i.e. an n -place predicate 
f{m x , m n ) is defined). 

proposition 3 . For any n-place partially recursive function f its 
domain A f is a recursively enumerable predicate. 

proof. Let be a recursively enumerable formula realizing the 
graph ry of a function /: Ty = <p [x,, x n , y]. Then obviously 
A f = {3y<p)[x lt □ 

proposition 4. (Reduction Theorem). For any two recursively 
enumerable sets R 0 and /?, there are recursively enumerable sets 
R 0 and f?, such that /? 0 ' c R 0 , R' c /?,, R 0 ' fl R( — 0 and 
R 0 U /?, = R 0 ' u r; . 

proof. Let i p 0 , i p x be recursive formulas such that R 0 = 
= (3z<^ 0 )M and /?, = (3zy5,)M. Consider recursive formulas: 

v>o' = <p 0 A vy < Z(y » z V ->(so, )*); 

W = V 5 ! A Vy s$ z 

Then f? 0 ' = [3z<Pq)[x] and R[ = [3x<p[)[x] will be the required 
sets. Indeed, the inclusions /?„' Q R 0 and /?,' c R i are obvious, 
since pf implies <p jt i = 0,1. Let n e R 0 U R { . Then there is a 
least 5 such that (<p 0 V <p x ) is true for tj = { (x, n >, <z, s> ). If <p 0 M 
holds, then so obviously does ^ 0 ' [r;] and therefore n e /? 0 '. If, 
however, -i v ? 0 [j?] is true, then so is <p{ [ 17 ] and therefore n e R{. So 
/? 0 U R { = f? 0 ' U /?['. Suppose now that k e Rq fl R[ and 
g oj are such that for r\ 0 = { (x, k >, <z, s 0 > ), tj l = (<x, k), <z, 
5 , > ) we have y? 0 ' [i 7 0 ] and </>,' fa, ]. Suppose first that 5 , < s 0 . Then 
since Vy < z(y * z V -i (#>, )p[i? 0 ] is true, so must be -> <p l [ 17 , ] and 
of course ~<<p( [ 77 , ]. But if s 0 ^ s { , then the truth of Vy ^ 
< z -i (v ^ 0 j ] implies that we have -1 [i / 0 ] and of course 

[%]. A contradiction which shows that jR 0 ' fl /?,' = 0. □ 

proposition 5 (Uniformization Theorem). Let be an ar¬ 
bitrary (n + \)-place recursively enumerable predicate. Then 
there is an n-place partially recursive function f such that T f c R 
and A f = R' - {<m,, ..., m n > I there is m n _ , e u> such that 
(m l , ..., m n , m n + , > eR ). 

proof. Let <p be a recursive formula such that R = (3 y‘p)[x ] , ... 
..., x n , x„ + , ]. Let u z be variables not occurring in <p>. Consider 
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a recursive formula i p defined as follows: 

* = y - /ft) A (*>)£)! ’’ r(z) A *' ?(„))• 

Then f? 0 = (3z^)l*i , •••, x„ , y] is the graph 1^ of some (partially 
recursive) function f,Y f c R and A f = R' — I <777,, ..., m n >1 
there is m n + x e w such that <m,, .... m n + , > e R ). This follows 
easily from the following facts: 

(1 ) if (m { , m n ) e R' and k is a least natural number such 
that for t] = (<x, , m, >, (x n , m n >, <x„ + ,, /(£)>, (y, r(k )> ) 
we have ipfy], then i/^] holds for rj 0 = {Or,, m,>, ... 

<*„> m n >> < 2 > k >’ <T. /(*■)> ); 

(2) ifr, 0 : (x, , ...,x n ,z,y ) - u, ij, : (X, , ...,x„,z,y) - ware 
such that i ? 0 (x,) = 7?,(x ( ), 1 sS / sS n, and \f[r; 0 ], are trwe, 
t/ten 77 0 = h '< 

(3) if for rj 0 : fx,, .... x n , z, y) ~ w we have f[r) 0 ], then for 

V = ( <* 1 . ^ 0*1 >- •••> <*„» 1 ?o x n > <■*■„ + 1 - V>> O', 7"(r/ 0 z)>} we 
have <p[rj]. 

The facts are directly verified proceeding from the definition 
of \p. □ 

With every (n + l)-place predicate R, n >0, we can associate 
a family of 77 -place predicates obtained from R by cuts in the 
following way: 

given any k e w let R k = [ (m { . m n > I (k, 777 ,, ..., m n > e 

e /? ); the predicate R k is a k-cut of R. 

It can easily be seen that if R is a recursive or a recursively 
enumerable predicate, then for any k e w R k is also a recursive or a 
recursively enumerable predicate respectively. 

An (77 + l)-place recursively enumerable predicate R is said to 
be universal for n-place recursively enumerable predicates if a 
family ( R k 1 k e w ) of cuts of R coincides with the family of all 
/7-place recursively enumerable predicates. In the next section we 
shall prove the existence of universal (77 + l)-place recursively 
enumerable predicates for any n > 0. 

Similarly, with every (77 + l)-place partially recursive function 
/, /7 > 0, we can associate a family of 77 -place partial functions f k , 
k e w, assuming for m ] , ..., m n e w 

4(777, , .... 777„) = f(k, 777, , ..., 777„). 


18—191 
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It is clear that if/is a partially recursive function, then so is f k 
for any k e w. 

An (« + l)-place partially recursive function /is said to be 
universal for n-place partially recursive functions if [f k \k e co) 
coincides with the family of all /7-place partially recursive func¬ 
tions. 

Now note that the existence of universal partially recursive 
functions is a consequence of the existence of universal recursively 
enumerable predicates. 

proposition 6 . If R is an (n + 2 )-place recursively enumerable 
predicate universal for (n + \)-place recursively enumerable 
predicates, n > 0 and f is an (n + \)-place partially recursive 
function uniformizing R, i. e. such that F, c R and A,- = R' = 
= { (m x , ..., m n + , > I there is m n + 2 e w such that (m x , ... 
..., m n + ,, m n + , > e R 1, then f is universal for n-place partially 
recursive functions. 

proof. Let g be an n-place partially recursive function. Then 
the graph r ? of g is an (n + l)-place recursively enumerable 
predicate. Hence there is k e w such that Y g — R k — ( <nz,, ... 
•••> m n + i > I <£, ni \. ..., + i ) e R 1. Consider a function f k . 

We show that g = f k . 

Suppose f k (m x , ..., m n ) is defined and equals lew. Then 

f(k, m x . m n ) = / and {k, m x , ..., m n , l) e R and hence 

<m,, ..., m n , /> e R k = r^. Therefore g{m x , ..., m n ) is defined 
and equals /. Conversely, suppose g(m x , ..., m n ) is defined and 
equals /. Then <m,, ..., m n , /> e T = R k , < k,m x , ..., m n , /> e R, 
{k, m x , ..., m n ) e R' and hence f{k,m x , ..., m n ) is defined and, 
as shown above, /.(m, , ..., m n ) = f(k, m x , .... m n ) = / = 
= SK . •••. m n ). 

Thus g = f k . Since g is arbitrary, it follows that [f k \k e w) 
consists of all /i-place partially recursive functions. □ 

We conclude this section by considering a notion that can be 
used for a comparison of recursively enumerable sets with 
predicates in terms of their “algorithmic” complexity. This con¬ 
cept relates to the family of notions of reducibility in the theory of 
algorithms and is one of the best justified intuitively. 

Suppose R is an /7-place predicate, n > 0, and X is a set. We 
say that R is m-reducible to X if there is an /7-place recursive func- 



Recursively Enumerable Predicates 


275 


tion/such that for any m x , ..., m n e u 

(m x , ..., m n ) eR # /(m,, m n ) e X. 

Every recursive function / satisfying this condition is a reduc¬ 
ing function for R and X. 

If R is m-reducible to X, then this is designated R < m X. 

We formulate the simplest properties of this notion in the 
form of a statement. 

proposition 7. If R is an n-place predicate, X, X (j , X x are sets, 
R < m X. Then 

(1) if X is a recursive or recursively enumerable set, then R is a 
recursive or recursively enumerable predicate respectively, 

(2) X ^ m X-, ifX < m Xo, X 0 ^ m X x , then X < m X x ; 

(3) any recursive predicate Q m-reduces to any set X distinct 
from 0 and u. 

proof. (1) Let /be a reducing function (for R and X). If X is 
recursive and \ x is the characteristic function of X, then x x (f) is 
the characteristic (recursive!) function of R. If X is recursively 
enumerable, then suppose that <p is a recursive formula realizing X 
as follows: X = [lz<p)[x]. Let I be a recursive term realizing a 
function/as follows:/ = t[x x , ..., x n ]. Then it is easily seen that 

R = (3*3 Z(t * * A *>))[*, . *„]. 

Hence R is realized by a recursively enumerable formula. 

Statement (2) of Proposition 7 is obvious. 

(3) Suppose n 0 g X, n x e X and / is any one-place recursive 
function assuming a value n 0 at zero and a value n, at unity. If x R 
is the (recursive) characteristic function of R, then f(x R ) is a 
reducing function for R and X. □ 

In the next section we shall show that there are sets among 
recursively enumerable sets that are greatest with respect to 
/n-reducibility; more precisely, recursively enumerable sets X 0 
such that for any recursively enumerable set X X < m X 0 ; such 
sets will be called m-universal recursively enumerable sets. 

Power-set considerations show that there can be no set among 
all sets that is greatest with respect to m-reducibility, since no 
more than a countable family of sets (a set of recursive functions 
is countable!) can m-reduce to a fixed set. 


18 * 
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Exercises 

For a two-place predicate R £ w 2 we denote by c(R) a set Inin € u, </(n), 
r(n)> e R ). 

1. Prove that a mapping R -> c(R) is a one-to-one correspondence between all 
two-place predicates and subsets of u. 

2. Prove that R C or 2 is a recursive predicate if and only if c(R) is a recursive 
set. 

3. Prove that R £ w 2 is a recursively enumerable predicate if and only if c(R ) 
is a recursively enumerable set. 

4. Suppose that n 0 ,..., n m e to are pairwise distinct and that k 0 , .... k m e u are 
arbitrary. Prove that there is a one-place recursive function / such that/(«,) < k, 
for all i = m. (Hint. Make use of the graph theorem.) 

5. Prove that there is no (n + l)-place recursive predicate R„ universal for the 

family of all n-place recursive predicates. (Hint. For an (n + l)-place recursive 
predicate R n consider an n-place recursive predicate ( (m,, ..., , ... 

..., m„) <t R n ).) 


38. UNDECIDABILITY 
OF THE CALCULUS OF PREDICATES 
AND GODEL’S INCOMPLETENESS THEOREM 

The question of decidability is one of the most important ques¬ 
tions when studying a calculus. 

A calculus / is said to be decidable if there is an algorithm that 
allows one to find out from any expression $ whether or not <i> is a 
theorem of I. Otherwise the calculus / is said to be undecidable. 

A Godel numbering of a set X of words of an alphabet A is a 
distinct-valued mapping g: X to such that there is an algorithm 
G computing from a word a e X its number g(a) and there is an 
algorithm Gj writing out from a number new a word a if n = 
= g(a) and producing a number 0 if n e w \ [g(a)la e X). 

It is clear that by Church’s thesis the question of decidability 
of a calculus / with a Godel numbering g of all the expressions of I 
reduces to that of the recursiveness of the set {g($) I $ is a theorem 
of/). 

Consider a signature E 0 = << 2 ; + 2 , - 2 , s 1 , 0> consisting of 
the symbol < of a two-place relation, of the symbols +, ■ of two- 
place functions, of the symbol s of a one-place function and of the 
symbol 0 of a constant. By induction on the construction of terms 



Undecidability of the Calculus of Predicates 


277 


and formulas we define a Godel numbering y: T(E 0 ) U F(E 0 ) — 
- w of the terms and formulas of E 0 : 

(1) 7(0) = c(0, 1), 

( 2 ) y(v,) = c(l, i), 

(3) y(s(t)) = c( 2 , yt), 

(4) y(t + q) = c(3, c(yt, yq)), 

(5) 7 (t-q) = c(4, c(yt, yq)), 

(6) 7 (t « q) = c( 5, c(yt, yq)), 

(7) 7 (t < q) = c(6, c(7f, 7Q-)), 

(8) 7(4> A *) = c(7, 0(7$, 7*)), 

(9) 7($ V $) = c(8, c(7<f>, 7*)), 

(10) 7($ — $) = c(9, c(7<l>, 7^)), 

(11) 7(-$) = c(10, 7$), 

(12) 7(31;,$) = c(ll, c(i, 7$)), 

(13) 7(Vu,$) = c(12, c(i, 7$)). 

Since the functions c, r, l are computable, it is easy to see that 
7 is a Godel numbering of the terms and formulas of E 0 . 

In what follows a set X c T(E 0 ) U F(E 0 ) is said to be recur¬ 
sive (recursively enumerable) if y[X] is a recursive (recursively 
enumerable) set. 

We shall have to establish the recursiveness of a great number 
of functions below. Before proceeding therefore we first present a 
purely technical result to be constantly used in what follows. _ 

For any (n + l)-place function/an (n + l)-place function/is 
defined as follows: for any m,, ..., m n , m n + , e gj f{m x , ... 
.... m n , m n + ,) is a least number k e as such that we have: 

/?(£, 0) = f{m i . m n , 0), i 8 (k, 1) = /(m,, ..., m n , 1), ... 

■ IHk, m n + ,) = /(m,. m„, m n + ,). 

If/ is recursive, then so is/, Jfor if/ = t[x ]f ..., x„, x n + ,], 
where / is a recursive term, then / = q[X\, .... x„, x n + ,], where 

q = p.yi'iz s? + , 030, z) ~ (t)* n + ')) 

is a recursive term. Conversely, if /is recursive, then/is recursive 
since/(m,, ..., m n , m n + ,) = /3(f (w,. m n , m n + ,), m n + ,). 

proposition l. Suppose we are given numbers k, n 0 , n k ew, 
recursive functions f n+i ,fo + no+l < ••■>/£ + ^ + 1 > with the 
number of places shown by a superscript, one-place recursive 
functions g 0J , ..., g 0<no , ..., g k ,, g k nk and recursive for- 
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mulas <p 0 , .... >p k ; FF(^) Q (*,, x n , y j, /' s$ k. Let the 
following conditions hold for any interpretation 17 : (*,, x n , 
y ) — w and any i ^ k: 

(a) if then -'<p J [rj]for any j ^ kj * i; 

(b) if,p.[ v ] and n t ± 0 , then g u (v(y)) < viy) for all j e { 1 , ... 

Then there is a unique recursive function h satisfying the con- 


dit ion: for any m. 

, m n . 

leu, if r) 

— | 

[ <*,, 

tttj > 1 

1 ^ / 

« 1 U 

U 

[(yJ>) 

, then 

h{m x , ... 

,m n ,l) = 








..., m r 

h(m ] 

1. •••■ "V 

So. 

,(/)), 




J 




.... h(m x 


- m n> 

<§o, no 

(/))), 

f V’o M; 

H 

f k (m,, 


,, / . h(m l 

, m„, 

&k, 

,(/)). 







. 

..., h{m x 

» • • • 

> > 

Sit, n* 

(/))), 

if <p k hi; 


Uk< 


, /) otherwise. 







proof. The existence and uniqueness of a function h satisfying 
the condition of the proposition are easily established by induc¬ 
tion on the last independent variable using the conditions onjc ( ., 
i < k, and ,. It will be proved below that the function h is 
realized by some E, -term. Once this fact has been established, the 
recursiveness of h will follow from the relation between h and h 
noted above and from Proposition 36.5. 

Let the following relations hold for suitably chosen recursive 
terms q, t 0 , ..., t k , r Q< ,, .... r k< „ k : 

f = q[x x , t]; 


/o = 

r 0 [xi, . 

z,, • 

• • > -^no J » 

f k = 

tjx j, • 

> T. Z, , • 



g u = r u \y\, i < kje ( 1 , ..., nf. 

Suppose Sy = ^{z,r itj ),i < kje {1, n j ];s j j are E, -terms 
and FV(s i j) c [z,y].' 

Consider the following E, -formula <p: 


( A (fc:XP) A 

\ / < k ' 

A ( A “'A - T) 

V / ^ k 
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Then FV(<p) c (x,, x n , y, z !. Set f = Vw sj y(<p) y w , FV(\p) = 
= F’Ffvj). We show that 

for an interpretation 17 = [ <x ( ., m i > I / = 1 , ...,«) U {</ > | 
ant/ for a number yew the following conditions are equivalent : 

( 1 ) i/'h'] is trite, w/iere 77' = 77 U (<z, j > ); 

( 2 ) for any m < / / 3 C/', w) = /;("*,, m n , m). 

Suppose that for V < l the equivalence of conditions ( 1 ) and 
( 2 ) has been proved (with / replaced by l'). We prove this 
equivalence for l. 

Let condition ( 1 ) hold. Then it is easily seen from the form of 
the formula \f/ that if /' < /, 17" = (17' \ {< y, l ))) U {<>»,/'>), 
then iBy the induction hypothesis therefore it may be 
assumed that P(j, m) = h(m l , ..., m n , m) for all m < l. 

Consider the case where there is / ^ k such that <p ; [?7] is true. 
Then from the truth of and it follows that 

PU, l) = P(z,y)[vl = = 

= f i (m l . m n ,l, 5, ,, [77..., 5 . n .[i 7 ']). (*) 

Further, for j' e [1, ..., n j )s jJ , [17'] = P(j, [»?']) = PU, 
g. j, (/)). Since ^,.[17] is true, by condition (b) of Proposition 1 
g u ,(l) < l (if n i st 0 ). Hence ( 5 (f, gtjfl)) = h(m lt •••, m n , 
g t j, (/)) and therefore 

PU, l ) = ffm x , .... m n , l, h{m x , ..., m n , g t ,(/), ... 

..., h(m lt ..., m n , g t „.(/) = h{m x , ..., m n , /). 
If for any i ^ k -1 ^[77], then from the truth of f [77'] we get 

PU, 1 ) = p(z,y)[vl = Qlv'] =/(/»,, = 

= /t(m,, ..., m n , /). (**) 

So whenever [77'] is true, for any m ^ l PU, m) — h(m x , ... 
.... m n , m). 

Conversely, let yeube such that for all m ^ l p(J, m) = 
= h(m x , ..., m n , m). Then, using these equations and relations 
(*) and (**), we see that ^(77'] is true. If, however, /' < / and 
v" = (v' \ (O',/)}) u (O’, /')), then <p[q"] is true by the 
induction hypothesis about the equivalence of conditions ( 1 ) 
and ( 2 ). 
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. For t] = { (x t , m j )\i = 1. n) U {(y, />} therefore 

(jjLZ$)[y] is a least jew such that for all m ^ l0(j, m) = h(m i , ... 
..., m n , m). By the^definition of h we get h{m x , ..., m n , l) = 
— Hence h = (jxz\p)[x l , x n , ,y]. As was noted at the 

beginning of the proof, this already implies the recursiveness 
of h. □ 

The function h of Proposition 1 is said to be defined by 
reflexive recursion according to a piecewise scheme or to be defin¬ 
ed by piecewise reflexive recursion. In a definition according to a 
piecewise reflexive recursion, instead of formulas (p j we shall often 
write conditions that can be easily expressed by a formula (for ex¬ 
ample, 3^x^9, x * 2 and so on). 

proposition 2 . The following sets are recursive : 

(a) the set T(£ 0 ) of terms of £ 0 ; 

(b) the set F(E 0 ) of formulas of £ 0 ; 

(c) the set A (£ 0 ) of axioms of CPf°. 

proof. We write out the definition of a piecewise reflexive 
recursion for the characteristic function T of a set y(T(I, 0 )): 


f 1, if n = c(0, 1) or l(n) = 1 


Tin) = \ 


T(r(nj) if l(n) = 2 

T(lr{nj)- T(rr(n)) if 3 ^ l(n) < 4 


I. 0 otherwise. 

{ 

Notice that from the definitions of c, /, r we get /(/?) < n, r(n) ^ 
< n and k, m < c(k, m) for k ^ 2. 

For the characteristic function Fof a set y(F, (£ 0 )) we define a 
piecewise reflexive recursion, as follows: 


F(n) = ^ 


nir(n))-T(rr{n))U 5 ^ l(n) ^ 
F{lr{n))-F{rr{nj) if 7 ^ l(n) 
F{r{n)) if l(n) = 10 
F(rr(n)) if 11 ^ l(n) $ 12 


6 

9 


[ 0 otherwise. 


Consider a function Sb defined by a piecewise reflexive recursion 
as follows: 
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Sb(«, m, k) = 

( k, if l(n) = 1 and r{n) = m 

c(l(n), c(Sb(lr(n), m, k), Sb(/r(«), m, k))) if 3 ^ l(n) ^ 9 
c(/(«), Sb(r(/?), m, k)) if l(n) e (2, 10) 
c(l(n), c(lr(n), Sb(rr(/?), m, A:))) if 11 ^ l(n ) < 12 

and m & lr(n ) 

^ n otherwise. 

It is easy to verify that if 9 e T(L 0 ) U F(L 0 ) and t e T (E 0 ), then 
Sbfyfl, m, yt) = yO', where 9' is obtained from 6 by replacing all 
free occurrences of the variable v m by a term t. 

We define by a piecewise reflexive recursion a two-place func¬ 
tion Fr possessing the following property: for any 9 e T(L 0 ) U 
U F(E 0 ) we have Fr(yd, n) = 1 if u n occurs free in 9 and Fr(Y0, ri) = 
= 0 otherwise. 



Fr(n, m) 



sg {5(r(n), m)) if l{n) = 1 

Fr(/■(«), m) if l(n) e (2, 10) 

sg(Fr(/r(n), m) + Fr (rr(n), m )) if 3 < l{n) < 9 

Fr(/r(rt), m) if 11 ^ l(n) ^ 12 and m =£ lr(n) 

0 otherwise. 


Consider a function P defined by a piecewise reflexive recur¬ 
sion as follows: 

P(n, m, k) - 

' 1 if 0 ^ l(n) ^ 6 
P(r(n), m, k) if l(n) = 10 
P(lr(n), m, k)-P(rr(n), m, k) if 7 < l{n) < 9 
P(rr(n), m, k) if 11 ^ l{n) < 12 and 

Fr(/r(«), m)-Fr(Ar, lr(n)) = 0 

^ 0 otherwise. 
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If $ e F(L 0 ), t e r(£ 0 ), then P( 7 $, m, yt) = 1 when the con¬ 
dition on the notation ($)" m holds (see Section 18) and P(y$, m, 
yt) — 0 otherwise. 

With the recursive functions T, F, Sb, Fr and P at our 
disposal, it is easy to construct the recursive characteristic func¬ 
tion A of the set of axioms of CPp 0 . It suffices to construct a 
characteristic function A t for a set of axioms obtained according 
to a schema i for any i e [1,2, ..., 12 ]. We construct A x and A n . 
Constructing A t for the other i will be left as an easy exercise to 
the reader. 


A x {n) 


1 if F(n) = 1, l(n) - 9, lrr(n) — 9 and 

lr(n) - rrrr(n) 

. 0 otherwise, 


A u (n) 


1 if F(n) = 1, l(n) - 9, llr(n) = 12 and $(«) 
0 otherwise, 


where 

d>(/7) = 3x < n(T{x) A rr(n ) = SB (rrlr(n), 

lrlr{n), x) A P(rrlr(n), lrlr(n), x)). □ 

proposition 3 . A set of theorem of CP\° is recursively 
enumerable. 

proof. Using functions F and Fr it is easy to construct defini¬ 
tions by piecewise reflexive recursion of a three-place function R1, 
and two-place functions Rl 2 , Rl 3 for which Rl,(n, k, m) = 1, 
Rl 2 («, m) = 1 and Rl 3 («, m) = 1 precisely when n = m = 
= y'it, k - yQ for 4>, 'F, 9 e F{L 0 ) and 'F is obtained from $, 0 
or $ by Rules 1, 2 or 3 respectively. For example, 

1 if l(n) = l(m) = 9, lrr(m) = 12, 

rr{n) = rrrr(m), F(n) — 1 
lr(n) = lr(m) and Fr(lr(n), lrrr(m)) = 0 
0 otherwise. 

To define another very important function consider a 
signature £ obtained from £ 0 by adding to it the function symbols 


Rl 2 (/z, m) = 
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/, r, 0, A, R1,, Rl 2 , Rl 3 and the corresponding algebraic system 
Oj,, where these symbols correspond to the recursive functions on 
co designated earlier by the same symbols. Let <p be a E-formula 
defined as follows: 

r(u)(A 03(/(«), x)) = 

= 1 V 3ji < X3Z < x(~>y = * A ->Z ~ 

= X A (Rl, (13(1 (u), y), 0(1 (u), z), 0(l(u), x)) v 
v Rl 2 03(/(«), y), 0(l(u), x)) v Rlj ((3(l(u), y), mu), x)))); 

FV(tp) = {u ). We now define a one-place recursive function Pr as 
follows: 

for n e co 

„ . , (kl(n), r(n)) if ysfo] for jj = \ (u,n)} 

Pr(/j) = 

L"y(u 0 » v 0 ) otherwise. 

It remains to verify (and this will be left for the reader to do) 
that the function Pr enumerates the set of theorems of CPf 0 . □ 

Consider a collection r o of sentences which are universal 
closures of the following formulas of a signature £ 0 : 

(1) -u(i> 0 ) = 0, 

( 2 ) s(v 0 ) ~ s(u,) — v 0 = o,, 

(3) o 0 + 0 ~ v 0 , 

(4) o 0 + 5 (u,) * s(c 0 + u,), 

(5) V° * 0, 

(6) u 0 -s(u,) = (u 0 -u,) + V 

(7) ->o 0 < 0, 

(8) r 0 < 5 ( 0 ,) - (i)q < u, V v Q = o,), 

(9) (v 0 < o, V c 0 = o, — v 0 ) < s(u,), 

(10) -iu 0 « u, — (u 0 < o, V y, < u 0 ). 

The set of sentences of E 0 derived in CPf 0 from the axioms r o is 
called a theory A 0 . It is clear that 0 = <w; ± , — , < , 0>, where 
±, —, ^, 0 denote the operations of addition, and multiplica¬ 
tion, the “less than’’ relation and the number 0 respectively, is the 
model A q . In particular A 0 is consistent. 

A term s(s(...j(0)...)), where the number of symbols s equals 
n, is, as in Section 36, denoted by n. 
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definition. A function/:</- co is said to be representable in a 


theory A 0 

if there is a formula 4>(x,, 

x n , y) of E 0 such that for 

any m x , . 

m n ,meu 


/("?,, 

m n ) = m => A 0 > .. 

■ .nt^yin), (1) 

f(m l , 

m n )^m=iA 0 > -i 4>(m ]( 

— ,m n ,m). (2) 


If for an n-place function/and a formula x n , y) (1) 

and (2) hold for all m, m x , m n e u, then $(*,, ...,x n ,y) is said 
to represent in A 0 the function f. Note that this relation depends 
not only on the formula $ and the function / but also on the 
ordering of the variables x,, x n , y. A formula $ will be said to 
represent an n -place function /if $(x,, x n , y) represents / for 
some variables x,, x n , y. 

lemma l. Let n, m e w. Then 

(a) A 0 > x < s(n) — (x « 0 V ... v x = «); 

(b) if n m, then A 0 > -in ~ m\ 

(c) if n < m, then A 0 > n < m\ 

(d) if n f m, then A 0 > -i m — n. 

proof. If n - 0, then (a) follows from axioms (7) and (8). For 
n — k + 1 (a) follows from the truth of (a) for k and from axiom 
(8). Statement (b) for m — 0 follows from axi&m (1). Suppose 
statement (b) for m ^ k is proved and let n * k + 1. If n = 0, 
then (b) follows from axiom (1). If n = l + 1, then / sfc k and 
under the hypothesis A 0 > -i l_ ~ k. From axiom (2) we then get 
A 0 > -i n = k + 1 . 

Statement (c) will be proved by induction on m. If m = 0, then 
there is nothing to prove. If m = k + 1, then n < kox n = k and 
by the induction hypothesis A 0 >n<k\/n~k. From axiom (9) 
we now get A 0 > n < m. 

Statement (d) will be proved by induction on n. When n = 0 
(d) is axiom (7). If k + 1 ^ m, then by the induction hypothesis 
and (b) we get A 0 > -i m < k A -> m * k. From axiom (8) we 
then get A g > -> m < k + 1 . □ 

lemma 2 . Formulas u 0 + u, * v 2 and e 0 - v ] * v 2 represent inA 0 
the functions of addition and multiplication respectively. 
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proof. We show that the formula m + n = m + n belongs to 

the theory A 0 by induction on n. For n = 0 this is axiom (3). The 
induction step follows from axiom (4). Condition (2) now follows 
from Lemma 1(b). Verification for multiplication will be left to 
the reader. □ 

theorem 5 . Any recursive function is representable in A 0 . 
proof. By virtue of Theorem 36.3 it suffices to construct for 
any recursive formula y>, FV(tp) c (x,, ..., x n ), and any recursive 


term 1 

in 

JT 

, ..., x n ), formulas ^(x,, . 

*,(*, 

» • • • 


, y) of E 0 such 

that for any m x , ..., m n , m < 

= co the following 

conditions hold: 




<m x , 

m n ) e <p[x x 

. -.■*■„] ■* A 0 > $,(/Wp .... 

nf,). 

(3) 

(m x , 

..., m n ) £ <75 [x, 

- —>x„) =» \ > -"^(/w,, • 


(4) 

t [x,, . 

..,x n \{m x , ..., 

/n n ) = m =» >l 0 > ¥,(/«,, ... 


(5) 

A 

O 

X 


■ ,y)A^ t (tn x , ...,m A ,z)-y 

* 2)- 

(6) 


We simultaneously construct <f>^ and by induction on the 
length of y? and t : 

(a) * 0 = y « 0 , 

(b) V x = y « x, 

(c) ¥ j(n = 3Z((%X Ay * $(«)), 

(d) %rq = *Z3w((%)>: A (¥,)£ Ay = ZTW), re ( + , • J, 

(e) $ = 3z3 w((^ ; )y A (¥ )£ A ZTW), t 6 ( = , < ), 

(f) 4\, = 

(8) = ($„ t$+), re [A, V, - j, 

(h) = (**)£ A Vx ( x < V - ->*,)• 

We must now establish in each of the cases (a) to (h) of the 
definition of formulas ^ the validity of (3), (4) or (5), ( 6 ) 
respectively. Cases (a) to (c) and (e) follow from the induction 
hypothesis and Lemma 1. Case (d) follows from Lemma 2 and the 
induction hypothesis. Cases (f) and (g) are obvious. Let us verify 
(h). Since fxxy> is a recursive term, FV(fjx<p) £ (x,x n ), given 
any m x , .... m n e u there ismeu such that ^[ 77 ] for any 17 = ( (x jt 
m i > I / = U {<x, m >). From axiom (10) we obtain the 
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truth of (6). From the induction hypothesis and Lemma 1 (a) we 
obtain the truth of (5). □ 

theorem 6. If T is a consistent theory of E 0 and A u c T , then 
the set X T — {-y(>i > ) 1e F{L 0 ), T > $) is nonrecursive. 

proof. Consider a one-place function Nm defined by the 
following schema: 


Nm(0) - c(0, 1), 

Nm {n + 1) = c(2, Nm(«)). 

It is clear that Nm is a recursive function and that for any n 
Nm(n) = y(n). We denote by Sb 0 (x, y) a function Sb(x, 0, 
Nm(y)) (Sb is defined in the proof of Proposition 2). Notice that 
if $ e F(E 0 ), n 6w, then Sb 0 (-y(<I>), n) = y{9), where 'L is obtain¬ 
ed from $ by replacing all free occurrences of the variable u () by 
the term n. 

Suppose that there is a recursive characteristic function of X T . 
By the preceding theorem there is a formula $(x, y, z) represent¬ 
ing in A 0 a function /(Sb 0 ). On replacing, if necessary, the for¬ 
mula $ by a congruent formula it may be assumed that $ contains 
no bound variable v 0 . Let n 0 = ,). If/(Sb 0 (/i 0 , 

n 0 )) - 1 , then y( -> <f fn 0 , n 0 , _1)) e X T and therefore T > ~<$(n 0 , 
n 0 , 1). But this is impossible by virtue of the fact that /(Sb 0 ) is 

representable in A 0 c T by a formula $(x,y, z) and the consisten¬ 
cy of T. Thus /(Sb 0 (« 0 , n 0 )) = 0. From the fact that $(x, y, z) 
represents in A a function/(Sb 0 ) and from the inclusion A 0 c T 
we get T > -i $(n 0 , n 0 , J ). Hence y(n 0 , J)) e X T and 

/(Sb 0 (« 0 , n 0 )) = 1, a contradiction. □ 

corollary i (Church). The set of theorems of CPj-° is 
nonrecursive. 

proof. Suppose $ 0 is a conjunction of axioms (1) to (10) of a 
theory A 0 and <!>, = V^Ve, Ve 2 <I> 0 . It is clear that for any formula 
'P of E 0 we have 


A 0 > ¥ » ($[ — 'L is a theorem of CPf°). 


(7) 
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Let the characteristic function / of a set X Q — {-y(<S>) I <i> is a 
theorem of CPf 0 ) be recursive. Then so is a function g = /(c(9, 
c(n 0 , A'))), where n 0 = ). By (7) g is the characteristic function 

of a set i 7 ($) I $ e F(E 0 ), A 0 > $ j and by Theorem 6 it cannot be 
recursive, a contradiction. □ 

From Proposition 3 and Corollary 1 we get 
corollary 2 . There is a recursively enumerable nonrecursive 
set. □ 

A theory T of £ 0 is said to be axiomatizable if there is a recur¬ 
sively enumerable set T of axioms for T. 

lemma 3 . If T is an axiomatizable theory of a signature E () , then 
the set X T - f I $ e F(E 0 ), T t> $} is recursively enumerable. 

proof. Let / be a recursive function enumerating a set 7 [r], 
where T is the set of axioms for T. Let Pr be the function of 
Proposition 3 enumerating the theorems of CPf°. Consider a 
function g defined as follows: 

S(0) = /(0) 

g(n + 1) = c(7, c(g(n),f(n + 1))). 

Let/(/) = 7 (<i>,), ie «. Theng(«) = y(...(% A ) A ... A$ n )and 
X T = [$I$6F(E 0 ), >($0 A ... A$„) - $,neu). 


Consequently the function Pr r defined by the schema 


f rr(Pr(l(n)» if /(Pr(/(«))) = 9 


Pr r (n) = / 


and lr(Pr(l («))) = g(r(n)) 


y(u 0 = u 0 ) otherwise 


will enumerate the set X T . □ 

Recall that a theory T of E is said to be complete if it is consis¬ 
tent and for any closed formula <i> of E either $ e T or -i# e T. 

lemma 4 . If a theory T of E 0 is axiomatizable and complete, 
then the set X T = { 7 ($)l«l> e/ 7 (E 0 ), T> $} is recursive. 
proof. Consider a two-place function/defined as follows: 


f(m, 0) = c(12, c(0, m)), 
f{m, n + 1) = c(12, c(n + 1 ,f{m, n))). 
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For $ e F(L 0 ) we then have/( 7 (<i>), n) = 7 (Vtt n Vu„ _ , ... Vc 0 4>). 
Since c(k, s ) ^ k, s, the subscripts of the variables occurring in $ 
do not exceed 7 ($). Hence a formula ¥ for which 7 (^) = /( 7 ($), 
7 ($)) is closed for any$eF(E 0 ). Notice that for any $ eF(E 0 ) we 
have 

T > $ « T o 

where 7 (^) = /( 7 ($), y($)). Let Pr r be the function of Lemma 3 
enumerating the set X T . The completeness of T yields n £ X T « 
» (F(n) = 0 or c( 10, J~(n, n)) e X T ), where F is the characteristic 
function of a set F(E 0 ). Therefore the function g defined as 
follows: 

g (n) = f'<"> if Pr r( r ( rt » = c(10,/(/(«), /(«))) or F(l(n)) = 0 
Ly(^v 0 ~ u 0 ) otherwise 

will enumerate a set w \ X T . From Proposition 37.1 we see that 
X T is recursive. □ 

theorem 7 (Godel’s Incompleteness Theorem). Any ax- 
iomatizable theory T of E 0 which is an extension of A 0 .is in¬ 
complete. 

proof. Immediate from Theorem 6 and Lemma 4. □ 

Godel’s incompleteness theorem is of the utmost importance 
for the foundations of mathematics. While from Theorem 6 and 
Church’s thesis it follows that there is no universal method for 
proving the theorems of arithmetic, from Godel’s incompleteness 
theorem and Church’s thesis we see that there is even no effective 
way of giving the axioms of arithmetic. (By arithmetic we mean 
here the theory of the system 0 = <o>; ± , —, ^ , 0>.) 

In conclusion we prove, as promised in Section 37, the ex¬ 
istence of recursively enumerable predicates. 

theorem 8 . For any « ^ 0e u there is an (n + \)-place recur¬ 
sively enumerable predicate universal for the family of all n-place 
recursively enumerable predicates. 

proof. Consider an (n + l)-place predicate R defined as 
follows: for any m 0 , m,, ..., m n e co 
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(m Q , m x , ..., m n ) e R « m Q is a Godel number of some 

formula 4? of £ n and A n > (4 >)"?’ v "~ 

Using the function constructed above it is easy to define an 
(n + l)-place recursive function/such that for any ..., m n e o> 

(a) if F(m 0 ) = 0, i. e. m 0 is not a Godel number of some for¬ 
mula, then/(m 0 , m n ) = y(^0 ~ 0); 

(b) if F{m 0 ) - 1 and 4> is a formula such that y(<f>) = m Q , then 

/K- m i - m n > = 7(^1 - 1 ;'). 

where 4>, is the sentence defined in the proof of Corollary 1 of 
Theorem 6. 

If X 0 is a set of Godel numbers of theorems of CPf 0 , then we 
see from the definition of a function / that the following relation 
is true: for any m Q , m x , ..., m n e w 

< m 0 , m { , ..., m n ) e R «• f(m 0 , m ] , m n ) e X 0 . 

Thus the predicate R is /n-reducible to the set X Q . By Proposition 3 
X 0 is recursively enumerable. Hence by Proposition 37.2 R is 
also recursively enumerable. 

We show that it is R that is universal for the family of all 
«-place recursively enumerable predicates. 

Suppose R° is an «-place recursively enumerable predicate and 
<p is a recursive formula such thatFFfys) c (v 0 , ..., u n 1 and 

= (3^y3)[u 0 , ..., v n _ ,]. 

If 4>^(i; 0 , .... u n ) is the formula in the proof of Theorem 5, then 
for any m 0 . m n _ ,, m n e u the following holds: 

<m 0 , m n _ ,, m n ) e ^[v 0 , v„] => 

=> A 0 > -• m n - I ’ ^)> 

(m 0 , .... m n _ , <^[u 0 , .... uj => 

=* A 0 > •••• m n-l > <)■ 
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We consider the formula $(t> 0 , v n _ ,) = 3e n ^(e 0 , v n _ ,, 
v n ) and prove the following relation: for any m 0 , m n _ , e « 

<m 0 , m n _ , > e R° » 

* , (=*K. m n ~ . ))• 

Indeed, if <m 0 , _ , > e /?°, then for some m n e w (m 0 , ... 

•••> _ ,, "t„> e <c-[u 0 .”„]• Hence /1 0 > m n _ ,, 

//t„) and 

. - | )(= •••> m n _ , , e„)). 

Conversely, let/4 0 > $(a77q, ..., _ ,). Then 0 t= 3$ (m 0 , ... 

..., m„ _ ,, v„) since 0 is a model of y4 0 . Therefore for some e 

e ai 0 t $^(/n 0 , •••. m„ - \ , m n ). We now show that (m 0 , ... 

..., ™ n _ i, m„ > e ^>[e 0 , ..., u„]. Indeed, if this were not the case, 
theny4 0 > x ,m n ) and hence fl i= -i$ (5 (m e , ... 

.... /w n _ So <m 0 , ..., <p[tt 0 , .... v„] and 

hence < m 0 , ..., m n _ , > e /?°. Let £ = 7 (<l>). Then from the 
foregoing we have 

for any m 0 , ..., m n _ , e u 

< k ’ m o . m n - 1 > eR » A o > , « 

« <w 0 .m„ _ , > e R°. 

Thus R° = R k . □ 

corollary l. For any n e w, n =£ 0, there is an (n + 1 )-place 
partially recursive function universal for the family of all n-place 
partially recursive functions. 

This follows from the theorem and Proposition 37.6. □ 

In the course of the proof the following fact was in essence 
also established. 

corollary 2 . The set X 0 of Godel numbers of the theorems of 
CPj-° is an m-universal recursively enumerable set. □ 
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Exercises 

1. Suppose Tis a theory of E, 4> 0 (x, w .. w s ), $,(* ,y, z,w t . w„), $ 2 (*, 

y, z, w,, w m ) e F( E). Show that if there is a model 31 of T, elements t?|, c s , 
a |, a n , b |, .... b,„ e A and a mapping/: w — A for which the following condi¬ 
tions hold: 

(a) /[w] = |al8I »= c,, Cj)), 

(b) £ + / = /•» 31 t= (fk, fl.fr, a . . . 

(c) H=r«ac 4> 2 C fk, fl.fr, b x . b m ), 

then the theory T is undecidable, i. e. the set X T - {$ e F( E)I T > $ 1 is nonrecur¬ 
sive. (Hint. Apply Theorem 6.) 

2. Using Exercise 1 prove that the sets of theorems of CP 1 " 1 and CP E2 , where 
Ei = </ 2 > and E 2 = <r 2 > contain one two-place function symbol and one two- 
place predicate symbol respectively, are nonrecursive and that hence CP E is 
undecidable for any signature E containing not only one-place symbols. 
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